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2006 values from NIST. For more physical constantsh&ge//physics.nist.gov/cuu/Constants/

Speed of light in vacuum
Boltzmann constant

StefanBoltzmann constant
Relative standard uncertainty

Avogadro constant
Relative standard uncertainty

Molar gas constant

Electron mass

Proton mass

Proton/electron mass ratio
Elementary charge

Electron gfactor

Proton gfactor

Neutron gfactor

Muon mass

Inverse fine structure constant
Planck constant

Planck constant
Bohr radius

Bohr magneton

c=299792458 ms'! (exact)
k=1.380 6504(24) x 133 J Ki 1

8 =5.670400(40) x TFW mi2Ki 4
+7.0 x 106

Na, L =6.022 141 79(30) x P mol 1
+5.0 x 108

R=8.314 472(15) J m3IK1

me = 9.109 382 15(45) x 181 kg
mp= 1.672 621 637(83) x 187 kg
mp/me = 1836.152 672 47(80)
e=1.602 176 487(40) x 16°C
ge=12.002 319 304 3622(15)
Op = 5.585 694 713(46)
On=i3.826 085 45(90)

me = 1.883 531 30(11) x 188 kg
ai1=137.035999679(94)
h=6.626 068 96(33) x 18*J s

ov &31.054571628(53)x 18#Js

a0=0.529 177 208 59(36) x 1P m
£8=927.400 915(23) x 166 J T'1
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From OAD: sin=opp/ hyp
A cos=adj/ hyp

Sif+cog=1
C From OAB: tan= opp/ adj
75/ /O tart+1=sed
(and with OAD) tan=sin/ cos
.......................... sec= hyp/ adj = 1 [cos
................. From OAC: = ad|/ opp
cosa A |/ +1=csc
(and with OAD) = cos/ sin
S csc=hyp/opp =1/in
O
§ fana
N :
sina
a, cosa D ; B
or seca ™
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1 |l ntroducti on

Mathematical Physics, or Physical Mathematics?

Is There Another Kind of Physics? Mathematical Physics is devoted to the natural emergence of
mathematics from our curiosity about the universe around us. All physics is mathematical, but Mathematical
Physics illustrates that math is not abstract, aprtious, but an inescapable part of the natural world.
Despite its humble beginnings rooted in conceptualunderstandingand the practice of science, many find that
Mathematical Physics holds a beauty and fascination all its own.

As with all AFunkyodo notes, we emphasize the physical
we stress a coordinafese, geometric approach to vector operations.

Why Physicists and Mathematicians  Argue

Physics goals and mathematics goals are antithetical. Physics seeks to ascribe meaningto mathematics
that describe the world, to fiunderstando it, physicall
meaning, and view them in purely alasttterms. These divergent goals set up a natural conflict between the
two camps. Each goalhasits merits: the value of phydicsigike a better worjdhe value of mathematical
abstraction, separate from any single application, is generality: the results caadena wide range of
applications.

Why Funky?
The purpose of the AFunkyo series of documents is t
geometric, and pictorial understanding of important p

covered well in most texts. The Funky serig¢gempts to clarify those neglected concepts, and others that
seem likely to be challenging and unexpected (funky?). The Funky documents are intended for serious
students of physics; they are not fApopularizationso o

Physics includes math, and wedére not shy about it,

I Without a conceptual understanding, math is gibberish.

This work is one of several aimed at graduate and advauncdergraduate physics students. Gouo
web page (in the pageheaded r t he | atest versions of the Funky Seri
looking for feedback, so please let us know what you think.

How to Use This Document

I This work is not a text book.

There are plenty of those, and they cover most of the topics quite well. This work is meantto be used
with a standard text, to help emphasize those things that are most confusing for new students. When standard
presentations dondt make sense, come here.

You should read all of this introduction to familiarize yourself with the notation and contents. Afterthat,
this work is meantto be read in the order that most suits you. Each section standslargely alone,though the
sections are ordered logically. ngdler material generally appears before more advanced topics. You may
read it from beginning to end, or skip around to what
a diverse set of very short topics, meant for quick reading.

I f you dondét understand skeemredding ng, rpad it aga
Dondét get stuck on one thing. Often, |[the follov

Theindexis notyetdeveloped, so go to the web page on the front cover, aseiektin this document.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 100f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

Thank You

| owe a big thank you to many professors at both SDSU and UCSD, for their generosity even when |
wasnodot a real student: Dr . Her b e rDOr. A&llew Caoksy, Drr . Peter
George Fuller, Dr . Tom OO6Neil, Dr . Terry Hwa, and oth
Scope

What This Text Covers

This text covers some of the unusual or challenging concepts in graduate mathematical physics. It is
also very suitable for uppetivision undergraduate level, as well. We expect that you are taking or have
taken such a course, and have a good text bbakky Mathematical Physics Conceptgpplementsthose
other sources.

Wh a t This Text Doesnodt Cover

This text is nota mathematical physics course in itself, nor a review of such a course. We do not cover
all basic mathematical concepts; only those that are very important, unusual, or especially challenging
(funky?).

What You Already Know

This text assumes you understand basic integral and differential calculus, and partial differential
equations. Further, it assumes you have a mathematical physics text for the bulk of your studies, and are
usingFunky Mathematical Physics Conceptssupplement it.

Notation

Sometimes the variables are inadvertently not written in italics, but | hope the meanings are clear.
?7? refers to places that need more work.
TBS To be supplied (one hopes) in the future.

I nteresting points that you may skip are fiasides, 0 showr
may also be included as asides.

H . . - . . -
i Common misconceptions are sometimes written in dark red ddisledabxes.

Formulas: We write the integral over the entire domain
dimensions:
1-D: Ry dx -D: X
md 3 Dnﬁ

Evaluation between limits: we use the notatiimEtior]® to denote the evaluation of the function
betweera andb, i.e.,

[f]2 [ f(b) i f(a). For example, Ug!3x2dx=[x3ol=13-03=1.
We write the probability of an event as APr(event).

Column vectors: Since it takes a lot of room to write column vectors, but it is often important to
distinguish between column and row vectors, | sometimes save vertical space by using the factthata column
vector is the transpose of a row vector:

: (ab.c, d)T

LRGSR
|- O: O:P: O: Ot
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Random variables:We use a capitalletter, e ¥, to represent thpopulationfrom which instances of
a random variable, (lower case), are observed. In a seixsis, a representation of the PDF of the random

variable, pd&(x).

We denote that a random variableomes from a population PDF a%:C pdfx, e.g.:X C ¢?(n). To

denote thaKXis a constant times a random variable fromypde write:X C k pdfy, e.g.X C k &2(n).

Many souf& eisnutg@a dibot @de itshinmukec hi mor e

intuitive.

For Greek letters, pronunciations, and use Geieky Quantum ConceptsOther math symbols:

Symbol Definition
" forall
$ there exists
' such that
iff if and only if
! proportionalto. E.ga” bme a ras prdportional tdo
n perpendicular to
\ therefore
~ of the order of (sometimes wuse
1 is defined as; identically equalto (i.e., equalin all cases)
Y implies
- leads to
A tensor product, aka outer product
A direct sum

In mostly older texts, German type (font: Fraktur) is used to provide still more variable names:

German
Latin Capital

German
Lowercase Notes

A A a Distinguish capital from U, V
B B b

C C C Distinguish capital from E, G
D D d Distinguish capital from O, Q
E E e Distinguish capital from C, G
F F f

G G g Distinguish capital from C, E
H H h

I | [ Capital almost identical to J
J J j Capital almost identical to |
K K k

L L |
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M M m Distinguish capital from W

N N n

@) ) 0 Distinguish capital from D, Q
P P P

Q Q q Distinguish capital from D, O
R R r Distinguish lowercase from x
S S s Distinguish capital from C, G, E
T T t Distinguish capital from |

u U u Distinguish capital from A, V
\% \V Vv Distinguish capital from A, U
W W W Distinguish capital from M

X X X Distinguish lowercase from r
Y Y y

z Z z
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2 RandddmhoTopi cs

| Always Lie

Logic, and logical deduction, are essential elements of all science. Too many of us acquire our logical
reasoning abilities only through osmosis, without any concrete foundation. Unfortunately, two of the most
commonly given examples of logical reasonarg both wrong. | found onein a book about Kurt Godel (!),
the famous logician.

Fallacy #1: Consider the statement, Al always |ie.o
either true or false. Right answer: nothl sailswagismpekey!l fa
truth;o it is Al dondét always |lie, 0 equivalent to Al
be true, it must be false, and it must be one of my (exceedingly rare) lies.

Fallacy #2: Consider the statement, fiThe barber sh
shaves the barber?0 Wrong answer: itds a contradictio

himself. The original statement is about people who nsatve themselves; it says nothing about people

who doshave themselves. If A then B; bunibtA, then we know nothing about B. The barbeesshave

everyone who does not shave himself, and he also shaves one persdaesbizave himself: himself. To

be a contradiction, the claim would n eelyhotewhobe somet 't
donét shave themselves. 0

Logic matters.

What 6s Hyperbolic About Hyperbolic Sine?
y

................ X+y2=1 i y2=1
p..-..f‘rea =42 (X, y)
§ area = a2 .
D sina sinha
Gl L
cosa ‘: Tunit . cosha
@ (b) -

Figure 2.1 (a) With a bounding circle, the ared?2 is related geometrically to casand sina.
(b) With a bounding hyperbola, the ara® is related to geometrically to coatand sinha.

From where do the hyperbolic trigonometric functions get their naribey get them panalogy with
the circular functions. We usually think of the argument of circular functionsas an an@et in a unit
circle, the area covered by the angle a/2 (Figure2.1a):

a 2 _a
area=—pr = r .
pr > (r B
Instead of the unit circles? + y2 = 1, we can consider the area bounded byihgis, the ray from the origin,
and the unit hyperbolax?1 y2= 1 (Figure 2.1b). Then thex andy coordinates on the curve are called the
hyperbolic cosineandhyperbolic sine, respectively. Notice thatthe hyperbola equation implies the well
known hyperbolic identity:

x=cosha, y =sinha, ¥ ¥ E Y cosh sirth

Proving that the area bounded by #haxis, ray, and hyperbola satisfies the standard definition of the
hyperbolic functions requires evaluatingan elementary, but tedious, intefin&l area ifrigure 2.1b is the
area of the triangle with vertic&3, (x, 0), and X, y), minus the area under the hyperhola
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a 1 X , X
area=— = A vd =% 1 - Y a 2 %1 d 2.1
5 2Xy m y ax y Xy= 1 (2.1)

Here x andyare fixed, asirFigure 2.1b. We now temporarilglsodefine them as variables for integration.

The integral looks like it could allow a trigonometric substitution whiareg = ' seé g- 1. We try:

x=seqy, dx =tangsecg g Y

;\2( 2 X X
-1dx = ﬁ ég 1t =t od
rll X X . ecqg ang sec g ql %’1 gpad

We try integrating by partéout fail):

U =tang dv =tangsec ¢ ¢ Y Vg =sec
P
N tan” g sec
This is too hard, so we try reverting to fundamental functions sin() and cos():
~X 2 szq
tan” g sec d
ptan“gsecd g 11z,

We can now integrate by parts (restoring the factor of 2 fi@a)):

U =sing dv =cos? gsing qg Y du =os dg, V¢ %:cog
|1 2"‘de0 UV 2 U sin ¢ X-seqa”:;d q
r1]co§q coé 1
From our original substitution:
x=seqy,y =¥ 41 tang Y S|22q sec gtan y:
cos g

| =xy -I"jseoqd g ®y aisec g tan} |§ Xg g:i}ﬂx ¥ % Hﬁ
= xy -gn‘x V[xz 1‘— Jre g

Having completed the integrals, we now restore our definitionsasfdy as fixed, as irFigure 2.1b.
Then from(2.1) and the above:

a=xy -l :In*x \/Tl‘ and € x =X +L

Solve forxin terms ofa, by squaring both sides:

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 150f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

2= /X 1 # 1—2>(:x N, >€+]) 1- 2x@ ¢

e —|

ea

e +1 2xé

(ea+ e‘a)

a+gd 2x Y X &osha —=2—

e

The definition for sinh followsjuickly from:

costt- sinf =2 y? E Y y A& 1-

2
o 2~4 -
B+ g2 O /éa p g2 ) \/é_a 2. ed? (ea__ ea) A &
4 :

sinha? = q 1 .=
Y %2 8%y 4 4 2

Basic Calculus You May Not Know

Amazingly, many calculus courses never provide a pr
both of the fundamental concepts of calculus, derivatives and integrals, are defined as limits! So here we go:

I Basic calculus relies on 4 major concepts:

1. Functions
2. Limits

3. Derivatives
4. |Integrals

1. Functions: Briefly, (in real analysis) &unction takes one ormore real values asinputs, and produces
one or more real values asoutputs. The inputs to a function are caledjtmeents The simplest case is
a realvalued function of a realalued argument e.gf(x) = sin x. Mathematicians would writef { Rt Y
Ry, rfesdafimap (or function) from the real numbers to
more than one output may be considered a veaared function.

2. Limits: Def i ni ti on o f-vafuédifunctiondof a(sihge argument R ¥ RL):
L is thelimit of f(x) asxapproaches, iff foreveryU> 0, there exists &(> 0) such thaf(x)i L| <Uwhenever
0 < KT a] <l. Insymbols:

L=lim f(x) iff "e & ®uchthat |[f k) L- e&whenever 0|x 4
X- a

This says thatthe value of the functmtmd o e s n6t matter; in fact, most often
a. However, the behavior of the functiorar ais important. If you can make the function arbitrarily close

to some numbet,, by restricting the functionoasthemigthenment t o a
limit of fasxapproaches.

Surprisingly, this definition also applies to complex functions of complex variables, where the absolute
value is the usual complex magnitude.

2

. -2
Example: Show thatlim =4,
x- 1 1

Solution: We prove the existence dfjiven anyJby computingthe necessailnfrom U Note that for
2x%- 2

1 =2(x ¥. The definition of a limit requires that

5
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2x2- 2
x-1

-4‘ < whenever 0|8 [t «

We solve forxin terms ofl) which will then defingiin terms ofJ Since we dondét care wha!
atx=1, we can use the simplified formx2( 1). Whenx = 1, this is 4, so we suspect the limit = 4. Proof:

[2(x+1) -4 & Y & 1y 2- e<  Y|x ]L—;- < or 156 x-1—2<.

So by settingi = U2, we construct the requiretfor any giverl) Hence, for every there exists &satisfying
the definition of a limit.

3. Derivatives: Only now that we have defined a limit, can we defirdeavative:

e im 103 A0

4. Integrals: A simplified definition of arintegral is an infinite sum of areasundera function divided
into equal subinterval§igure 2.2, left):

2 () dxt fim Mg t3b g

re] N-a N o G N

|-O:On

(simplified definition).

For practical physics, this definitida fine. For mathematical preciseness, the actualdefinition of an integral
is the limit overany possible saif subintervalfref??] so long as the maximum of the subinterval size goes

to zero. Thismaximumsizé s call ed fAthe norm ofx|lthe subdivision, o
b N
f’; f(x) dx? HDE‘an oa f(x) Ox (precise definition.

i=1

Figure 2.2 (Left) Simplified definition of an integral as the limit of a sum of equally spaced
samples. (Right) Precise definition requires convergence for arbitrary, but small, subdivisions.

Why do mathematicians require this more precise def
f(x) is 1 if x is rational, and zero if irrational. This meaf(g) toggles wildly between 1 and 0 an infinite
number of times over any interval. However, with the simplified definition of an integral, the follaxmng
bothwell defined:

3.14 P
ﬁ f(x) dx=3.14, and . ﬁ )dx =0 (with simplified definition ointegral).

In contrastwith themathematicallyprecise definition of an integral, both integrale aindefined (There
are other types of integrals defined, but they are beyond our scope.)

The Product Rule

Given functiondJ(x) andV(x), the product rule (aka tHeeibniz rule) says that for differentials,
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d(UV)=UdV + du. (2.2)
WhenU andV are functions ok, we have:

d[U(V(R] = U} V(¥ dx+\ X U X d.
This leads to integration by parts, which is mostly known as an integration tool, but it is also an important

theoretical (analytic) tool, and the essence of Legendre transformations.

Integration By Pictures

We assume you are familiar with integration by parts (IBP) as a tool for performing indefinite integrals
We start with a brief overview, and then discuss a specific example in detail. IBP takewigiabintegral
into an expression with differentintegral, which may be easier to perform analytically:

ﬁf(x)dx =uﬁv U\ leﬁwhere U Uxv V) (2.3)

are parametric functions &f The aboveomes directly from the product ru2.2): U dV = d(UV) -V du

, and integrate bothsided. nserting | imits of integration makes for
meaning Figure 2.3a), but a slightly tedious equation:

bf d T\]V(b)U dv gv b ' vdu Ui b) Q ;1 ‘Q R U(ID)V du
X) OX - -
r; 9 (a) [ ]x:a rL](a) s \ Al . a)

ig rectangle snibrectangle

where U U3V X ?

The figure plotdJ vs.V, wherewe 6 v e @ dndViodbeincreasingparametric functions of. In practice,
the RHS 0f(2.3) is usually writtenin terms ofx as:

b b
AUV e[ UM, - RX U X o (24)
dv aJ

Note thaiis theoriginal integration variable (nd or V), soall the limits of integration are the originak
atox=Dh.

In practice, our job is to integrat&) dx by finding functionsU(x) andV(x)
such that the resulting integral on the RHS24) is simpler than the origind(x) dx.

As a specific example, consider:

n"’xsin x dx.
f(x)

2.7
Figure 2.3b ilustratesthe definite integralﬁ f (x) dx to scale, with uniform representative intervais
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U U
U(b)V(b) 3.0 3.0
U(b) 25 25
Udu 2.0 2.0
15 ' 15
U(a)" 2 10 f(X) \ 1.0
U udv ' /
U(a)V(a) 0.5 ) \ os| /
‘ v 05— = X ol v
Vi ‘ V(b 80 05 10 15|20 25 30 S10 -05 00 [[05 10 15 20
@) (b) de 2 dv*‘ L
(@) (b) (©

Figure 2.3 (a) Schematic identification of significant features of IBB) To scale: lhe original
integral can be reconsidered asdn integral olU dV; the areas are equdl.andV are parametrc
functions ofx; dVis a function ok anddx. As shown, vimenthedxareuniform,thedVarenot.

This integral is not immediate, so we cayintegration by parts, though there is no guarantee that it will
work. In this example, there are three ways of choddmpandV(x):

U(x)=xsinx, dV dx = YdU (cosx sink €% V(3
U(x)=x dV sirexdx YdUu dx M X cosx = -
U(x)=sinx, dV  xax YdU cosxdx V(3 /2

More complicated integrals will have more choicesd() andV(x). Itis hardto knowahead of time which
choice (or choices) will succeed. However, looking at the RH.4f, we see that inultiplies V andthe
derivative ofU. Looking at our 3 choices above, on the RHS of the arrows, we find the two fe¥cbrs
that we would be faced with integrating:

9 the first choice has an ugh, andV dU cannot be easily integrated;
1 the second choice hat = dx, which literally could not be simpler, antidU integrates easily;
1 thelastchoice hadld=cosxdx, whi c h | ¥dUkannd ke dasily integtated

Thus our best guess is the second choice (often, the sintjfidasta good choice).Figure 2.3c illustrates

ﬁJ dV to scale;U andV are parametric functions af dVis a function o anddx. Then:

ﬁ(Sin xdx  XcesX [§osx dx X COSX -Sin.
L 1 L I
uv vV du

We check by differentiating the RHS above, which yields the original integrand.

Note that wherthedxin Figure 2.3b are uniform, theVin Figure 2.3c are not. However, all tha/ go
to zero when thexdo, so the integral df) dVis still valid.

Theterm[U(x)V(X)]Zis called the Aboundary term, o0 or somet i me
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U
U(b) U(b) .
Uuu <ov
Uu =diWwdu
Uu <oV Wik
U(a) = 0 VscociavcsneziiZAN Y
V(b) =0 _integration \(a) V(a) =V(b) =0 Vinax
(@) direction (b)

Figure 24 Two more casesfantegration by partga)V(x) decreasing to 0.b} V(x) progressing
from zero, to finite, and back to zero.

More advanced cases of Integration By PartsFigure 2.4a illustrates another common casgtein
which theboundantermUVis zero. InthiexampleUV = 0 atx= abecausé(a) = 0,andatx=b because

V(b) = 0. This mean¥(x) decreasesasxincreases. Viewed aﬁ) dVv, allthedV< 0. The shadedarea

is therefore negativeViewed (sideways) aﬁ/ dU, all thedU > 0 and the shaded area is positive. Thus:

ffodx =Ufv ¥ d@ when [ U} O,

in agreement witl2.4).

Figure 2.4b shows the case whetdV = O atx = a andb, becausene ofU(x) or V(x) startsandends at
0. For illustration, we chos¢@) = V(b) = 0. Then thdoundanterm is zero, and wagainhave:

b . b b
[UV(],_, =0 Y Qau v = n:av au .

ForV(x) to startand end at zerd(x) must grow withx to some maximumymax, and then decrease back to
0. For simplicity, we assumd(x) is alwaysincreasing. ThédU integral is the blue striped areathe left
ofthe curveand is > 0. MeU dVintegral is the areandeithe curves. We break thédVintegral into two
parts: path 1, leading up t%nax, and path 2, going back down frovhaxto zero. The integral from O ¥nax
(path 1) is the red striped area; the integral fMwaxback down to 0 (path 2) is the negative of the entire
(blue + red) striped area. Then the blue shaded region is the différe@le

(1) the (red) arehelowpath 1 (wherelVis positive, becausé(x) is increasing), minus

(2) the (blue + red) areaelow path 2,wheredV is negativebecauseV(x) is decreasing Thus

ﬁJdV Q:

SUdv =ATUAY ¢ R Udv = TEU A
n | _r\]ZO | :[;r!ax |_V:Q | |\-/:€)Lﬁ-j ]

L L
S |
pathl+ pati pathl path2 pathl path2

b
= ﬁ VvV du.
—a
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Theoretical Importance of IBP

Besides being an integration tool, an important theoretical consequence of IBP is that the variable of
integration is changed, fromhVto dU. Many times, one differential is unknown, but the other is known:

Given an integral, integration by parts allowsuto exchange differential
that cannot be directly evaluated, even in principle, in favor of one that can.

The classic example of this is deriving the Eillagrange equations of motion from the principle of
stationary action. The action of a dynamic system is defined by

St LD, oY) o

where the lagrangian is a given function of the trajeatifify Stationary action meansthatthe action does
not change (to first order) for small changes in the trajectory. l.e., given a small variation in the trajectory,

)
dS=0 FLq Bg Hd S % Cp’—E +q’§1c.

The quantity in brackets involves both¢f) and its time derivativedq(t). We are free to vary ()
arbitrarily, but that fully determineg((t) . We cannotvary both @nd dq separately. We also know that

U @) = 0 atits endpoints, bufg(t) is unconstrained atits endpoints. Therefore, it would be simpler if the
guantity in bracketserewritten entirely in terms ofi ¢), and not in terms ot/q . Thisis easy:

L d

-qd kd quiw.

._d ~ €l
Usedg=— d: @ 0
=5 @ Ngq 9% g ¢

Now in the second terniBP allows usto eliminate the time derivativelof}) (which is unconstrained)
in favorof the time derivative ofilL/ ¢ (which we can easilyind, snce L(q, §) is giver). Therefore, this

is a good trade. Integrating thed2erm in brackets by parts gives:

pL ad d
LetU —=, du . dv. —dxgd vV
rE e a

L d euL
—dqdt=UV -V B
Ml g,

L

L1
U

CC'& |

dtpq -
TE

ﬁj ad ML gt
Ea

The boundary term is zero becals€) is zero at both endpoints. The variation in actiofs now:
"Né- == @ dat & "af .
él

The only wayl $ 0 can be satisfied fanyu ) is if the quantity in bracketsis identically 0. Thus IBP has
led us to an importariheoreticalconclusion: the Euletagrange equation of motion.

This fundamental result has nothing to do with eval
for hard integrals any more.

Delta Function Surprise : Coordinates Matter

Rarely, one need-4undiomin coordimatesother tharhrectar@lar. iEberdinate
free3 D -fulnction is writtend(r i ré ) . For eGremnfupdtiens, whose defiriition dependson a
i-function, it may be convenientto use cylindrical or spherical coordinates. In these cases, there are some
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unexpected consequences [Wyl p280]. This section assumes you understand the basic principle ofa 1D and
3 D -fulnction. (See the introduction to the delta functio®inrky Quantum Concepfs

Recall the defining property af(r -ro ) :

fjd3rd3(r-r‘) 4 reo( " forall”) Y ncﬁ acr VE() (5.

The above definition is fAcoordinate free, o0 i.ce. it ma
in everycoordinate system. As witBreenfunctions, it is often helpfulto think of thefunction as a functon

of r, which is zero everywhere except for an impulse located.@®s we will see, this meansthatit is

properly a functionof andr 6 eparately, and 3sh)dike Geenforetionsraiet t en as U

Rectangular coordinates: In rectangular coordinates, however, we now show thadtamsimply break
upli(x,y, 2) into 3components. Bywriting {ré6) in rectangular coordinates, an:
above, we get:

r-r' i(x x,y V,z 2 ' ﬁ dx ﬁ]dy dﬁf( X 'X-y 'y-z"21
Y Fx-xy-y,z 2 &x ¥ @y y-(d ¥ -
Inrectangular coordinates, the above shows thadaleve translation invariance, so we can simply write:

Pxy.2= ¢9 @ (%

In other coordinates, we dmthave translation invariance. Recallthe 3D infinitesimal volume element
in 4 different systems: coordinateee, rectangular, cylindrical, and spherical coordinates:

d3r:dxdydz:rdrdr dz =fsin gdrd ¢d.

The presence afanddi mpl y t hat wh e-functionin hoiRractangtilar @ordnAtesiwe must
include a prefactor to maintain the defining integrall. We now show this explicitly.

Cylindrical coordinates: In cylindrical coordinates, far> 0, we have (using the imprecise notation of
[Wyl p280]):
r-r' r =\f £z 2' Y

fjdr jpﬁf _:dzﬁ Br-r, £'f 7) 1=
Y o P-r, g 2 Flz (dr)-( d Y-z f2)r 0

Note the 1v" prefactoron the RHS. This may seem unexpected, because tfegpoedepends on the
location ofti¥() in space (hence, no radial translation invariance). The rectangular coordinate veii${gn of
hasno such priactor. Properly speakind( ) i s n otrig it afanction of andrsdparately.

In nonrectangular coordinate&®( ) does not have translation invariance,
and includes a preactor which depends on the positioni8( ) in space, i.e. depends o .

At r' = 0, the prefactor blows up, so we need a different-prea c t or . Wedd |ike the def
be 1, regardless df, since all values of are equivalent at the origin. This means we must drop the
u(fi f6) , and r daztbrdocance tihheeonpgtanewe get when we integraté:out
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fjdr jpﬁf “defjd(r-v, £ 7) 1= 1 0=
v Ar-r' f- '8 2) 2 (W(zde): r O,
2pr
assuming that fjdr ar(¥ 1.

This last assumption is somewhat unusual, becaugeftirection is usually thought of as symmetric about

0, where the above radial integral woiud dHliotion, y b e |
whose entire nozero part is located at *O Furthermore, notice the factor of rl/in
U(rv 0,z1 20 ) . This f a=0taadhasnb effecswhehp 0a.t Nonet hel ess, it is

the volume elementdr df dzgoes to zero as- 0,and the I/inl(ri 0,z1z6) compensates for ¢t}
Spherical coordinates: In spherical coordinates, we have similar considerations. First, away from the

origin,r6 > O0:

o p 2p -

A dr d fi?sin F@-r, -¢ @g)Fl=f Y

Rdr f, dffsn 9 @)

d3(r- rqg-'g F) f—=21— t rad)-( d-g ¢q), « 0.7 [Wyl8.9.2p280

r'sing'

Again, the prfactordepends on the position in space, and properly speakings a function of, ré ¢,
anddd separately, naitrés iadnghl.y aAtf unhcet ioorn ga fn, webdd |ike t

be 1, regardless gford. So we dropth&(f i f6 Wdi db ) , and r €aptbrto camcekthe eongtante
we get when we integrate ofiandd:

a p.,2p
A d

mdroﬁo fifsin @@ 0, -4 ¢ 1=f ro

Y Ar-0, g-'g F) f—=1—2 t) d r' o,
4pr

assuming that Ij drar(¥ 1

Again, this definition uses the modifi@if), whose entire noaero partis located at0And similar to the
cylindrical case, this includes therdfactor to preserve the integraliat 0.

2D angular coordinates: For 2D angular coordinatetand 7, we have:

2
Nds [ sn F@- g g) Ef O g
Y (g g ) E— ( d)d g¥d 7 0.
sing
Once again,we haveaspecial casewdiien = 0: we must have the deffining int
Hence, we again compensate for thefdm thef integral:
2
fds [ sn F@- g g) EF &g
v 2 v 1 1
Y (g0, £F)f=—— () q' &
2psin g

Similar to the cylindrical and spherical cases, this includes a Iy $actorto preserve the integraldt 0.
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Spherical Harmonics Are Not Harmonics

SeeFunky Electromagnetic Conceptsor a f ul | discussion of harmonics,
solutions in 1, 2, and 3 dimensions. Here is a brief overview.

Spherical harmonics are the angular parts of solid harmonics, but we will show that they are not truly
fihar monhamgnenico s A f unction which satisfies Laplacebs eq

P2FHr) 9, with r typically in 2 or 3 dimensions.

Solid harmonics are 3D harmonics: they solve Laplac
form of solid harmonics separates into a product of 3 functions in spherical coordinates:

F(r.g, § =R(P()Q( ) f(:Ar' B i))l,bm(cos \@sinm [rcosm) £

where R )= A+ +B i is the radial part,
P(g) = R, (cos g is the polar angle part, the associdtedendre functions
Q)= (q sinm f +D cosm )f is the azimuthal part .

The spherical harmonics are just the anguar) parts of these solid harmonics. But notice that the
angular part alone does not satisfy the 2D Laplace equation (i.e., on a sphere of fixed radius):

2

p? —%ﬂggz—u g+1——psia H H but for fixedr |
rEwe |oEr Slanll(; QU r =sin’ W%

1¢e1 uém_ 1 uz
rzésinqpc? 095|n qu ? g

However,direct substitution of spherical harmonicsinto the above Laplace operatorshows that the result is
not0 (we letr = 1). We proceed in small steps:

2
Q(f) = Csinm f +Dcosm £ % % Q) Ff=rA Q..
U

For integem, theassociated Legendre functionsPim(cosd), satisfy, for gived andm:

a vl _é |(|+1) H=|2 0
—— ing ' (cos > (cos .
r smquqéé qu ( Q)_g? r2 E (

Combining these 2 results £ 1):

2 _é, 1 ié H o _F
B*(P(@)Q( §) —gﬁu lz@n 'G{qu;muf P ) )

(40 3 m#)Ru(coR(9 nPR, (cos ®()f
11 YR (cosg R ()

Hence, the spherical harmonicsas ol ut i ons of Laplacédds equatic
i.e. theyarmoti har monics. 0
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The Binomial Theorem for Negative and Fractional Exponents

You may be familiar with thbinomial theorem for positive integer exponents, but it is very useful to
know that the binomial theorem also works for negative and fractional exponents. We can use this fact to

easily find series expansions for things Iilfel— and V1+rx 1 )(-)1/2.
- X

First, l et 6s review the simple case of positive int.
n(n-1 nn-yin 2 I
(a+b)" ="' Jd18 1) gzp MDY 3 gap M ogp
1 1@ 1 D30 n!
[For completeness, we note that we can write the general form wi"tteem:
|
m" term=—+ g™ mpm, ninteger >0; m integer,0dn 1]
(n- m)t m
But wedre much more interested in the im+e)fteimi ve proce
from themth term, because we use that to generate a power series expansion. The process is this:
1. The first term 1= 0) is alwaysa"b® =a" , with an implicit coefficienCo = 1.
2. To find Cm+1, multiply Cm by the power ofiin themi" term, 61 m),
n- m
3. divideitbym+ 1), [the number of t h€m+ln=e(—r¥]vﬁc%r m wedre fini

4. lower the power ofby 1 toni m), and
5. raise the powerdf by 1 to (n+ 1).
This procedure is valid for afl, even negative and fractional A simple way to remember this is:

For any reah, we generate then(+ 1)}" term from tham" term
by differentiating with respect ta, and integrating with respect o

The general expansion, fanyn, is then:

n(n-1)(n -2)..(n m 1)%{3{1_”1Hn

m!

m" term=

rreal; minteger2 (
Notice that for integen > 0, there ar@+1 terms. For fractional or negatinewe get an infinite series.

Example 1: Find the Taylor series expansion?#l—x. Since the Taylor series is unique, any method

we use to find a power series expansion will give us the Taylorseries. So we can use the binomialtheorem,
and apply the rules above, withe 1,b = (i X):
9( 3

5 13( X)Z ( ])( 2(‘ 31'4( X)3

1238 O

1 1o (Do o (
—=1(1 * I= ~—+#1 X) -
—= € ) H12( ¥

=1 % # .+ XM L+
Notice that all the fractions, all the powers of 1, and all the minus signs cancel.

Example 2: Find the Taylor series expansion g1+x 1 )(-)1/2. The first term iml/2 = 11/2;
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(1+x)? 2 %iIllle 1 —;01 322 1 @l Ba 10, 82,3

0 220 2B LFra%d
R | 3 +1(2m- 3!
=1 £x gxz - (" T

where git  p2)( p 4)..(2 on)

When Does a Divergent Series Converge?

Sometimes, a di v er(goe off Coasiderithe infinitk sebea v er ge s 0

1+x & + X3

When is it convergent? Apparently, whehq 1. Whatis thevalue of the serieswixen 2 ? iuUndefined

you say. Butthere is a very importantsense in which the stwesconvergefox= 2, and Tit 6s
1! Howso?

Recall the Taylor expansicaroundx = 0 (you can use the binomial theorem, seglier sectiojt

ﬁz(l R T

Thisis exactly the original infinite series above. So the series sums tb )(1Thisexpressions defined
forallx, 1. And its value fox =2 isi 1.

imaginary

; £ real
regionof._ | ./
convergence

@)

Figure 2.5 Domain of 1/(1i x) in the complex planelhe function is analytically continued around
the pole ak =1, which defines meaningfulvalues of the function even whismutside the region
of convergence.

Why is this important? There are cases in physics when we use perturbation theory to find an expansion
of a numbe(or function,as in QFT)n an infinite series. Sometimes, the series appearsto diverge. But by
finding the analytic expression corresponding to the series, we can eva ltatedlytic expression at values
of x that make the series diverge. In many cases, the analytic expression provides an important and
meaningfulanswer to a perturbation problevenoutsidethe original region of convergenc&his happens
in quantum mechanics, and quantum field thgerg., [M&S 2010 p291t])

This is an example adnalytic continuatiorin complex analysis Figure 2.5 illustrates the domain of
ourfunction 1/(T x) in thecomplexplane.A Taylor series is a specialcase of a Laurent series, anderey
afunctionhasa Laurent expansiahis analytic. If we knowthe Laurent series (or if we know the values of
an analytic function and allits derivativesaaty onepoint), then we know the function everywhere, even for
complex values ok. Here, he original series is analytic aroure O, with a radius of convergence of 1
However, theprocess of extending a functidhatis defined in some region to be defined in a larger
(complex) region, is callecnalytic continuation (see Complex Analysis, discussed elsewhere in this
document).This gives ourfunction meaningfulvaluesforail 1, %=u2c Fhusaasalytic continuation
through the complex plane allows us to Ahop overao
x> 1 (and fox<i1).
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TBS: showthat the sum of the integers 1 + 2 + 3 + 1.1£2. ?7?

Algebra Family Tree

Doodad | Properties Examples

group Finite or infinite set of elements and operatq rotations of a square ly3 90°

), With closure, as§ociativity, iden_tity eleme| -ontinuous rotations of an object
and inverses. Possibly commutative:

a-b=c w/ a, b,cgroup elements

ring Set of elements and 2 binary operators integers modn

(+ and *), with: polynomialsp(x) modm(x)

A ¢ o mmuyrowtnder &

A left and right dis
albb+c)=ab+ac, @+b)c=ac+bc

A usually multiplica
integral | A ring, with: integers
domain, |A- commutative multip poynomials even abstract polynomials
or A - multiplicative i de|yjh abstractvariableand coefficients

domain [A no zerYcaddelatiosiovale): (|[f rom a Afieldo
ab=0onlyifa=0orb=0

field firings with multipl.i]|integers with arthmetic modulo 3 (oran
identity)o prime)
A ¢ o mm growp tinder addition real numbers
A ¢ o mm group evcluding 0) under complex numbers
multiplication.
distributivity, mu

Allows solving simultaneous linear equation
Field can be finite or infinite

vector Afield of scalars physical vectors

Space Agroupof vectors under +. real or complex functions of space:
Allows solving simultaneous vector equation f(x,y, 2)
for unknown scalars or vectors. kets (and bras)

Finite or infinite dimensional.

Hilbert vector spacever field of complex numbers | real or complex functions of space:
space with: f(x, y,2)
A a  c obiijear gaet peoduct, guantum mechanical wave functions
<avlbw> = (@*)b<vijw>,
<vjw> = <wlv>*
a, b scalars, and, wvectors
A Mathematicians req
di mensional; physici

Convoluted Thinking

Convolution arises in many physics, engineering, statistics, and other mathematicaAa reasmples,
we here consider functions of time, but the concept of convolution may apply to functions of space, or
anything else. Given two functionsf(t) andg(t), the convolution of(t) andg(t) is a function of a time
displacementy, defined by Figure 2.6):
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[f*g](DY 1ﬁu dr f( ¥ D )¢ wheretheintegral covers some domain of intst.

9(t)
f(t)
t t
(@)
[ S S » B S » .

o= ¥ oty 1\ 9(0d;-Y b, \9(gi-Y
9(teY g increasing fQ

([f*(;l](OL;)+ U ' K[fl*gl(qd) U ' k[f*ig](qd) 0
(b) 0 (©) ! (d) ?

Figure 2.6 (a) Two functionsf(t) andg(t). () (f *g) (tojp, to <g®. €) [f *g]( ) , t1 >09.
(d) [f*g]( tp , t2> tmpThe convolution is the magenta shaded area.

When<p0, the two functions are @ba ¢xXq thegtwa fanttonseach ot h
are fibacking away from each otherdo (above middle and

As noted at the beginningonvolution is useful with a variety of independent variallesides time
E.g., for functions of spacfx) andg(),[f*g]( ® i s a function o spatial displ:

Notice that convolution is
(1) commutative: f*g=g* f
(2) linearin each of the two functions:
f*kg=k( f* g) {kf} g and
f*(g+h) =f*g # h
The verb fAto convolved means At bandgtofomm theltcevotom v ol ut i on
f*g.Some refet@nftes waof@gdl uti on:

Two Dimensional Convolution: Impuls ive Behavior

A translation invariant linear system (TILS) is completely described by its impulse response. For
example, forsmall angles, equivalent to narrow fields of view, an opticalimaging system is approximately a
TILS. In optics, the impulse response is catled Point Spread Function, or PSF. To illustrate the use of
convolution in a TILS, consider an optical imadeigyre 2.7).

‘ | Optical y| ‘ (e ‘i-\
v imager| % S
Tu/' Ts) | v \-/” xy)
(a) object image () XU image

Figure 2.7 (a) Opticalimager is a TILb) Example image of 3 point sources, with a representative
image point. Each source is spread out by the imager according to the PSF. The red arrow is the
vector KT u).

The imager hasfinite resolution, so a point objectis spread over a region in the image. For a point object
at the origin with intensityD, the image has intensity distributed over space according to:
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I(x,y)=0 ©SH x Y.

x andy are position coordinates, such as meters or microradians. We define the object coordinpates (
be those of their image points (8@ can ignore magnification). Then translation invariance says thatfora
point object aty, v):

I(x,y)=0 BSH x Wy V.

For incoherent sources, intensities add, so multiple point sources produce animage intensity thatis the sum
of the individual imagesHigure 2.7b). Therefore, the PSF is real, and representsntensityresponse
function (rather than field amplitude). At each point on the imagg:(

I(X,y)=OPSHX-4, ¥y ¥) @PSEX # y ¥y HOPEF x3u -y)
3

=Q PSH(x-y, y ¥
i=1

For a continuous object, each infinitesimal region of st ¢v) around each poinu( V) is essentially a
point source. The image is the infinite sum of i mag
becomes a continuous integral:

1(x,y) = ﬁobj@du dvQyy PSEx uy v -O PS (2.5)

This is the definition of a 2D conv©O*PSFt i on. Some ref

In general, for a TILS:

A convolution is an infinite sum of responses to a continuous input.
Translation invariant linear systems are fully described by theirimpulse response (aka PSF)} The
output of such a system is the convolution of the input with the PSF.

All of the aboveis true forarbitrary PSF, symmetric or not. Some systems exhibit symmetry, e.g. many
optical systems are axially symmetric. In such a symmetric case, the argumentsto the PSF may be negated,
though we find such expressions misleading.

For coherent systems, the PSF is generally complex, and it denotes the magnitude and phase of the light
atthe image relative to the object. Such a PSF represents tharfipldtuderesponse function (rather than
intensity).

In vector notation, the convolutio®.5) can be written:

1(x) = ﬁobjfjtd 200(u) PSAX u) - O 1PSL

Structure Functions

The term ficorrelationd has two distinct meanings, b
between random variables, and (2) correlation between functions (of space or of time). In both meanings,
correlations are used to compare two thingsr é&xample, we might compare light, as a function of time, at
point A in space with thatat point B, i.e\(t) compared tds(t). If these intensities vary randomly in time,
we might ask, how are the two related?

Correlations between random variables: The correlation of two random variables (RVs) describes
to what extent the two RVs aliaearlyrelated to each other. The correlation is quantified witbraelation
coefficienty, where} = 1 meansthe two RVs are actually identicpis proportionalto the covariance of
the RVs. Two uncorrelated RVs hawvelinear relationship (though they may be related in other ways), and
} = 0. (Sedntroduction toCorrelationand Dependengel20for more)

In many systems, there are an infinite numberof RVs, one ateach pointin space. For example, above a
telescope, at each atmospheric space poititere may be a randomyarying temperaturé&t, x), index of
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refractionN(t, x), or optical phase(t, x). The variations are ovdime It is common that there are
correlations between the RVs at different points in space. For two very nearby p&@nmgar 1: the two
RVs are almostidentical. For farseparatigris,near0, because the two RVs are essentially unrelated. In
general, at two points; andxz, and near some timte, using optical phase as an example,tthe-point
structure functioris [Quirr eq. 1]:

ﬁ+Tdt| (tx) (&)

T~seconds 'tj

Dr (X1,X5) * <|f(t,x1) - (t:X2)|2>

The averaging duration is of the order of the exposure time, typically some seconds [Fried 1966\3ec I
The weather typically changes much slower, of order at least minutes. For translation invariant, isotropic
systems, the above depends only onghetial distancel xi|- x2|. This defines atructure functiorof a

single variable, the distance

D) ([F(x0) - 00 1)

T ~seconds

Since the system is translation invarialt,can be evaluated at any choicexaf Because the system is
isotropic,D. can be evaluated at amnyuch thatr|| =r.

A structure functiorD(r) gives the correlation (linear relationship) for a tieerying physical
guantity between two space points separated by a distance

Correlation Functions

The correlation between two functionsis a measure of how linearly related they are. The functionsare
often functions of time, or functions of space. A measure of their linear relationship is given by the integral
of their product:

ol

Cig ! ﬁ dt f(t) g(1) or

a

ol

Co* f & FILY o G * [ FIHK) ).

Itis often usefulto compare the two function with some offsetin one of them. Then the correlation is a
function of this offset:

a

C()* f dtf(t  ¥o(y or Crg () 1ﬂungoaﬁf(x r) gd.

For two unrelated zermean functions, the correlation function is zero.

It is frequently useful to compute the correlation of a function with an offset version of itself, called the
autocorrelation function. For example, at a fixed instant in time, consider the temperadvigtions
throughout the 3D atmosphefx). Then:

18 o~ 3
Cr* A [, A XTE ).
We expect that nearby temperatures are similar, and that distant temperatures are unrelatetix) &ince
zeromean, we expect the autocorrelation function to be large for smalloffset, and smallforlarge offset. The
distance at which the autocorrelation becomes smallis a measure of the size of atmospheric volumes with
similar temperature. A 2D or Higr autocorrelation function is not necessarily isotropic. For example,the
temperature may vary differently in the vertical direction than in horizontal ones.
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3 Vector s

Small Changes to Vectors
Projection of a Small Change to a Vector Onto the Vector

dr rir "

dr
dr dr|

[r-r or r-vE
rir]

(Left) A small change to a vector, and its projection onto the vector.
(Right) Approximate magnitude of the difference between a big and small vector.

It is sometimes useful (in orbital mechanics, for example) to relate the change in a vector to the change

in the vectoro6s magnitude. The diagram above (left)
dr GE dr or (multiplying both sides by and using r=t
r@ =dr

And since this is true for any small change, it is also true for any rate of change (just didie by
r® er

Vector Difference Approximation

It is sometimes useful to approximate the magnitude of a large vector minus a small one. (In
electromagnetics, for example, this is used to compute théieldrfrom a small charge or current
distribution.) The diagram above (right) shows that:

r-rf g r-rEO o] rf b

Why (r, d, f) Are Not the Components of a Vector

(r, d, f) areparameterof a vector, but natomponentsThatis, the parametersdr,7) uniquely define
the vector, but they are not components, because you
involving magnetic dipoles (ref Jac problem on mag dipole fielddmponents of a vector areefinedas
coefficients of basis vectors. For example, the component§, y, zZ) can multiply the basis vectors to
constructy:

v=xk 4y Ex
There is no similar equation we can write to constwttr om it 6s spher ifp ®dstiono mponent
vectors are displacements from the origin, and there ake &o ( defined at the origin.
Put another way, you can always add the components of two vectors to get the vector sum:
Let w = (g, ky 9 rectangular components. Then v w Fa ¥ (b WE( c9z
We candé6t do this in spherical coordinates:

Let W = (.G, §)sphericalcomponents. Then v w ([ F @ gy )

However, ata point off the origin, the basis vectGr§ ( are well defined, and can be used as a basis
for general vectors. [In differential geometry, vectors referenced to a point in space argarajiect
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vectors, because they are Atangentodo to the space, in
elsewhere in this document.]

Laplaciands Pl ace

What is the physical meaning of the Laplacian operator? And how can | remember the Laplacian
operatorin any coordinates? These questions are related because understandingthe physicalmeaningallows
you to quickly derive in your head the Laplacian operan any of the common coordinates.

Let 6s t-hylsteplonk adtheagption of the Laplacian,first in 1D, then on a 3D differentialvolume
element, with physicalexamples at each step. Afterrectangular, we go to spherical coordinates, because they
ilustrate all the principles invokd. Finally, we apply the conceptsto cylindrical coordinates, aswell. We
follow this outline:

1. Overview of the Laplacian operator

1D examples of heat flow

3D heat flow in rectangular coordinates

Examples of physical scalar fields [temperature, pressure, electric potential (2 ways)]

3D differential volume elements in other coordinates

o 0 A~ w N

Description of the physical meaning of Laplacian operator terms, such as

pT, HT, r2_W1 @2 To 2 T

w 0 réru? rTrLg;r—.

Overview of Laplacian operator: Let the Laplacian act on a scalar fidift), a physical function of
space, e.g. temperature. Usually, the Laplacian represents the net outflow per unit volume of some physical
qguantity: something/volume, e.g., something/nirhe Laplacian operator itself involves spatial second
derivatives, and so carries units of inverse area, s&y m

1D Example: Heat Flow: Consider a temperature gradient along a line. It could be a perpendicular
wire through the wall of a refrigeratoffigure 3.1a). Itis a 1D system, i.e. only the gradiedngthe wire
maltters.

wall wall current.
metal wire carrying wire
refrigeratorl warmer room refrigeratorfl warmer room
; N ; y
| | | |
g = ‘
S 2 heat flow
IS i © ]
5+ | heatflow @ —
Q 3 - g—
E ]
e | =
(a) X (b) ‘ X

Figure 3.1 Heat condition (a) in a passive wire, and (b) in a fgeaterating wire.

Let the left and right sides of the wire be in thermalequilibrium with the refrigerator and room, at2 C
and 27 C, respectively. The wire is passive, and can neither generate nor dissipate heat; it can only conduct
it. Let the 1D thermalconductivity He= 100 mWcm/C. Consider the part of the wire inside the insulated
wall, 4 cm thick. How much heat (power, J/s or W) flows through the wire?
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25C

dT
P=k— %100 mW-cm/——
:( mv-em Q 4cm

625 m\\.
dx

There is no heat generated or dissipated in the wire, so the heat that flows into the right side of any
segment of the wire (differential or finite) must later flow out the left side. Thus, the heat flow must be
constantalongthe wire. Since heat flsywroportionaltaT/dx,dT/dxmust be constant, and the temperature
profile is linear. In otherwords, (1) since no heatis created or lost in the wirejntreltatout; (2) but
heat flow ~dT/dx; so (3) the change in the temperatgradientis zero:

dadr g, T

dx&ax 27 @
(At the edges of the wall, the 1D approximation breaks down, and the inevitable nonlinearity of the
temperature profile in thedirection is offset by heat flow out the sides of the wire.)

Now consider a current carrying wire which generates heatallalong its length from its resBiguree (
3.1b). The heatthat flowsinto the wire from the room is added to the heat generated in the wire, and the sum
of the two flows into the refrigerator. The heat generated in a lehgthiwire is

Poen= I2r dx  where r tresistance per unit length, anfl 7 =ons.

In steady state, the net outflow of heat from a segment of wire must equalthe heat generated in that segment.
In an infinitesimal segment of lengthx, we have headut = heatin + heatgenerated:

dT| dT

P..=P Y —_— = |2|'/' dx

out in gen dx a dx st
ar LI e 127 dx
dx a+dx dx a
d adT § 2 . T
— X= -1“r dx Y — =%
deed_x = dx?

The negative sign meansthat when the temperature gradient is positive (increasing to the right), the heat
flow is negative (to the left), i.e. the heat flow is opposite the gradient. Many physicalsystemshave a similar
negative sign. Thus thé@$erivative of the temperature is the negative of heat outflow (net inflow) from a
segment, per unit length of the segment. Longer segments have more net outflow (generate more heat).

3D Rectangular Volume Element

Now consider a 3D bulk resistive material, carrying some current. The current generates heat in each
volume element of material. Consider the heat flow intteection, with this volume element:

z

Outflow surface area
is the same as inflow

The temperature gradient normal to theface drives a heat flow per unit area, in VW/nfror a net flow to

the right, the temperature gradient must be increasing in magnitude (becoming more negative) as we move
to the right. The change in gradient is proportionaltoand the heat outflow flow is proportional to the

area, and the change in gradient:

d &dT § . P,- P T
P _ P - k— X d dZ Y out in —k .
out i dxagedx gy dx dy dz va
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Thus the net heat outflow per unit volume, due toxtltentribution, goes like the"2derivative ofT.
Clearly, a similar argument applies to thandz directions, each also contributing net heat outflow per unit
volume. Therefore, thtalheat outflow per unit volume from all 3 directions is simply the sum of the heat
flows in each direction:

Pout = Pin — ké T _+ﬁ_T __.ZE
%2 .
¢

dx dy dz Vz zﬁ

We see that in all cases, the

I net outflow of flux per unit volume = change in (flux per unit area), per unit distance

We will use this fact to derive the Laplacian operator in spherical and cylindrical coordinates.

General Laplacian

We now generalize. For the Laplacian to mean anything, it must act on a scalar field whose gradient
drives a flow of some physical thing.

Example 1: My favorite isT(r) = temperature. TheBT(r) drives heat (energy) flow, heat per unit
time, per unit area:

heav' t, q =k TH) where k thermal conductivi
area
g?! heat flow vector
pT o
Then E ~ @, = radial component of heat flo

Example 2: T(r) = pressure of an incompressible viscous fluid (e.g. honey). Dién) drives fluid
mass (or volume) flow, mass per unit time, per unit area:

mass t, j =k T®) where k sbme viscous friction coeffici
area
j* mass flow density vector
proo.o
Then — ~ J, =radial component of mass fla
pr

Example 3: T(r) = electric potentialin a resistive material. THEF(r) drives charge flow, charge per
unit time, per unit area:

har . . .
charget , =s TH) where s electrical conductivit
area
j 1 current density vector
pr o . .
Then — ~ j, =radial component of current densi.
pr

Example 4: Here we abstract a little more, to add meaning to the common equations of
electromagnetics. Lef(r) = electric potentialin a vacuum. Th&(r) measures the energy per unit
distance, per unitarea, required to push a fixed charge denbityugh a surface, by a distancedof nomal
to the surface:

energy/distance r & (r) where
area

r Electric charge volume dens.

Thendr/ G- net energy per unit radius, per unit area, to push charges of densityhe same distance
through both surfaces.
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I n the first 3 examples, we use the word Aflowd to |
unit area. I n the | ast example, the #fAflowd is enerc
reqguirement of fiperwesooishowaread is essential, as
Laplacian In Spherical Coordinates

To understand the Laplacian operator terms in other coordinates, we need to take into account two
effects:

1. The outflow surface area may be different than the inflow surface area

2. The derivatives with respect to anglesqr f) need to be converted to raaé-changeper unit

distance
We 61 | see how these two effects come into play as we
The cylindrical terms are simplifications of the spherical terms.

Spherical radial contribution: We first consider the radial contribution to the spherical Laplacian

operator, from this volume element:
z
Outflow surface area dq =sinddf dd
! is differentially
| larger than inflow
S
flow /’70'0//, gd
dr

The differential volume element has thickness which can be made arbitrarily small compared to the
lengths of the sides. The inner surface of the element hag?alda The outer surface has infinitesimally
more area. Thus the radial -apeaoibbfeonh,i batudes bhb

derivativeso effect.

The increased area of the outflow surface meansthat forthe sanrtefisity (flow) on inner and outer
surfaces, there would be a net outflow of flux, since flux = dexsity)(area). Therefore, we musttake the
derivative of the flux itself, not thidux density, and then convert the result back tey@t-volume. We do
this in 3 steps:

|-O:On

flux = (ared)( flux-density -(rzd \/)%%

o

d(flux) _ w2 Mo
=—|(r<d A
dr ur( V)/Zaei 9

outflow _ d(flux) 1 W2, \& 1o 1 R
= = — d z =
volume ( areadr rzdwpr(r )%Tl 9,2 ”('ir ) _rge|

The constantiWfactor from the area cancels when converting to flux, and back ted8umsity. In other
words, we can think of the fluxes as fteradian.

We summarize the stages of the spherical radial Laplacian operator as follows:
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P2 T(r) :r%ﬁrz_:w)

£T =radial flux per unit area

r2 X1 = radial flux, per unit solid-angle-(area)( flow per unit ares
d w
M2 Ko change in radial flux per unit length, per undlisl-angle; positive is increasing flu
Hr o
1popo _ ; ; ; .
—— —T =change in radial flux per unit length, per uniea
repr o
= net outflow of flux per unit volume
iz M2 M
S
radial flow

per unit area

radial flux
per steradian

change in radial flux per
unit length per steradian
1

change in radial flux per
unit length, per unit area

Following the steps in the example of heat flow;Tig) = temperature. Then

H 1 = radial heat flow per unit area, W/n

r2 1T = radial heat flux, W/solid-angle =V\/a_tt§
pr steradian

ﬁrz—p“l' = change in radial heat flux per unit length, peritsolid-angle
izirz—ul' = net outflow of heat flux per unit volume
reur

Spherical azimuthal contribution: The sphericaF contribution to the Laplacian has no atesange,
but does require converting derivatives. Consider the volume element:

z
l Outflow surface area
is identical to inflow

flow

df

The inflow and outflow surface areas are the same, and thereforetzaege contributes nothing to the
derivatives.

However, we must convert the derivatives with respedtimdo ratesof-change with respect to distance,
because physically, the flow is driven by a derivative with respect to distance. In the sphedsal| the
effective radius for the aflength along the flow is sin d, because we must project the position vector into
the plane of rotation. ThuJ(¥) is the rateof-change per(sind) meters. Therefore,

rate-of-change-per-meter: 1 B
rsing u f
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Performing the two derivative conversions, we get

1 p 1
p%T(r) =———— = Ly
1) rsing p fr sin qu (f)

:,L iT = azimuthal flux per unit area
rsing p f
B 1 L g change in (azimuthal flux per unit area) periead
MWersin gu f
1 w1 Ly change in (azimuthal flux per unit area) per tutlistance

rsinqu_fr sin a f
= net azimthal outflow of flux per unit volume
S VS S S T
rsing pAsin gu f r2sin?gp

azimuthal flux
per unit area

e — |
change in (azimuthal flux

per unit area) per radian
L ]

change in (azimuthal flux per
unit area) per unit distance

Notice that ther? sir?2 d in the denominator is not a physical area; it comes from two derivative
conversions.

Spherical polar angle contribution:

z flow
Outflow surface area
ERY is differentially

Ly dd larger than inflow
X X \

The volume element is like a wedge of an orange: it gets wider (in the northern hemispheére) as
increases. Therefore the outflow area is differentially larger than the inflow area (in the northern

hemisphere). In particulaarea=(rsinq) dr, but we only need to keep tliedependence, because the

factors ofr cancel, just like Wdid in the spherical radial contribution. So we have
area’ sing.

In addition, we must convert tKgO do a rateof-change with distance. Thus the spherical polar angle
contribution havothareachange and derivativeonversion.

Following the steps of converting to flux, takingthe derivative, then converting back tddlusity, we
get
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E)qu(r) —SI:] iu —sing— pT(r)
qruq qu

1v,. &flux per unit area
r ug

_(areg)( flux per unit area

sinqliT = I%n‘lux, per unit radius
r ug dr
ismq——“T = change ir( E—f]-ﬂux per unit radil)s , per radian
Hg Mg
BN smq L, = change ir( E]-flux peunit radiué , per unit distanc
rug Mg
_Liu smq—l—“T = changein E] flux per unit area), per unit @isce
singrpg r

= net outflow of flux per unit volume
1
H —sing ~ lLI’

—_— = —smq “T

singr g g r'vg r smqllq

z}:-ﬂux per
unit area

zFﬂux, per
unit radius

N —
changein (&~flux per
unit radius), per radian
L ]
change in d':- -flux per unit
radius), per unit distance
]

change in d':—-ﬂux per unit
area), per unit distance

Notice that the? in the denominator is not a physical area; it comes from two derivative conversions

Cylindrical Coordinates
The cylindrical terms are simplifications of the spherical terms.

z . f andz outflow , flow
Radial outflow
. surface areas are

surface area is identical to
differentially larger inflow
than inflow flow dz
d7 '

X7 flow

Cylindrical radial contribution:  The picture of the cylindrical radial contribution is essentially the
the spherical, but the fiheighto of the slab i

same as
inflow and outflow surface areas, and converting derivatives to rateaofgehper unit distance. The change
in area is due only to the arc lengttl/, with thez (height) fixed. Thus we write the radial result directly:
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P2 T(r) :%5 r—:l'(r) (Cylindrical Coordinates)

M1 = radial flow per unit area
pr

riT =radial flux per unit angle—(ﬂOW per:;n(tj area)(arez
z

ﬁr—p“l’ =change in (radial flux per unit angle), per urdidius
EEr—“l' =changem (radial flux per unit area), per unit radius
ree g

= net outflow of flux per unit volume

1

= B K

r o M
radial flow
per unit area

radial flux
per radian

S — |
change in radial flux per

unit length per radian
L 1

change in (radial flux pe
unit area), per unit radius

Cylindrical azimuthal contribution: Like the spherical case, the inflow and outflow surfaces have
identical areas. Therefore, thie€ontribution is similar to the spherical case, except there is nbfsintor;
r contributes directly to the adength and ratef-change per unit distance:

2 1pl
B T(r) TEI’__UL:‘T(U

1iT = azimuthal flux per unit area

r uf
LN change ir( azimuthal flux per unit ara per rauia
peropf
E%}—;I' = change in (azimuthal flux per unit area) per tutistance
rufr

= net azimuthal outflow of flux per unit vame

J
azimuthal flow
per unit area

e — |
change in azimuthal
flow per radian

e — |
change in (azimuthal flux per
unit area) per unit distance

Cylindrical z contribution: This is identical to the rectangular case: the inflow and outflow areas are
the same, and the derivative is already per unit distance, ergo: (add cylindrical volume element picture??)

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 400f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

P2T(r) = —“T(r
£T = vertical flux per unit area
pz
ﬁ—ul' = change in (vertical flux per unit area) per udistance
Mz @

= net outflow of flux per unit volume

_IJT = “_
A e

RI=

vertical flux
per unit area

e — |
change in (vertical flux per
unit area) peunit distance

Laplacian of a Vector Field
I't gets worse: t D2elf Expysz) isa vecterdididthen infreatangulaocoordinates:
2 2 2
P’E DB ZEp  ‘ED “Ek.

This arises in E&M propagation, and not much in QM. However, the abqualityis only true in
rectangularcoordinates [l have a ref for this, but lost it??]. This is the divergence of the gradient of a vector
field, which is a vectofield. In oblique or nomormal coordinates, theadientis acovariant derivative

andso it and thalivergence must include the Christoffel symbols.

Vector Dot Grad Vector
In electromagnetic propagation,andeelsh e r e , one empcaouwrnutcardos otfh ea fvdeoctt or f
the gradient operator, acting on a vector field. Whatisvhi® operator? Herei(r) is a given vector field.
The simple view is that(r) -B is just a notational shorthand for
v(r)OD% v+—u v+—u0

z

M 2

2 K
becausev(r)O B E x %;)O —Ely +—E o+ %_ £ ¥—
BE yE a & By W
by the usualrules for a dptoduct in rectangular coordinates.

There is a deepermeaning, though, which is animportant bridge to the topics of tensors and differential
geometry.

We can view the vb operator as simply the dptoduct of the vector field(r)
with the gradient of a vector field.

You may think of the gradient operator as acting astalarfield, to produce a vector field. But the
gradient operator can also act on a vector field, to
probably familiar with derivatives of a vector field:
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Let A(x Y, 2 be a vector field. TheHé:ge“iE &y EH%, s a vector fie
X ¢ M X XH =
OLlA( 6
&, 0
ap, o & o
Writing spatial vectors as column vectors,Azgé\/ 8 , and A :ae—ly 8
& O AP
¢H = B, o
P 9
Similarly, vA and A arealso vector fields.
0% 2
By the rule for total derivatives, for a small displacemeit dy, d2),
AUAC PAC PAC X OauA 5 A A0 &pA 6
Ty g 58X 0 Zw® ®Fp 0
&da, 0 e %8aew‘@aeg = 5
& 0 A 5 e&h0 5
dA T A @:-H—Adx idy 47 %ae; @ ﬁ @y diﬁ ax aiﬂy'f('jdy‘l'%r gz
a%AZGIJX M U X WY W o oMy aeMe W o
¢ T g&u@u&@z%ﬁoam A, 6
P Saepx o & .8 g .0
cH Wy g =¢ -o¢ Mz
This saysthatthevectdAi s a | inear combinatdi oMOyqf AEzdgc Owemghvedt or

respectively by the displacemermts dy, anddz The 3 x 3 matrix above s the gradient of the vector field
A(r). Itis the naturalextension of the gradient (of a scalarfield) to a vector field. Itis-& tenkor, which
meansthatgiven a vectah( dy, d2), it produces a vectodf) which is a linear combination of 3 (column)

vectors BA), each weighted by the components of the given vedtody, d2).
Note thatbA andD-A are very different: the former is a ra2ktensor field, the latter is a scalar field.

This concept extends further to derivatives of r&rtlknsors, which are rariktensors: 3 x 3 x 3 cubes
of numbers, producing a linear combination of 3 x 3 arrays, weighted by the components of a given vector
(dx, dy,d2. And so on.

Note that in other coordinates (e.g., cylindrical or spherid4),is notgiven by the derivative of its
components with respect to the 3 coordinates. The componentsinteract, because the basis vectors also change
through space. That leads to the subject of differential geometry, discussed elsewhere in this document.
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4 Gr een Functi ons

Green functions are a big topic, with lots of subtopics. Many references describe only a subset, but use
words that imply they are coverirgl of Green functions. If you are looking for a specific application of
Green functions, such as electrostatics, yoghtbe temptedo skip right to that section, bubu should first
understand h e # b thatappliesamad Green functions.

Though Green functions are used to solve linear operatorequations (such as differential equations), the
concepts involved apply to other applications, such as the Born approximatiofeumarexpansion,
impulse response analysis, and quantum propagators.

We follow [Jac p?7?] and [Bral] in using the term fAG
Though we agree WitherydaekBendsl | ¢ gina t weodo is mostly o t Bessel
because itdéds easier to say and type.

The Big Green Idea

Huygerts Principle (Figure 4.1) is a way of visualizing wavpropagation thataysthat each pointon a
wavefront acts as point-source of future waveomponentsThe totafuture wavas the infinite sum of the
little-wavesfrom eachpoint-source. This is close tdhe dea d a Green function: each point a source
functionactsas apoint-sourcefor a system; the response of the system tasthcefunctionis then the
infinite sum of the responses to all the pesources

@) (b)

Figure 4.1 (a) HuygenS Principle: a few representative poiatsting as sources(b) More points
acting as sources, butthdl principle is arinfinite set ofsources, one at eaekistingpoint of the
wave.

Green functions are a method of solving linear operator equaoieh asnhomogeneous linear
differential equationsof the form

L{f(} = (¥ where L{ } is alinear operato. (4.1)
| I—|
source
sx) is <called t h®e idiseGoeanrfenetionsvhen oticet medhnds are hard, or to make a
useful approximation (the Born approximatioifhe big idea is to break up the sousfq into infinitesimal
pieces @-functions), solve each piece separately,and add up the solutions. Sices thnear, the sum of
solutions is also a solution, and is the solution to the original problem.

| A Green function givethe response of a system to a pointso@grecer A poi nt e >l citationo

In other words, a Green function satisfies:

L{G(X)} =d(¥.
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To uniquely define a Green frof, you must also specify sufficient auxiliary conditions (such as boundary
conditions).

There are commonly used Green functionsin 1, 2, 3, and 4 dimensienples: a timelomain
impulse responsgf a system)h(t) can be thought of as a 1D Green function. An optical Point Spread
Functionpsf(x, y) is a 2D Green function. Electrostatic potenNgt) is ascalar Green function of 3
dimensions. Aclassicalklectromagnetic radiatiggropagatoA(t, r) is avectorvalued Green function of 4
dimensions. A EM propagatoDr ¢(x?)in quantum field theory ibuilt from two 4-vectorGreen functios
of 4D spacetime.

As these examplesillustrgteftenthe Green function itself can be given physical meaning, &&M

waveswhereitise ssentially Huygends PrinciploenQuantumFieldi t h accur
Theory where it is the propagator of a quantized fieldsreen functions can generate particular (i.e.
inhomogeneous) solutions, and solutions matching boun

solutions (i.e., where the right hand side is zero). We explore Green functions through the feltepsig
1. Extremely brief review of théfunction.

The tired, but inevitable, electromagnetic example.

Linear differential equations of one variabledimensional), with sources.

Delta function expansions.

Green functions of two variables (but 1 dimension).

o 0 s~ e N

When you can collapse a Green function to one var,
invariance)

7. Dealing with boundary conditions: at least 5 (677?) kinds of BC
8. Greenlike methods: the Born approximation

You wil find nor ef erences to fAGreaxedjdsi nTthoe ou retmbbbmogeereofigsectl f t 0 n
boundary conditions, becausatil then,those topics are unnecessary and confusing. We will see that:

The biggest hurdle in understanding Green functions is the boundary conditions.

Some references derive Green functions friom Greenos
Thatis only a special case. In general, Green functiomotioel y on Greendé&s Theor em.

We return to this point later, after discussing general boundary conditions.

Dirac Delta Function

RecallthattheDiradf unction is an fi mpulse, 0 adefinedad i nitely na

a
d(x)=0, forx 0, and ﬁ ak)dx 4, d Othe area underthed -fimeis 1).
fa

(Thisalso impliesd(0)- =, but we don6t) THedinearity ofintegrattidn anplieshtieededta
function can be offset, and weighted, so that

b+a
n] wd(x- b dx =w 'a C.
- a
Sincethed’f unction is infinitely narrow, it can fipick outo
b+a
n) d(x- b) f(¥ dx =f(H ‘a C. 4.2)
- a

This is called t hetUféinction. $eeQuirkg@uanpum €gneeptdrmaore an the deltae
function. The units ofti( ) are k]’ 1.
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The Tired, But Inevitable, Electromagnetic Example
You probably have seen Poisson6s equa ttieoharger el ati ng
distribution creating the potential (in gaussian units):

- FSf(r) 4 pr) where flectrostatic potential, r&harge deg:. (4.3)

We solved this by noting three things: (1a) electrostatic potentiab,o bey s fAsuperposition: o t
to multiple charges is the sum of the potentials of the individual charges; (1b) the potentialis proportionalto

the source charge; and (Rjve take the potential at infinity to be zethe poentialdue to a point charge is:

f(r) :q% (point charge at " 4.4

r-r]

(We say much more about boundary conditions lat€hg properties (1a) and (1b) above, taken together,
define alinear relationship:

Given: r,¢")- f¢), and JC ) of),
then: ar; ¢ 5(") - whar 10 ) = 1(F) (7.

To solve (4.3), we break up the source charge distributj@gr) into an infinite number of little point
charges The set of points ispread out over space, each of cha(ggd®r. The solution for is the sum of
potentias from all the point charges, and the infinite sum is an integral, so we fared

# points
o 1 1

. > o - . g
f(r)—d?!lrr‘r_10a (ri)dr|l’—l"i| ﬁsmceﬁr)drf Fl

i=1

Note that the charge fdifunctiorbinfihite charge dénsity, buafinigdootant char g
charge.Also, t (r) for a point charge at & translationally invariant: it hasthe same form forall. We wi ||
remove this restriction later.

All of this followed from simple mathematical properties of Eq (1) that have nothing to do with
electromagnetics. All we used to solve fbwas that the lefhand side is a linear operator én(so
superposition applies), and we have a known solution when thehdgid side is a delta functi@tr :6

1 :
-B ) = p@) and 2 _~p = 3¢ ).
e L e - ——d
linear ynknown  given "source” linear given point
operatorfynction function operatd known "source" at
solution

Since any given can be written as a sum of weight&dunctions, he solution fothatgiveny is a sum of
delta-function solutions. Now we generalize tlelectromagnetic examplie arbitrary (for now, 1D) linear

operator equations by lettimg x,7- f,1D2- A,] - s, and callthe knowii-function solutionG(x):

n2 _ 251 3 :
%@—@(V) and Y o _l@”_)
f(x) (X given point

G(r-r)) "source"ar '

Given L{f&}=s(x) and L{Gx-x) &(x x),
then f ()= ﬁn dx's(X) G(X - X).

This assumes as above, thatourlinear operator,and any boundary conditions, are translationally invariant.

In 3D, as indicated above for electrostatic potential, the integral over the source becomes:
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Given £{f¢}=st) and £{GH(F ) &r(r -)
then f €)= ﬁ (ﬁr 's¢ )G F ).

We can even have Greenfunctionsovertimds pace (as in quantum field theory
is a point in both time and space:

Given L‘{f (x'")} = s(x" and ,c{ Gx ™ x' }T & (x Mx )
then  f &™)=f ﬁmﬁ‘bﬁs(x'"} G(x™ x Y

A Fresh, New Signal Processing Example

If the followinge x a mpl e doesndét make sense tandopmdraltheojyust skip
folk have long used a Green functiike concept, but with differentwords. A tirdevariant linear system
(TILS) produces an output which is a linear operation on its input:

o(t) = M{i(t)} where M({ } is a linear operation taking input to outy.

I'n this caseB{lwe andndée doamBao siotl & swathervhan thedeftide g h t

ofthe equation)However,wearegi ven a measurement ( oilmpalseregpanseati on) of
calledh(t). If you poke the system with a very short spike (i.e., if you feed an impulse into the sittem
U(t) ), the systentesponds with(t):

h(t) = M{d(t)} where I }is the system's impulse respo.

h(t) actslike a Green function, giving the system response attio@delta function at= 0. Note thath(t)

is spread out over time, and usually of (theoretically) infinite duratit). fully characterizes the system,
because we cagxpressany input function as a series of impulgeih the deltafunction expansion below)
and sum up allthe responses. Therefore, we find the output for anyiipuith:

o

o) = itHh(t )dt".

Caution: many references do not distinguish between a Green fu@Bflipmnd an impulse response
h(x). The two are similar, but they differ because:

L{G(X} = d(%), but h(x) =M{ ¢} .

Thelinear operatois in a different place for a Green function vs. an impulse response. For example, in
electromagnetics, sources (charges and currents) are the stimulus that result irEfi@ddH( andB).
Ma x we | | 6s (e.g,dd +ri) lmamedinear operators acting on tiesult(fields, e.g.D) to give you

the stimuluge.g.,}). A TILS does the reverse: firoduces resultwhich is a linear operation on its input
(stimulus).

We can see a relationship between a Green function and an impulse response W taKihi exists)
of both sides of the second equation:

MU} =d(¥.

Thus the impulse response for an oper&toiis the Green function for the opera®r'!. In particular,

guantum field theory calls the field fpr epasanat or o a C
impulse response.
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Linear differential equations of one variable, with sources

We wish to solve fof(x), given s(x):
c{f(Q} =R, where £{ }is a linear operator.

s(X) is called the "source," or forcing functio

0 d?2
E.g. +u §&) 1§f(x) W (x) SEX).

WO o
e

We ignore boundary conditions for now (to be dealt with later). The differential equations often have 3D
space as their domain. Note that we oedifferentiatings(x), which will be important when we get to the
deltafunction expansion o$(x).

Green functions solve the above equation by first solving a related equation: if we can find a function
(i.e., a fAGreen functionod) such that

£{G(X} =d(X, where ¢ ¥is the Dirac delta functior

e.qg. +? @ KX) =dx),

Fel o
e
Fe }lo

then we can use that Green function to solve our original equation. This might seem weird, G@)ause

b, but it just means that Green functions often have
supposes(x) is a step function:
G(X =0, x <00
) i Then Y6(x0=d(x.
=1, x >0y dx

Now suppose our source §Indx-3gc @fil{t}eisr‘[remtlatiantinvatrietnte origin,
[along with any boundary conditions], th&{) can still solve the equation by translation:

L{f} =s(® =(x 3, Y fy @&x ¥-isasolution

If S(x) is a weighted sum of delta functions at different places, then becta{u}seis linear, the solution is
immediate we just add up the solutions from all thiéunctions:

o= A walx 0 ¥ (x AwEx ¥

Usually the source(x) is continuous. Then we cdmeak ups(x) into infinitesimally small pieces (i.e.,
expand itas an infinite sum of delta functiojgescribed in a momengnd sum the solutions for the pieces
The summation goes over to an integral, and a solution is

@ K
Ll =s(9 A walx :
i=1

L{f(x)}:s(x) ﬁurcei X) dxd( x § - and fl ¥ soﬁ;dk@)) G x )

We can show directly thd¢x) is a solution of the original equation by plugging it in, and noting that
L{} actsinthxd o main, and figoes througho (xd:e., commutes wil

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 47 0of 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

L{ f ()} :L?ﬁdx‘ 0 x-% g
= fjdx « L{ Q x- R} movingL{ } inside the integral
= ﬁdx' X)d(x-% $X &) picks out the value of s(x). QEI

We now digress fora moment to understanditfienction expansion.

Delta Function Expansion

As in the EM example, it is frequently quite useful to expand a given funstyras a sum ofr
functions:

N
s(X) ° a wd( x -x), where ware the weights of the basis delta funas.
i=1

[This same expansion is used to characterizerebponse of linear systenasinputi(t).]

W, = area
s & s(x)ox
s(X)
N=8
N =16
i —
x X
(a) (b) X
Figure 42 @)Appr oxi mat i ng -fnctionsn ©)The aveight\wi eadi-fuliction is
such thatitsintegral approximatesthe integralof the given funsfiogn, over t he interval AfAc

by thelt-function.

In Figure 4.2a, we approximateg(x) first with N = 8 G-functions (green), then witN = 16 G-functions (red).

As we doubleN, the weight of each-function is roughly cutin half, but there are twice as many of them.
Hence, the integral of thiefunction approximation remains aboutthe same. Of course, the approximation
gets better all increases. As usual, we let the numbeii-fdinctions go to infinityN- D .

In Figure 4.2b, we show how to choose the weight of e@éhnction: its weight is such thatits integral
approximates the integral of the given functisf) , over the i nt éfuntonh. Ifitcteover edo b
limit of N- B, t he approximation becomes arbitrarily good.

In what sense is thfunction series an approximationd®)? Certainly, if we need the derivatigéx),
the deltafunction expansioseems to beerrible. However, if we want the integral gf), or any integral
operator, such as an inner product or a convolution, then thefdaltéion series is a good approximation
Examples:

For  $(x) dx or ffR«y dx or (4] X 6 x-d

N
then  s(x)° § wd(x-x) where w =53 B
i=1

AsN- D, e expand(x)in an infinite sum (an integral) @kfunctions:

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 480f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

%- X
Dx - dx
Ww- s X) dx

S(><)=é. wa(x -x) - ¢X AIXEXE x %

which if you think about it, follows directly from the definition &), per(4.2).

[Aside: Deltafunctions are a continuous set of orthonormal basis functions, much like sinusoids from quantum
mechanics and Fourier transforms. They satisfy all the usual orthonormal conditions for a continuous basis, i.e. they
areorthogonal andnormalized:

f dxd(x- g gx-h & bl
Note that in the final solution of the prior section, we integs@{etimes other stuff
F)=dx €% q x- R,

and integratingvers(x) is what makes théfunction expansion of(x) valid.

[Aside: It turns out that even systems that differentist ¢ a n  fuacton éxpaesion but we need not
bother with that here.]

Boundary Conditions on Green Functions

Most problems require boundary conditions on the solution to an equation.

Introduction to Boundary Conditions

We nowimposea simple boundary conditiaan an equation we seek to salM@onsider a 2D problem
in the plane:

L{f(x v} =% inside the boundary;
f (boundaryx 0, where the boundary is giv
We define the vectar [ x,{) andrdé x8 yo()and recall that
) &) (), so that W) =kax) (v 93

The boundary condition removes the translation invariance of thegmndFigure4.3). The deltafunction
response ofC{G(r)} translates, but the boundary condition does I.e., a solution af

L{G(r)} =d(r), and G (boundary)= 0 Y L{Gr(r-} e
BUT does NOT Y G boundary r ) =0.

y ) boundary condition dot
boundary boundary condition |- nottranslate witrr6
f(boundary) = remains fixed /-
T/ wrir),
%main
of f(x,y)

(@ (b)

Figure 4.3 (a) The domain of interegblue) and its boundarfred) (b) A solution meeting the
BC for the source at (@) doesottranslate to another poinband still meet the BC.
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I With boundary conditions, for each source point r', we need a diffémeinfunction!

The Green function for a source pointcall it Grqr), must satisfyooth:
L{G (N} =dt ¢ and  G.(boundary) =.

We can think of this as a Green function of two argumerdasdr’, but reallyr is the argument, andis a
parameter. In other words, we haviaaily of Green functionsGrdr), eachlabeled by the location of the
source pointr'.

Note that finding 1D Green functionsis animportant prerequisite for 3D Green functions, because a 3D
problem sometimes separatesinto a 2D and a 1D problem. We give such an examplein the section on 3D
Laplacian operator boundary conditions.

One Dimensional Boundary Conditions

Example: Returningto a 1D examplein Find the Green function for the equation

2
%f(r):s(r), on theinterval[0,1], subject to BCf (0)f=1)( 0.
r

Solution: The Green function equation replaces the saewith G(r 1 r'):

d? ,
FGr-(r) =dr +).

Note thatGdr) satisfies thdnvomogeneousquation on either side ob :
d2
—G,(r, r) 9.
dr2

The full Green function simply matchestwo homogeneous solutions, one to theréffof and anot her t o
right of ro , such that trbecdeat e s thfulasdntthere afirst eva find the
homogeneous solutiorgr) (notan impulse response)

2
%h(r) =0 Integrate both sides:

r
% h(r)=C where Cis an integration constant. Integrate ag (4.5)
h(r)=Cr where G Dare arbitrary constants.

There are now 2 cases: (left)< ', and (right)r >r'. Each solution requires its own set of integration
constants.

Left case: r<r' Y G .()€r B
Only the left boundary condition appliester  ': G,. 0)( D0 YD &
Right case: r>r ' Y G, n()Er B
Only the right boundary condition appliester 'G,.(1) =0 YE F O=F E.
So far, we have

Left case:G (<r ) €r Rightcases r( > Er E.

The integration constan@andE are asyet unknown. Now we must match the two solutions=at’,
and introduce a delta function there. Tlfunction must come from the highest derivative_fn}, in this
case the ®derivative, because dG/dr had a delta function, then th&“@lerivatived?G/dr2would have the
derivative of ai-function, which cannot be canceled by any otherterd f Since the derivative of a step
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(discontinuity) is aifunction,dG/dr must have atep so that?G/dr2has al-function. And finally, ifdG/dr
hasastepthenG(r) has a cusp (aka Akinko or sharp

We can findG(r) to satisfy all this by matching(r) anddG/dr of the left and right Green functions, at
the point where they meetz=ro :

d . d
Left: —G, . (r<r") € Rightt —G..(r r") >E.
ar r(r<r’) g err( )

There must be a unit step in the derivative acres :

G
pr

+1 _—._G
r' p

Y C ¥ E (4.6)

r'+

So we eliminatee in favor of C. Also, G(r) must be continuous (or elsis/dr would have aifunction),
which means

G (r=r.) 6.
yielding the final Green function for the given differential equator boundary conditions
Go(r<r) fr' Br, G,¢ ry rt=r'r{ =1.

preamfunctmris fot differenevalues of:

=) of' C y=C 4 -C '1,

Hereds a

G, (1) Gy (1) G, ()
05T 0.5+ 0.5+
r=0.3 r=0.5 r=0.8
0 i 1 r‘ O i 1 r 0 i | r‘
-0.5¢ -0.5¢ -0.5 4—
0 1 0 1 0 1

Normalization is important, because tlréunction in E{G(r)} =d(r) must have unit magnitude.

To find the solutionf(r), we need to integrate over therefore, it is convenient to write tf@&een
function as a true function of two variables:
G(r;r)tG,.(r) Y £{G(r;r} = r), and G (boundary; ) |,
where
still think of G(r; r') as a family of functions aof where each family memberis labeledrby,

member satisfies the homogeneous boundary condition.

t h e r@anddemiphasizesthe¥r ; r') is a function of, parameterized by. l.e., we can
and each

Itis important here that the boundary conditio®is 0, so that
any sum of Green functions still satisfies the boundary condition.

Finally, the particular solution to the original equation, which now satisfies the homogeneous boundary
conditiors, is:

L r 1
f(r)= n)dr's(r')G(r;r‘) = 0¢|T1f|'s(r') (" Tdr ﬁ Y (r Dr-
G(rir),r>r' Grr)r &'

which satisfies f (boundgr3 O

Summary: To solve £{G, (1)} =a(r <) in one dimension:
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1 We breakG(r) into left- andright sides ofr. Each side satisfies the homogeneous equation,
Li{Gr -(r)} =0, with arbitraryintegrationconstants.

. We establish a first matching condition G(r), which is usually thatit mustbe continuous at

r.

1 We establish anothenatching condition to achieve tlifunction at'. This establishes set
of simultaneous equations for tidegrationconstants in the homogeneous solutions.

1 We solve for the constants, yielding the {eftr' and rightof-r' pieces of the complete Green
function,G(r; rd.

Aside: It is amusing to notice that we use solutions tohttraogeneougquation to construct the Green
function. We then use th&reenfunction to construct thearticular solution to the given(inhomogeneous)
equation. So we are wultimately constructing a particular
anything we learned in undgaduate differential equations

When Can You Collapse aGreen Function to One Variable?

i Por t &ieéndunctions: When we first introduced th&reen function, we ignored boundary
conditions, and ouGreenfunction was a function of one variabie, I f our source wasnodot a
just shifted outreenfunction, and it was a function of jusfi(ré ) . Then we saw that with (
conditions, shift iGreelfurctioeisafinttionobtwokvariabdesaddrét.h e | n general,
then, underwhat conditions can we writ€reenfunction in the simpler form, as a function of just (6 ) ?

When both thdinearoperator and the boundary conditions are translatigariant,
the Greenfunction is also translaticimvariant.

We can say itbdés fAportable. o

This is fairly common: differential operators are transladimrariant (i.e., they do not explicitly depend
on position), and BCs at infinity are translatimvariant. For example, in E&M it is common to have
equations such as

- Bf(r) =f), with boundary conditon A &

Because both the operatfdd?a nd t he boundary conditions are transla
introducer’ explicitly as a parameteri@(r). As we didin (4.4) when introducingsreenfunctions, we can

take the origin as the location of the defitaction to findG(r) , and use translation inveé
aroundodo the delta function:

G(r;ryt G.(r) & r) and L{G¢ r} o r))

with BC: G(r) =0

Non-homogeneous Boundary Conditions

So far, weobve dealt with homog®e&GHrg') boezardoar y condit

the boundangwhich may be atinfinity) But there are different kinds of boundary conditions, and different
ways of dealing with each kind.

[Note that in general, constr ai nboundargohahything. oThey arel on 6t have
really just atdaycsadrrdiitnitosnos . @r fiF or exampl e, one constraint
Ainormali zedo function, which is not a statement about any

conditiondoesoccur at a boundary, so we defectonmon usageand limit ourselvebereto boundary conditionks.

Boundary Conditions Specifying Only Values of the Solution

In one common case, we are given a general (inhomogeneous) boundary comdifioalong the
boundary of the region of interest. Our problem is now to find the complete sad@tjcuch that
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L{c(r)} =g(r), and ¢ (boundary)=m (boundar.

One approachtofind(r) is from elementary differential equations: we find a particular solufgnto the

given equation, that doesndt necessarily meet the bou
homogeneousolutions to achieve the boundary conditions, while preserving the solution of the non
homogeneous equatiohere are 3 steps:

(1) First solve forf(r), as above, such that
L{ f(n)} =s(n), and f (boundary)= 0,
using a Green function satisfying:
L{G(r;r)} =dr 1) and G (boundary; ') =C

(2) Find homogeneous solutiohgr) which are norzero on the boundary, using ordinary methods (see
any differential equations text):

L{h(n} =0, and  h (boundary), .

Recall thatin finding the Green function, we already had to find homogeneous solutions, since every Green
functionisa homogeneous solution everywhere except atifluection positiony'.

(3) Finally, we add a linear combination of homogeneous solutions to the particular solution to yield a
complete solution which satisfies both the differential equation and the boundary conditiurswe find
coefficientsA such that

Ah(n)+Ah(n +. m(r), and L{ Ah () Ah(d .} 0+  bysuperpositic
Then our solution ig(r):
c(r)=1(r) Hh(r) Ahy(r) . because,
cfe} =£{f(r) AT Ah(n) .}
=c{f(r)} =(r) and  c(boundary) m (boundar

Continuing Example: In our 1D example above, we have:

2
/;{}:”_2 and G ¢ <) F ¥, G.(r PrE=1,-

=

satisfyingBC: G,. (OFG. ()=0 Y fO £@ 86 si)

We now add boundary conditions to the original prohle(@) = 2, and:(1) = 3, in addition to the original
problem. Our linearly independent homogeneous solutiongrara (4.5):

h(r) = Ar ho(r) =A, (a constant.
To satisfy the BC, we need

h(©0)+h(©0) =2 Y A 2

h@+h@ 8 Y A £

Thusour complete solutiorsatisfying the given BC&:

el v D
c(r)—én)dr s(ryG(rr) ¥ 2 4.7)
€ u
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Boundary Conditions Specifying a Value and a Derivative

Another common kind of boundary conditions specifies a value and a derivative for our complete
solution. For example, in 1D:

c(0)=1 and c '(0) =t

Recall that oupreviousGreen functior{4.7) is notrequired tchave any particularderivative at zero. When

we findaparticularsolutionf(x) , we have no idea fid,wilbeiAndispadielari vati ve a
different source functions(r), will produce differenf(r), with differentvalues of '(0). This is badorour

new BCs Inthe previous case of BEr) was zero atthe boundaries fomys(r). What we need with our

new BC isf(0) =0 and'(0) =0 for anys(r). We can easily achieve this by usindiierent Green functidn

We subjected our first Green function to the boundary condi®@sro ) = GQ;ra)nd= 0 specifical
to give the same BC tigr), so we could add our homogeneous solutindependentlpf s(r). Thereforein

2
our example[,{ } :S—Z,We now choose our Green function BC to be:
r

d d?

G@O;r) 8 and EG (Or ) 0= with £{G(r1 ) FG i ) dr( r
We can see by inspection that this leads to a new Green furtEigume4.4):
G(r;r) =0 r <, and G )r=r -1 r
G(r;r G(r;r G(r;r
0.5 0.5 / 0.5
0 1 b 0 . b 0 / r
r=0.3 r=0.5 rr=0.8
0 1 0 1 0
Figure 4.4 Green functions for 3 different values af
The 2dderivative ofG(r; r6) i s everywhere 0, and t herofir sTthedeerfiowat, i
our new particular solutiof(r) also satisfies:
1
f(r)= ﬁ)dr‘ s(r)G(r;r’) and f (0) =0,f '(0) B, s'(.

We completehesolution using our homogeneous solutions to meet the BC:

hy(r) = Ar ho(r) =Ay (a constant)
h(0)+h©0) L Y A %
h'(0)+h'(0) =5 Y A & Then

et @
C(r):én)dr s(r)G(r;r’) jor ¥
€ u

In general, the Green function depends not only on the particular operator,
but also on th&ind of boundary conditions specified.

The Green function doemtdepend on thgaluesof the given BCs.
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Boundary Conditions Specifying Ratios of Derivatives and Values

Another kind of boundary conditions specifies a ratio of the solution to its derivative, or equivalently,
specifies a linear combination of the solution and its derivative be zero. This is equivalentto a homogeneous

boundary condition:

or equivalently (ifc (0) , 0) c'(0) & (0)
c(0)

This BC arises, for example, in some quantum mechanics problems where the normalization of the wave
function is not yet known; the ratio cancels any normalization factor, so the solution can proceed without

knowing the ultimate normalization. Note thaistls only a single BC. If our differential operator i 2
order, there is one more degree of freedom that can be used to achieve some other ceuditias

normalization. (This BC is sometimes givenba§0) i U (0) = 0, but this simply multiplies both sides by a

constant, and fundamentally changes nothing.)

Importantly, this condition is homogeneous: a linear combination of functions which satisfy the BC also

satisfies the BC. This is most easily seen from the form given above, right:
If d'(0)- ad(0) =0, and e'(0) ae(0) 6
then c()=Ad () Be(r) satisfiesc '(0)ac (0) ®
becausec ‘(®)ac (0)=A(d '(0)ad ()) B e '(0) & ()

Therefore, if we choose a Green function which satisfies the giserogeneouBC, our particular solution
f(r) will also satisfy the BC. There is no need to add any homogeneous solutions.

Continuing Example: In our 1D example above, with = d?/dr2, we now specifyheBC:

&:2

<0) or c'@® x(®» C

Green functions for this operatorare always two connected line segments (becaudé tlegivXives are
zero),sowe have

r<r': Gy €r DB, D O,sothat (0) G
r>r': G(yr") £ R
BCat0: C 2 0=

With this BC, we have an unused degree of freedom, so we clibesk implyingC = 2. We must
find E andF so thatG(r; rd ) i's con@i(ndy o thsa,s aanrdu ni tT hset elpa tatte r
thatE=C + 1 =3, and then continuity requires

Cr'+D £r' B Y 2r' 1+3=F ,4# r'4.- +So
r<r': Gry) = ¥* and r r>Gr(r;") 3x '-1

G(r;r) G(r;r)

4 4

2 ~ 2 :

0—— o 1 0 EEERE: 0 e
0 r=03 1 0 =051 0 r=0.81

Figure 4.5 1D Green functions; the slope changes of +1 occur(dotted red lines), but are subtle
on this scale.
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Thenour complete solution is just
1
c(r)=f(r) =f'Jdr‘s(r‘)G(r;r‘).

Boundary Conditions Specifying Only Derivatives (Neumann BC)

Another common kind of BC specifies derivatives at points of the solution. For example, we might
have

c'(0)=0 and c'Q=:

Then, analogous to the BC specifying two valuex{or we find a Greenfunction which hagerosfor its
derivatives at 0 and 1:

iG(r:O;r') =0 and EG( 1r )=C
dr dr

Then the sum (or integral) of any number of s@henfunctions also satisfies tteeroBCs:
1
f(r)=r~1)dr's(r')G(r;r') satisfies f'(0)=0 and f ‘(1)

We can now form the complete solution, by addiognogeneousolutions that satisfy thgivenBC:
c(r)=f(r) Ah'(r) Ahy(r) where AK(QO) AR(O) 0
and  AR'Q)+ Ah'Q) 2
Example: We cannot use our previous example wherg= d?/dr2, because there is no solution to

2
d—G(r;r'):a’(r ) with iG(r Gr)) ge@ 1r=) o.
dr? dr dr

This is because the homogenous solutions are straight line segments; therefore, any solution with a zero
derivative at any point must be a flat line. Sommestchoose another operator as our exampksS.

2D?7? and 3D Green Functions

Green Functions Dondét Separate

In previous sections, we described 1D Green functions, which satisfy:
L{G(x x)} d(x #.

(We must change notation slight| yw fnroovm heaasr Itiheer ,c osnivnecne
meaning: distance from the origin.) A 3D Green function satisfies:

£{G@r;r )} &€ r ) (coordinate freg.

Note thati®is a (coordinatdree) spherically symmetric function, with no preferred direction. Wectaose
to write it as a product of three coordinate functions. For example:

L{Gxy.zX Y 2} d(x Ady § @z ¥- ( rectangular coordinatk.

To generalize Green functionsto 3D in rectangularcoordinates, you might guess that we could multiply
three separate 1D Green functions together. For examplesdparates intx, y, andz parts, does the
following hold?
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Let L{X(xx)} d(x %), andsimilarfor £, {Y(y;y) and,{ Z(z;3)
Does G K,y,z;zy', z‘)? X(X2AOXyYy Y Zzg? le,
(Lt sty L XNy DLz P Pr=)? -

We now show that doestwork. As a concrete countexample, consider the Laplacian operaf, In

1D, it #s@ Applying buy guesds to 3D, we would have:
2
“—ZX(X; X) #d(x %), andsimilarfor Y(y,y)andZ(z; z).
X
P?(XY2) a’ LB Ju ~xyz) dex 3YZ Gy 'y XZ (dzHz >
— A =X - ' ZZ
gil;_xz w2

Ldx -x) €y ¥) (@ 3.

Green functionsdaots eparate the way solutions |to

Let us explore some properties of an actual 3D Green function. Am@iin 3D Green function for
the Laplacian, with BC of zero at infinity, is:

G(r;r" =;.
4plr - r
For simplicity, we fixr' = 0y and drop the prefactor. Forinsight, we write it in rectangular coordinates:

gl 1
G(r;0 - =
(r, V) r m

This is spherically symmetric, as required by the spherical symmety ahd the BCs, but has no other
obvious structure. It does not seem to factor K¢QY(y)Z(2). Nonetheless, we have:

& 2 2, % 0 1.
“2+_ﬁ2 + H 1 9:_1da(r)_
é%x_ w oA e X2+ y? 42 04p

Laplace

By symmetry, the three directions each contribute the same amount to the sum, which is 1/3 of the total, so:

2

R YR R
2E 20 =20 5 do.

This means the™ derivative in asingledirection is immediately a"3order delta function; thig3( ) does
notresult from the product of or& ) in each direction.

3D Green functions are hard to understand. We give some examples in the following sections.

Green Units

Coordinates have units, operators have units, Green functions have units, and delta functions have units.

As always, we can use dimensional analysis to saohigck results, which we do later. As a 1D example:
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A2
[X] = L (length), 2“_2 qrx [@() LY:=

2

&G:d v o or?g % and [ &

If xis in meters, then so @G.

A 3D units example:
[]=L(ength), & 2 pL?s [d(] L*: =
p°G =° Y L?c] £% and [g
If the coordinates are in meters, th@iis in inverse meters.

Special Case: Laplacian Operator with 3D Boundary Conditions

In electrostatics, one often uses Green functions with the Laplacian opefatog, and boundary

conditions, to findr)t.he eHeclamplsdaitdac @mpdereaatt orala ldl(ows
common boundary conditions, that gives a solution in terms of integrals. This section assumes you are
thoroughly familiar with solving Laplrctoesfseseumkguati on b

Electromagnetics ConceptsBeware that some references define Green functions only for this electrostatic
special case, and so present an overly narrow view of them.

source
volume
obsefver ; Gir r'
v <Jsurface : (O

element, :
r s : ;

| L n

space ! . X '
(@) (b) (©) rons

Figure 4.6 (a) A 3D distribution of charges, admired from within. (b) A 1D potential; the flux is
proport i on(a)lForDichled 8Cs@orm of along the normalcoordinaigorr' on the
boundary surfacs.

Consider a distribution of source charges, a<dare 4.6a. We continue with the definition & from
earlier sections, and gaussian units:

p%G(r;r) ¢ r), and 2B 4pF)
s(r)

Some references include a factordfl) or (4" ) on thel-function in the definition of5. Thatbreaks the
generality of the Green method, and simply moves the factordfigrmto the Green function itself, but the
resulting integral4.8)i s i dent i cal y)isamiquelytdetemuired by(b)end the BCs. Our
convention foGis used in many references, and we believe is objectively simpler in both theory and practice.

The Laplacian boundary condition trick starts Wit e e the@rem which relates a certain kind of
volume integral to a surface integral. We give some
result is: for any functions definedsidea v o | u'jeendy (r'd (
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~ 2 8N . Qe M FO2c,
AJFREY ) ) B P O = firge « )¢

where n? normalcoordinate,so,e.g.% y-‘E "= b
pNn
Note thatthe primes denadeurcec o or di nat es. I n r'glde¢he ¢lectmsdtiapptentas , we | ef
inside the volumeandy (r') Y G(r, r )otakingr as fixed. The operat& tells us how a function changes
aswe move around the source coordimateithrh el d f i xed. Then 0 is explicitly
o Fa
F() =R Fe6 ) ( 40 £ ) d®r A g, o KLFlg
O =i JPF (4 ) O @i B ) g
r inside s(r) (4-8)
volume
where p Vol boundary of the volume.
Ifri s outside the volume, it violates the terms of Gree

is meaningless. At this point, we have not given any BC&f@o as with all Green functions, there are
manyG that satisfy the defining equatidﬁzG =ds(r F") . We must find BCs foG to make it unique.

Dirichlet BCs: There are 2 terms in the surface integra(4o3). For Dirichlet BCs, 0 (
given. Therefore, we makzunique by choosin@(boundaryr )&= 0, so the second surface term vanishes.
Figure 4.6¢ illustratesG(n, r') along n, the normal coordinate to the boundary surface. This BGGfor
guarant erpffeom@d®méeéeti§ the given 0O0(boundary).

Neumann BCs:d0 8n'=Enyis given everywhere on the boundary. This is equivalentto specifying
or the surface charge densitgverywhere on the boundary, because:

% = E. HAps (gaussian units.

You might think we choosdG/dn’' = 0 everywhere on the boundary, so the first term in the surface integral
would vanish. This turns outto be a contradiction, so it fails to give a solution ( [Jac 1999 p39]or[Bra p174],
but note they use differefiffunction conventions from each other, and from us). The contradiction appears

from Gaussdéd Law applied to t hiesideteefvolume:t i on of t he Gree
P%G(r;r) - BDPlET ) - Y A GE &S m R roor
() Er) @0 vo P
@‘—;ﬁdzs t.
uvol

SodG@dn' cannotbe 0 everywhere. The simplest requirement to state (not necessarily to st®/édi'is
constant=1%, whereS[ surf ace area, which satisfies the above s
infinitely large, asis commonly approximated, this reduce to the sid(@/#n' = 0.

The final solution t hrdisdetinedigeunanroB@sdnlp up tofamadditvet hat 0 (
constant . Ther ef o)sechthatthefirseterm i the sudfaceidegra(48) i§ zero.
Thenthatt satisfies:

Volume s

This gives r)itside tievdlwme das@n integi@l of the given Neumann BCs.

TheBCs we choose for th@reen furction depend®nly on thetypeof BCsf or G
(Dirichlet or Neumann)but not on the boundary values themselves.
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Derivation of Greends Theorem

This section is optionalGr e etimedrenrelates a certain kind of volume integral to a surface integral.
We start with a on€limensional section of 3D space, which may be easier tik thbout Figure 4.6).

Consider any x)amy(), wa ese primes o indidate coordinatesafircecharges. From
simple integration by parts, we have:

QFd—,ydx iy{ ba"d g!%ydx
X o

We could just as wellandhavae:p t he roles of 0 and
b 2 b bs ~ )
r’jy d—F dx' yi F ad 9 y dx,.
dx2 ax' |, aéﬁx s :
Subtracting the latter from the former cancels the integral on the RHS
ba_ g2 > _0 &_d d [5
Nak —V -Vy—— Fax' z=—-F 5 F or
qéf Y ax 8 & dx Y g
b d? b _d? 8 d a [3 (4.9)
F—ydx = (0778 —— - g
n 2y a'I Iax.z 88 dx' ¥ j’d;)C ;3
charge
density
We recognize the charge density in the first integral

pointx (notx) in the volume, by choosing such thatl?y/dx2={B(x 1 x); in other words, by choosing(x)
to be a Green function:

WG
y(x)- G(x X) such that: — adk x'.
For purposes of x0Griese nad xd drhstthaeretm,ard abl e. @ne enbds
f unct X)andg(x)isé it holds for this choice gf. Then the LHS 0{4.9) becomes:
b g2 b
qF—y dx' = ﬁﬁ ax X)ydx (X (4.10
a
So49becomes an expkixnsidethewvourmegr al f or 0
b
P & G dF (6
F(X) =N G(x X)( 4p 7 dX XIg— N— |G- 411
()Q(x)( o 1) gef)dx, G(XX)dxag (4.11)

To generalize this to 3D, we throw in the requisite vector identities, and upgrade each term in our
development by two additional dimensions. Start by deriving a-&f@D version of integration by parts:

fEﬁ(r Yd3r: @ A(ﬁnEﬁ S'  where n E unitvector pointing outwarc
V scalar

Let Af) €)=¥() D Y

i pP i 40) d3r oz, (rﬁ%dzs

Use a vector identity for divergence:
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PY(F 9 :=D'F D %F b '

ﬁ VﬂDﬁ: B o+ F'Z)A))d?’r' QUVOI: (rﬁ%rjﬁ'dZS'

As in our 1D war mup, wey,a&ndsubtaovtheresultlirem the@aboees The first 0 a n d
term on the LHS cancels, leaving:

A BRI ) ) B (P g QW;% rﬁ){ﬁ; ¥ .)%ngg.
Now chooseg/(r')  @(r; r'), wherer is a constant inside the volume, and:
D2G(r;r) &¢ r Y Y
PV VRV Y 43, &, ~ UG N M FG2 .
FO =i JPf (2 e O iy B )T

r inside s(r)
volume

The particuaGwe use depends on the BCs giasshawn intheptehiorls or i gi nal
section.

Fourier Series Method for Green Functions

In some cases, we cannot find the Green function in closed form, butwe can find a Fourier series for it.
This section assumesyou are familiar with Fourier Series, and Green functions without Fourier Series. The
example below constructs a Green funcfimm a 2D Fourier Series for they parts, and for each Fourier
component, uses a variant of 1D lgffht construction (introduced in an earlier section) forzpart of that
component.

To illustrate the Fourier method for Green functions, we expound on the question [Jac Q2.23 and p128
9]. There are many solutions for Q2.23 (which has no source charge) posted on the internet; most use
separation of variables and eigenfunctions. (Weritessuch a method generallyfiunky Electromagnetic
Conceptg We here derive one form of the Green function for such a problem [Jac 3.168 p129m]. In
principle, t hi s srpforerbitsary thange dersiy bypusiig®.nt i al 0 (

y -
al Gz z")

z
: 7

(@ x~ “z=constant (b) |

Figure 4.7 (a) A cube with specified boundary potentials. (b) Green function forthieection,
requiring sinh functions.

The system is a cube of sidewith one corner at the origin, extending & &, a) (Figure 4.7). The
cube hasarbitrary charge dengify) inside. The two facesaf=0 andz=aar e at fixew potentias
and the ot her=04Find the potential nsde the cube. As with many such problems, it is
slightly ill-posed: the potentialalong tkeandy axes, and 6 other similar edges, are specified as both 0 and

V. We can ignore this bWaresepardatedby attihy alistantelirem tieaestefs wi t h
the cube, so the edges dondét quite touch.
The geometry favors rectangular coordinates. The B

the surface of the cube), so the BCs®@are all zero. This means the three coordinate directions are all
equivalent foG, and we could finds as a 3D Fourier series [Jac 3.167 p129]. However, the original problem

is given withzchosen as havingdifferent BCs thraandy, so we choose to treatlifferently tharx andy.

We will Fourier expand the-y surfaces (2D), butwrite tteedependence of each Fourier componen@jof
directly. This is desirable, because lower dimensional series usually converge fasterthan higher dimension.
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2D Fourier Series: Recall that a webehaved 2D function of a rectangular region of space
xi [0,a],y [i0,d can be written as a series of sinusoids:

f(xy)=Q Amsm g —Ey +c8hercos()termswewontneedk

I,m=1 |

ba3|s function

We justify the lack of cos() shortly. Given the functi@n y), we can find the coefficientm of its series
expansion from orthogonality of the Fourier basis functions:

_4 b 2 Calp 8 mip 412
abmdyoﬁf(xysmgeg xgln—?x. 4.12

The leading coefficient above is the inverse of the normalization of the basis function:
2

L ooa e A0 6 B o

d Sings IX gin — 3

oY, figing b 8n &y 4

3D Green function: For t he pot enKkly,a),lwe sekk thelGeendundiian,which (ooks
like this in rectangular coordinates:

P%G(xyz% Y, 2 =C¢ r) € x % (dy ¥-(a % (4.13)

Inourparlance,wesa®( ) i s t h e ymideedcethe@iéce af soarte aff{oz0 ) . As describe
in a previous sectiorG (as a whole) doasotseparate intX(x)Y(y)Z(z2). However, each Fourier component
of Gis a solution to Lapl ac e ealgompohentambe scpacatey mch er e e X C €

X(X)Y(y)Z(2), while still including a discontinuity. In such a separation forEeoperator in rectangular

coordinates, atleast one function is sin/cos, and at leastsink/isosh. Because we chose to Fourier expand
x-y, they must be sin/cos, and therefd(® must be sinh/cosh. Th@can be written:

Gxyzxyd A Ak s)sn xgm—g y 77 3 (4.14)

I,m=1 smh/cosh

Note that each pairof values, /) hasitsowndistinct Fourier series. We call tapart of each component
of the Green functio@m(z; Z). Note that eachm component has differentZim, which is why there is no
globalZ(z) that can be separated from the resgofThe units of the coordinates ax¢ ¥ [y] = [ = distance,

and AmZim] are[x]'*.

As noted earlier, the BCs f or @()gvhieghghen make§(t) he probl e
unique. We must impogg( ) = 0 everywhere on the boundary (all 6 faces):
G(boundaryx 'y 'z ) =0, X'y 2.

Each Fourier component satisfiesx, {,@pdndiseefoontheguat i on ¢
boundaries. The BC 0@ demands a square slice 2of constantha& = 0 around its perimeter. This can
be satisfied withX andY = sin( ), but not cos(). Thus:

le(x) = SII’]%E X
ca

Yn (Y sin %y, 8 I, mintege.

1-O:On

The infinite Fourier sum iX andY compose ai(x i X)U(y 7 y'), leaving onlyli(zi Z) to be constructed in
Zim. In rectangular coordinatesm depends only oh, andYim depends only om. We rémabobom the 0
both because other coor di na tYghesignota gpmesicalharmanic.) separat e

Now to find G, fall o we midmsandAeh.aZm st pfovide thei(z itr)ein (4.13), so we
startthere. Th&m mustlook like Figure 4.7b, because they are zerozat 0 andz= a, and each must have
a positive step in its derivative at Z. We already know th&im(Z) comprises only sinh/cosh, but because
G(boundary) =0, it must be made of only sinh. Fréigure 4.7b:
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Forz ' Zn(z 2 Amnh(k, 2
Forz 2: Zn(z2 ) Binh( k(a ) - where |k %xlz—l m

kimis chosen to cancelthe sum of the eigenvalues KpdnandY(y), as described in the section on boundary
value problemsSincekmd e pends on tlIne, caasadifieeentfunciion.

Itis customary to combine these two piece&afinto a single form:

Zim(z 2) Esinh(k, z)sinH{ k,( a g) where z mi{ ,zz 2z mak 1.}

Rememberthatfor purposes of derivatizs,a given constant, so in the above form, one factoris a function
of z, and the other is just a constant that dependa ofThis combined form looks clumsy, but is helpful
with deeper concepts of selidjointness which we do not pursue here.) The coeffi€iarduld be absorbed
into the Fourier coefficient&m, but we have to do the work sooner or later. Therefore, we opt to keep all
thez-dependence tidily iZim, so we findC now:
LY = Ck, coshl z) sint{ ky, (@ - z)) 92 = Gk, sinh(k, z)cosh s, @ F
d m m ’ dz o | .

z<Z7
The unit step in derivative atgives:

1= dZ|_m __dZm

iz & =Ckp, gsinh(, z')coslf k., @ z) coshi, z)sirhk, @ 2

z',

Use: sinh¢ v} sigtu coskk cosh sinh

. ¢ -1
1= Ck,, sinh z''a z _
im SINN( K ( )) ¢ e snn(k.d
Note thatC depends on the source poifjtand is negative, as shownRigure 4.7b. The complet&m is:
-1 . .
Z Z) =————sinh sin a . 4.15
m(Z 2 gy sl )sin{ (2 2) (4.15)

As expectedZm is nota 1D Green function, because it is Amero everywhere inside the boundary.
However, itdoesprovide the discontinuity required @. In fact:

W otz 20 K g oz zr e ze= g
Wz 7 LA

2
(We could say, in genera—uvz—zzm(z; 2) :ifmz Zn tz %.) [km] =[24"%, so the scaling o&im gives it

units of distanceZ.

For Am(X, y) we have:

D2G a2 A _...2_“5. An (X, Y)smae—l g 4“0 dex Ndy )4z 32
9%2 R 5
o & 12p2 m2 g3 k‘i 5 al 20
r 4 "
|,§—1Amé£ a2 2 A ﬁng g ?Volmo £x xX}ydy VY)-@ ?).-

This meansthé&mhave units of f]'2. To pick out a single coefficier ', we multiply both sides by the
Fourier basis function, and integrate overxheregion, recalling the basis function normalizatioa3s!:
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& 1%p? m*p p? @2 3 a al' p g M 0
— Z dysingg— d X ) @
Am?az 2 2 & r;oﬁysmgaxgm 396(6—5 YAy ) @z 3
—qpdl P 9 mo,. 8
=sing—x"' gin y'd@#-2)
ca = g -

2
The only term that survives on the left isfrquEZm(z: 2) =(z -2, which cancelsth& ) onthe right
pz

Am (X, y)d(z=P) = S'nae—x §|n —;—y /(g,/z)

z',
(Equivalently, we could integrate both sides Wﬁ' ()dz.) We drop the primes fromMandm, yielding

An(.¥)= 5 4 s

smae— X' gln ? y'

The final Green function combines thesg with Zim from (4.15)

-4 alp ° mo pSH‘hQﬁmzé)Sim( Km(a' ZQ)
G(xY,Zz2y 2 sn X §in y si in

fi‘l g 100E %E r‘r&s? "E kesinn( 9

Using (4.8), thisG g i v er¥in integral form for arbitrary(r) and Dirichlet BCs

Green-Like Methods: The Born Approximation

In the Born approximation, and similar problems, we have our unknown function, now gédean
both sides of the equatioro both our unknown functidix)  y(x), and our source(x)  W(x):

) L{y (9} =mx.

The theory ofGreenfunctions still works, so that

Yy (x) = NX)G(x; X) dX,
but t hislvethe egeatichtbecause we still hawen both sides of the equation. We could try
rearranging Eq (1):

L{y (Q}- Mx B
£y (0} =

which is the same as

with  2'{ y(x} £{ %3} - 9.

Butrecall thaGreenfunctions require aonzercsource functiorg(x) on the righthand side. The method of
Greenf unctions

candt solve hsxprdgeds eous
Ly} =s(% 0

equations, becau
-y RENGEx Y dx =Fdx 0.

Technically, thiss a solution, buit t ndtsrery useful. S@reenf unct i ons dqgq®appeasor Kk when

both sides. However, under thehtigconditions, we can make a useful approximation

approximate solution,

. If we have an

cfy O} O,

then we can expanglin a perturbation series of corrections
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y=y00 +0 +P3 .+
where y(l) is 1 order perturbation,y(z) is® order,.

Now we can usey©@(x) as the source term, and uaemethodlike Green functions, to get a better
approximation toy (X):

L£{y (9} = 19 v P90 g Doodaxn d

where Q@ x Risthe Green'sfunctionfo? je. £{ G &k ¥'Fd & x'

(4.16)

yO(x) + yA)X(x) is called thdirst Born approximation of y(x). This process can bextendedo arbitrarily
high accuracy

In QM, Ais the perturbed hamiltonian:

c=th (),

whereV(r) i s fismal II%. vy s mmperactsodution to the unperturbed Schrodinger equation, so
it can be shown that the Born approximat{dri6) reduces to:

y 9= 20)6(x %) dx

yP=pfexn dat .. P = Praxy o

This process assumes that the Green function is HAsmal!
Born approximation is valid whep®)(x) << y ©)(x) everywhere, and in many other, less stringent but harder

to quantify, conditions. The extension to higher order approximations is straightforward: the Born
approximation is valid whegp™(x) << y O(x). SeeQuirky Quantum Concepfsr detailed information.

TBS: a real QM exampk

Green function as inverse operator??
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5 Complex Analytic Functi ons

~

For a review of complex numbers and arithmetic,@agky Quantum Concepts

Notation: In this chapter, w arealwayscomplex variablesy, y, r, d arealwaysreal variables. Other
variables are defined as used.

A complex function of a complex varialflg) is analytic over some domain if it has an infinite number
of continuous derivatives in that domain. It turns ouf(Zf is once differentiable on a domain, then it is
infinitely differentiable, and therefore analytic on that domain.

A necessancondition for analyticity off(Z) = u(x, y) + iv(x, y) nearz is that the Cauchfriemann
equations hold, to wit:

LA y o UL VH AU pVO u e e vy L
kX M XMOXH gy HYIH Yy MM X yH g )

A sufficientcondition for analyticity off(2) = u(x, y) + iv(X, y¥) nearz is that the Cauchyriemann
equations hold, and the first partial derivative$ ekist and are continuous in a neighborhoodoofNote
that if the first derivative of a complex function is continuous, then all derivatives are continuous, and the
function is analytic. This condition implies

Pu=8 &

Pbu OW 0= Y level lines" are perpendicular
f’jz f (2) dzis countour independent iff Z ) is single-vell

Note thata function can be analyticin some regions, butnot otBargular points, orsingularities,
are not in the domain of analyticity of the function, but border the domain [Det def 4.5.2 p1561¥hsg.,
singular at0, because it is not differentiable, butit is continuousBbesare singularities nearwhich the

function is unbounded (infinite), but can be made finitevyitiplication by ¢i z)* for some finitek [Det
p165] This impliesf(z) can be written as:

f@D=3(z-3)" qi(z @*" .+abtz g’ @ 4 4@ ..

Thevalukis calledtheorderof t he pol e. Al |l poles are singularitie
of infinite order, because the function is unbounded nearthe singularity, butit is not a pole because it cannot

be made finite by multiplication by arfgi z)*, for examplee'’%. Such a singularity is called @ssential
singularity .

A Laurent series expansion of a function is similar to a Taylor series expansion, but the sum runs from

T to +D, instead of from 1 to D. z:n both cases, an
. . £(n)
Taylorseries: f £ ¥ f & )4 b(z -3)" where b ;%
n=1 '
_ . 1 f(2)
Laurent series: f -g)" , here = —
! I Z(?:nza :n(z 3) W R 2piﬁround€(z_ Zo)k+l

[Det thm4.6.1 p163] Analytic functions have Taylor series expansions aboutevery point in the domain.
Taylor series can be thought of as special cases of Laurent series. But analytic functions also have Laurent
expansions about isolated singular points, he. éxpansion point is not even in the domain of analyticity!

The Laurent series is valid in some annulus around the singularity, but not across branch cuts. Note thatin
general, thex andbk could be complex, but in practice, they are often real.

Properties of analytic functions:
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1. Ifitis differentiable once, it is infinitely differentiable.

2. The Taylor and Laurent expansions are unique. This meansyou may use any of several methodsto
find them for a given function.

3. Ifyou know a function and allits derivatives atany point, then you know the function everywhere
in its domain of analyticity. This follows from the fact that every analytic function has a Laurent
power series expansion. Itimplies thatthe value thinowt a region is completely determined by
its values at a boundary.

4. An analytic function cannot have a local extremum of absolute value. (Why not??)

Residues

Mostly, we use complex contourintegrals to evaluate difficult real integrals, andto sum infinite series.
To evaluate contourintegrals, we need to evaluate residues. Here, we introduce residuesidddef a
complex function at a complex poiat is thea;1 coefficient of the Laurent expansion about the paint
Residues of singular points are the only ones that interest us. (In fact, residues of branch points are not
defined [Sea sec 13.1].)

Common ways to evaluate residues

1. The residue of a removable singularity is zero. This is because the function is bounded near the
singularity, and thua;1 must be zero (or else the function would blow upogt

Fora,;, O,as z - 3, a - @ Y a, =

_lz- ZO
2. Theresidue of aimple poleatz (i.e., a pole of order 1) is
a,=lim(z -z) f( .
Za|
3. Extending the previous method: the residue of a pofe aftorderk is
a,=—1 lim O|k-1(z -2)" (2
-1 (k-l)!z— % dZt % ’
which follows by substitution of the Laurent series fi@y, and direct differentiationWe show it
here, mting that poles of ordenimply thatax =0 fork <1 m, sowe get:

f(2)=a(z-23)" ®z d* Y .+atz gl @ @ z+2 .-
(z-2) (2 =a ®(z @ ..+atz F & zH - zpst -

k1 k+1)!
%(z- @)k f(2 £k Yl a(z @t %+@( z g8 (_;.)_ fz gt . o+
. dk-l K
ZI_|mZOF(z- z)" (3 {kya
1 gkt K
Y ag (k-l)‘zl-lm&) de_l(Z '4)) f(2
4. If f(2) canbewritten ad (2) :% , WwhereP is continuous atp, andQ {w) , 0 (andis continuous

atz), thenf(z) has a simple pole as, and
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Rest @)= 0 118 Why? Neag, , Q £)fz g Q'@
=% FQ(Z) Q(ZO)
zZ gy

P(2) Ra)
z- ) Q2 QA3

5. Find the Laurent series, and hence its coefficienzfz) 1. This is sometimes easyf(g) is given

Then: Red ¢ ¥ lim(z-3) f(z) =lim( z &
=7 z- 7 z 3 (

in terms of functions with weknown power series expansions. See the sum of series example

later.

We will include realife examples of most of these as we go.

Contour Integrals
Contourintegration is an invaluable toolfor evaluating both realand corvplered integrals. Contour

integrals are used all overadvanced physics, and we could not do physics as we know it today without them.
Contour integrals are mostly useful foraduating difficult ordinary (reavalued) integrals, and sums of

series. In many cases, a function is analytic except at a set of distinct points. Inthis case, a contour integral

may enclose, or pass near, some points ofanmalyticity, i.e singular points. Itis these singular points that

allow us to evaluate the integral.
You often let the radius of the contour integralg®dto f or some part of the
imaginary
CR

R

real

Any arc where

. 1
FIel_mu|f(z)|— Mﬁ e>0

has an integral of 0 over the arc.

Beware that this is often stat ed fastarthanrliizehagal y
contour integral of 0.0 &xpomeng irl pitlis hod sofficierst to beh a t
simply smaller than 1#|. E.g. ﬁ<ﬁ , but the contour integral still diverges.
zl+
Jordanés | emma: ?7?.

Evaluating Integrals

Surprisingly, we can use complex contourintegrals to evaluate diffg@llintegrals. The maiideais
to find a contour which

(@) includes some known (possibly complex) multiple of the desired (real) integral,
(b) includes other segments whose values are zero, and

(c) includes a known set of poles whose residues can be found.
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Then you simply plug into the residue theorem:

ﬁ f(2) dz=2pi a Res f (z), where |z are the finite set of isolated singyifies.

n residues

We can see this by considering the contourintegral around the unit circle for each term in the Laurent series
expanded about= 0. First, consider th# term (the constantterm). We seek the valuﬁ)dz. dzis a

small complex number, representable as a vector in the complex phéguee 5.1a shows the geometric
meaning ofdz Figure 5.1b shows the geometric approximation to the desired integral.

imaginary imaginary
Adz= &2 dg Rl
\‘ dz, ¥ A
¥ xdz,
l_mllt d real 492
circle 1 ofd
dd l‘.\ L 7 ZN
= N A
< d real \\‘\,_,__.a"}'
@) | (b)

Figure 5.1 (a) Geometric description adz (b) Approximation of(ﬁ)dz as a sum of 32 small

complex terms (vectors).

We see that all the tingzelements add up to zero: the vectors add Headlil, and circle back to the starting
point. The sum vector (displacement from start) is zero. This is true forany large numbheoofve have

@Ddzzo.

. al g . . . . .
Next, consider the 1term, %% az. First we must convertto a-dimensionalintegral, bghandng
g -

theintegration variable tof

al o, 2

=da =ik - = :,0~_- 4 ip i =
Let z=¢67, dz =it : ﬁ)éeigdzoné |e‘7(117O ifg2 =

The change of variable maps the complex contourzimw an ordinary integral of a real variablla.

Geometrically, aggoes positively (countezlockwise) around the unit circléFigure 5.2a), Z 1 goes around
the unit circle in the negative (clockwise) directidfigire 5.2b). Its complex anglearg(1/2) =i d, sincez
=€ 9 Aszgoes around the unit circldz has infinitesimal magnitudé= d dand argumerd+ " /2. Hence,
the product of (12 dzalways has argument otf+d+ “ /2= " /2:itis always purely imaginary.
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Imaginary Imaginary Imaginary
Path ofz = &4 B Path ofz = €id D
around uni around uni
circle circl Path ofdz =
Geid around .
A rea c o unit cwcleBKE\ real
A \W[4D
g
D B
(a) (b) (©)

Figure 5.2 Paths of(a) z, (b) 1/z, and(c) dzin the complex plane

The magnitude of (& dz = dd; thus the integral around the circle i8i 2 Multiplying the integrand by some

constantai1 (the residue), just multiplies the integral by that constant. And any contourintegralthat encloses

the pole 1Zand no other singularity has the same value. Hence, for any contour around the origin

(ﬁ)a_lz'l dz
aq -_-T .

Now consider the other terms of the Laurent expansidfzof We already showed that the’ term,

¢i)a_1z'1 dz=2p{a;) Y

which on integration gives the produwetdz rotates uniformly about all directions, in the positive (counter

clockwise) sense, and sums to zero. Hencagherm contributes nothing to the contour integral.

Theaizt dzproduct rotates uniformlwicearound all directions in the positive sense, and of course, still
sums to zero. Higher powers o$imply rotate more times, but always aninteger number of times around

the circle, and hence always sum to zero.

Similarly, ai2Z 2, and allmore negative powers, rotate uniformly about all directions, but imetiegive
(clockwise) sense. Hence, all these terms contribute nothing to the contour integral.

So in the end:

The only term of the Laurent expansion about O that contributes to the contour integr
is the residue terng;1 2 L.

dx.

o
The simplest contour integral Evaluatel =|j 211
X+

We know from elementary calculus (l&t= tanu) thatl = /2. We canseethis easily from the residue
theorem, using the following contour:

imaginary
CR
R
i
CI CI
P »'>real
=i
iCO denotes aldbcadrtmodur,s ameé fint egral over that

infinity, and we see thatthe closed contourintetytall + 1 + Ir. Butlr=0, becausRY D) R% Then
| =lc/ 2. f(2) has poles at it The contour encloses one pold.alts residue is
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Resf ()= —+ _

ol

N I

lc HE Res ) '4;51,

z=i

i
N |o
NS

Note that when evaluating a real integral with complex functions and contour integrafs,shea | wa y s
cancel, and you get a real result, as you must.

Choosing the Right Path: Which Contour?

The path of integration is fraught with perils. How will | know which path to choose? There is no
universal answer. Often, many pathslead tothe same truth. Stil, many pathslead nowhere. All we cando
is useexperiences our guide, and take one step in a new direction. If we end up where we started, we are
grateful for what we learned, and we start anew.

We here examine several usefuland general, but oft neglected, methods of contour integration. We use
some sample problems to illustrate these tools. This section assumesa familiarity with contour integration,
and its use in evaluating definite integraihcluding the residue theorem.

L8 2
sin® x
Example: Evaluate | :8 >—dx.
0. X

The integrand is everywhere nonnegative, and somewhere positivéhea fimits arein the positive
direction, sol must be positive. We observe thatthe given integrand has nq jpdlaes only a removable
singularity atx = 0. If we are to use contourintegrals, we must somehowcreate a pole (or a few), to use the
residue theorem. Simple poles (i.€-drder) are sometimes best, because then we can also use the indented
contour theorem.

Imaginary .
K Imaginary

real F real

o
Il
o

(a) (b)

Figure 5.3 Contours for the two exponential integrala) positive (counteclockwise) exp(2);
(b) negative (clockwise) expRz)

To use a contourintegral (which, a priori, may or may notbe a good idea), we must do two things: (1)
create a pole; and (2) close the contour. The same method does both: expand the sin( ) in terms of
exponentials:

. i 2 ) )
I—"'n Sinzde =" e elz) dz ——12 "e% dz o2 d +—ué|22 df
b Ny 2 1g M Z: N 7 °F

All three integraloon the RH$ave poles a2= 0. If we indentthe contourunderneath the origin, then since
the function is bounded near there, the limitras O leaves the original integral unchandéaure 5.3a).
The first integral must be closed in the upper#ddine, to keep the exponentialsmall. The second integral
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can be closed in either hgifane, since it ~ . The third integral must be closed in the lower hddfne,

again to keep the exponential sm&lg(re 5.3b). Note thatall three contours must use an indentation that
preserves the value of the original integral. An easy way to insure this is to use the same indentation on all
three.

Now the third integral encloses no poles, so is zero. Thiatagral, by inspection of its Laurent series,
hasa residue of zero, so is also zero. Only the first integral contributes. By expandingthe exponentialin a
Taylor series, and dividing b##, we find its residue isi2 Using the residue theorem, we have:

o2
~7 SIN° X 1. ./
=R s—dx = =@pi(2) g £
oy 4
Example: Evaluate | = w)dx [B&C p?? Q1]

X
This innocent looking problem has a number of funky aspects:
1 Theintegrand is two terms. Separately, each term diverges. Together, they converge.

1 Theintegrandis even, so if we choose a contourthatincludesthe whole realline, the contourintegral
includes twice the integral we seek (twie

1 Theintegrand hasno poles. How can we use any residue theoremsif there are no poles? Amazingly,
we can create a useful pole.

1 Atypicalcontourincludes an arc atinfinity, but cfs$ ill-behaved foefar off the readaxis. How
can we tame it?

1 We will see that this integral leads to the indented contour theorem, which can only be applied to
simple poles, i.e., first order poles (unlike the residue theorem, which applies to all poles).

Each of these funky featuresis important,and each arises in practieabrihintegrals. Let us consider
each funkiness in turn.

1. The integrandis two terms. Separately, each term diverges. Together, they converge.

Nearzero,cosf & 1. Therefore, the zero endpoint of =eithe
anywherecosax anywherel anywhere
>—dx~ N — dx= — -+
X 0 X Xlg

Thus each term, separately, diverges. However, the difference is finite. We see this by power series
expanding cosi:

cos(x)=1 );—zl -f—! - Y cosfx ) coesix ) azéxz izxz + q )é) + anc
cos@x)- cosbx) & g -8 .
X ) O(XZ) 2 O( *2) Y

~anywherecos@x)- cosbx )dX - bz &
2

X2

which is to say, is finite.

2. The integrand is even, so if we choose a contour that includes the whole real line, the contour
integral includes twice the integral we seek (twice).

Perhaps the most common integration contour (below left) covers the real line, and an infinitely distant
arc from b b aMhlent murlineahisntcagred! i 6 only from 0 to
includes more than we want on thereal axis. If ourintegrand is even, the contour integral includes twice the
integral we seek (twicd). This may seem trivial, but the point to notice is that when integrating from
iD t dxisGtjl positive (below middle).
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imaginary f(x) even
R
=,
@ real (b) “dx>0

Figure 5.4 (a) A common contour(b) An even function has integral over the réfa¢ twice that
of 0 to infinity.

Note thatif the integrand is odd (below left), choosing this contour cancels out the original (real) integral
from our contourintegral, and the contouris of no use. Or if the integrand has no even/odd symmetry (below
middle), then this contourtells m®thing about ourdesired integral. In these cases, a different contour may
work, for example, one which only includes the positive real axis (below right).

f(x) odd f(x) asymmetric imaginary
[ — R
X X
dxg 0 w
(a) (b) (€)% real

Figure 5.5 (a) An odd function has zero integral over the real ling. Anh asymmetric function has
unknown integral over the real linec) (A contour containing only the desired real integral.

3. The integrand has no poles. How can we use any residue theorems if there are no poles?
Amazingly, we can create a useful pole.

This is the funkiest aspect of this problem, but illustrates a standard tool. We are giveivauedl|
integral with no poles. Contourintegration is usually useless without a pole, and a residue, to help us evaluate
the contour integral. Our integrdrcontains cosj, and that is related to exp). We could try replacing
cosines with exponentials,

exp(iz) + exq( iz)
2

but this only rearranges the algebra; fundamentally, it buys us nothing. The trick here is to notice that we
can often add a maee imaginary term to our original integrand, perform a contour integration, and then
simply take the real part of our result:

Given |=ﬁ:g(>9 dx let  f(} gy +p)e Then IR‘-e{ :ﬁ(f)z }<

cosz = (does no goo..

For this trick to work,ih(z2) must have no reafalued contribution over the contour we choose, so it
doesnoét mess up the integral we s eekih(@ todé gueln , we
imaginary on the real axis, and having zero contribution elsewhere on the contour. Given an integrand
containing cos(), as in our example, a naturalchoiceiftg) isi sin@), because then we can write the new
integrand as a simple exponential:

cosik)- f (z)= cosg)+i sing) =expi.
In our example, the corresponding substitution yields

_ B cosax- codhx & =, expiax )- expgbx ) |
I—n) de - I :Re% o 2 c]x -

Examining this substitution more closely, we find a wonderful consequence: this substitution introduced
a pole! Recall that
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3

. Z . isinz .ail
smz:z-a + Y a4

i
il

We now have a simple pole at 0, with residue.

Z
3!

By choosing to add an imaginary term to the integrand,
we now have a pole that we can work with to evaluate a contour integral!

ltds | ike magic. I n our example integral, our residu

isinaz- isinbz_iéa -b
- e
z2 ¢ z

-O:On

and residue £ a B.

Note that if our original integrand contained gin{nstead of cos, we would have made a similar
substitution, but taken thenaginarypart of the result:

Given I:ﬁ:sin(x) dx let f( 2 tcos(d +sin(2. Then | tr+ :ﬁ 2 }1

4. A typical contour includes an arc at infinity, but cosg) is ill-behaved forzfar off the real-axis.
How can we tame it?

This is related to the previ ous)asanitk bourededswell Wedre
behaved function, but this is only true wiveis real.

When integrating cog) over a contour,
we must remember that casblows up rapidly off the real axis.

Infact,cosp) ~exp(imf{z ), so it Dblows up extremely quickly off
a contour integral with cog(in it, we must cancelits divergence off the realaxis. There is only one function
which can exactly cancelthe divergence of gps(nd that is £ sin(z). The plus sign cancelsthe divergence
abovethe real axis; the minus sign cancelsélow There is nothing that cancels it everywhere. We show
this cancellation simply:

Let zZ' X +iy
cosz+isinz =expiz ) :exbi( X |y)) expk )exply » and
lexp@x)exp y ) F expik )| &xp(y ) exply )-
For z above the real axis, this shrinks rapidly. Recall that in the previous step, we iasld@yl to our

integrand to give us a pole to work with. We see now that we also nesartigadditionalterm to tame the
divergence ofcogl of f the real axis. For the contour webve c

5. We will see that this integral leads to the indented contour theorem, which canonly be applied
to simple poles, i.e., first order poles (unlike the residue theorem, which appliesadl poles).

Wedbre now at the f i nza0,busitigightonouventduranetinside it.plbtHee a t
pole were inside the contour, we would use the residue theorem to evaluate the contour integral, and from
there, wedd find the integral on the real aeekis, cut it

But the pole is not inside the contour; itda the contour. The indented contour theorem allows us to
work with poles on the contour. We explain the theorem geometrically in the next section, but state it briefly
here:

Indented contour theorem: For a simple pole, the integral of an arc of tiny radius around th¢ pole,
of angled, equalsi( )(fesidue). See diagram below.
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imaginary imaginary As/- 0
ar ~ . .
) | Qrcf(z) dz=( g)( residug
d
real N
@ ] (b) real

Figure 5.6 (a) A tiny arc around a simple poleb)(A magnified view; we lef - 0.

Note that if we encircle the pole completedys 2p, and we have the special case of the residue theorem for
a simple pole:

@if (2) dz=2p {( residu}.

However, the residue theorem is true &tirpoles, not just simple ones (see The Residue Theorem eatrlier).

Putting it all together: We now solve the original integral using all of the above methods. First, we
addi sin(@) to the integrand, which is equivalent to replacing Dosith exp(z):

.0 cosax- coshx . | :Re‘é o expiax )- exppx &X :

I = X -
4 X2 { ofl X2 \
Define Jt fy explax): explX) gy 5o IRe }
X

We choose the conto&igure5.7a, withR- D, a-na@l.
imaginary

RCR

@) real (b)

Figure 5.7 (a) A contour for the integral (o) Alternate contour for the integral

There are no poles enclosed, so the contourintegral is zero. The contourincludes twice the desired integral,
sodefine:

exp(az)- expfbz)

f 1
2) &

Then @f@)dz=_fif(2 dz 23 + ff¥ dzC (51

ForCr, ff(?9| <1R%,soaR- D, t he i nt egra@,lthegsdaesis(ati b), ahd the afe gr
radians in the negative direction, so the indented contour theorem says:

rIi_mO I’:é:r f(2 dz= {p)i(a § Ha B.
Plugging into(5.1), we finally get

20+p(a -b) e Vo1 R ’%éb 3.

In this example, the contourintegihhappened to be real, so taking Re{J} is trivial, butin general,
t her eds n dmuseba eal.ntcoutdyell be complex, and we would need to take the real part of
it.

To illustrate this and more, we evaluate the integral again, now with the alternate dagaoi6.7b.
Again, there are no poles enclosed, so the contourintegral is zero. Again, the integ@ad=o®erWe then
have:
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A f (2) dz= )ﬁﬁl(/z)/dﬁ f&z f(z) dz +J %rﬁf( 2 dz 0=
And lim 7 f(2)dz= {p/2)i(a § Ha B
r- 0 r 2
The integral ove€: is down the imaginary axis:
Let z=x Hy & iy iy= then dz idygand

A f(2 dz= CﬁXp(iaz)z_z ex(ibg . _ ° e% -a;? yz-ex() by

We dondt know whawe tdo s!olti faa, kigdvardent,ibatwe deaithat it is purely
imaginary, so will contribute only to the imaginary partJofBut we seek=Re{J}, and therefore

i dy

| = rli_mo Re{J} is well-defined

Thereforewe ignore the divergent imaginary contribution fr@n We then have
i (something + J J%( apo= Y IRgY E’D(:b B,

as before.

Evaluating Infinite Sums

o
Perhapshe simplest infinite sum in the world 1§ = a
n=1
integrals is to find a countably infinite set of residues whose values are the terms of the sum, and whose
contour integral can be evaluated by other means. ‘Then

1

— . The general method for using contour

o . I
lc =20 Resf ¢, ) =28 Y s =¢.
¢ 21 2p!

The hard partis finding the functidz) that hasthe right residues. Such a function must first have poles at
all the integers, and then also have residues at those poles equal to the terms of the series.

To find such a function,ansiderthe complex functioncot( x Clearly, this has polesatall realinteger
z, due to the siri( xfunction in the denominator of ca}( Hence

N \ e cogpz,) @ _ cog 1z
For z, = n (integer), Regp cfz) g Reés'osin(pzn) B_’J,a:os( B

if this is defined.

- - P(2 _ A2
where in the last step we useitl =0, then Res—= ,
P o2 =52 Q(a)

Thusp cot(pz) can be used to generate lots of infinite sums, by simply multiplying it by a continuous
function ofz thatequalghe terms of the infinite serieshenzis integer For example, forthe sum above,

a1
S=a —, we simply define
n=1 1

f(z :izpcot( ), and its residues are Rész ( =)£2 n ..
. n
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[In general, to find'a s(n) , define
n=1
f(z)=qJgpcot( p) g andits residues are Rek z(s r.

z=n
Depending on your contouyou maynowhave to deal with the residues fo¢10.]

Continuing our examplaye might use the contour &igure 5.8. Thenwe need the residue at= 0.
Since cotf) has a simple pole at zero, @t has a 3' order pole at zero. We optimistically try tedious
brute force for ami" order pole withm = 3, only to find that it fails:

e 2 e @
Rs& 1d & p_pot zpﬂ“ 1éd2,OZCOt,UZ 0
z 2'o|z2 2 4o 2Qd? u
1sm2pz
é5
=Lim d&;otpz—,czcsc? p@-pll d écos psm w B |Ir‘r{0de—
2z 0dz® 20 dz sin?pz HZZOdze sin?
Use gY - VdU- Udv
\% V2

L, al 5, .
sin“pz( xos2 p ) pgs sin2zp z @ sinpz cop:
Res? % 2 __ A gej -

=0 7° 2z- 0 5in4p Z

sinpz( pos2 p )pg% sin2zp z 8-2 copz p
£| c -
2z sin® pz

Use LOhopitalds rul e:

R s'[&——’ollm—lé'3 cos 0s2z sin 2 sin®z
P P ﬂcospga a( mos2zp ) psind p2 siPz )p

- (pcos2z - Y2 qos z /%1 sin2z pz g;ﬁ sir)og
¢ - u

-p?cos z(cos2 p-) 4sinfp 2 sin2z Pt f—%psinZz pg sipz
(; -

Nlb

lim
z- 0 3psin® zcos p

At this point,we give up on brute force because we see from the denominat
LOHopitalés rule twice more to eliminate the zero the

Butin 2 lines, we can find the 1 term of the Laurent seri¢about the originfrom the series expansions
of sinandcos TheZz! coefficient ofcot(z) becomes the! coefficient off(2) = cot(z)/z%:

cosz 1 Z/2+. §1a 2 /2 & 8 1A 5B 1z
= = o1 %22/9(1 2 ER ARy
% Gnz 776w 29 216 ié 922/)( H) Z((; 9/# z 3

czZ
1 pz . cot 1z )

cotpz® — -— Y Res = L.

P pz 3 zop_ 3 K

Now we take a contourintegral oveleagecircle centered atthe origifrigure 5.8), and passingthrough
the real axis between integdlsecause cot(gblows up every integer.!)
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imaginary

|
RON\C

real

Figure 5.8 A contour for the integral leading to an infinite sum

AsRY HgVY (@why??) Hence

a o

a." 1 Sl ., T 1 -K,_ p?
lc=0 2pign - K &3 & Y K, 2+%—2 0, = é —0= =
(;n: —]_n n]_:n n 1= n1d 2 6

-1-00: Ot

Multi -valued Functions

Many functions arenulti -valued(despite the apparent oxymoron), i.e. for a single mdimthe domain,
the function can have multiple values. sfmple example is a squad@ot ffunctiond: given a complex
number, there are two complex square roots of it. Thus, the square root functiorvislted. Another
exampleis artangent: given any complex number, there are an infinite numberof complex numbers whose
tangent is the given complexumber.

[picture??]

We refer now to Anicedo functions, which are |l ocall
valued. I f y ou 0r e-valuedbessc acraenf wli,o |l auceh thhneulassumptio
introducing discontinuities in the function. Without analyticity, allour developments break down: no contour
integrals, no sums of series. But, you dewelopegvoid suc
by treating multivalued functions in a slightly special way to insure continuity, and therefore analyticity.

y
ns

A regular function, or region, is analytic and single valued. (You can get a regular function from a
multi-valued one by choosing a Riemann sheet. More below.)

A branch pointis a point in the domain of a functid¢z) with this property: when you traverse a closed
path around the branch point, following continuous valudézpff(z) has a different value at the end point
of the path than at the beginning point, even though the beginning and end point are the same point in the
domain. Example TBS: square root around the origin. Sometimes branch points are also singularities.

A branch cut is an arbitrary (possibly curved) path connecting branch points, or running from a branch
point to infinity (Aconnectingd the branch point to i
never cross the branch cuts, you insure that the inmo¢mains continuous (and thus analytic) over the
domain of the integral.

When the contour of integration is entirely in the domain of analyticity of the integrand,
Afordinaryo contour integration, and the resid

This solves the problem of integrating across discontinuities. Branch cuts are like fences in the domain
of the function: your contour integral canébét cross tt
wherever you like, so long as the functibe mai ns continuous when you donodt
Connecting branch points is one way to insure this.

A Riemann sheets the complex plane plus a choice of branch cuts, and a choice of branch. This defines
a domain on which a function is regular.
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A Riemannsurfacei s a continuous joining of Riemann sheet s,

li ked sheets layered on top of each othersalwdhd each s
analytic function may have. TBS: considé(z- a)(z-9.
imaginary imaginary
real < > real
branch cut *~—branch cuts—

Laplace Transforms: Joseph and Pierre  -Simon

Laplace transforms can help solve intedifferential equations, similarly to Fourier Transforms. They
arise frequently in control systems analysis, and many other scientific and mathematicalareas. (In Statistical
Mechanics, the partition function is the Laplace transform of the density adésst seeStatistical
Mechanifestd. The Fourier Transform (FT) ) has a f airly straightforward in
description) as the sinusoidal components that sufitt)toHowever, the Laplace Transform (LT) is a little
more subtle. The fimeaningd of the LT is rarely discu:
device. However, the LT is closely related to the FT, and also has a conceptual interpretatio

This section assumes you are familiar with the basics of the FT, and its use in solving differential
equations.

The big picture: We show below that one simple way to understand the LT is this: it is a trick to make
the Fourier Transform work on a bremadregy & afngrec toifo rf su.n ¢
Laplace Transform oft) can be thought of as a Fourier Transfornf(dftimes a decreasing exponential:

o

L) LT{ f(9)} :FT{ f(t)éSt} f e d W gt where ss i

except for limits
of integrato n

Details: As a brief review, and to establish notation and conventions, we define the Fourier Transform
as most engineers do: given a functi¢t its FTF(¥) satisfies:

o

f =5 uF(W)eH""t du. (5.2)

In other words, we represef{t) as an infinite sum of sinusoidal componenkgx) is generally complex.
This expression explicitly defines tiveverse Fourier Transform (F(¥)  f{t) ), andimplicitly definesthe
FT f(t) M) ). Itis readily shown that this definition demands tR@t) is given explicitly by:

F(W):%ﬁ]nf(t)e'im dt. (5.3)

(NB: Some references use different conventions for the sign of the exponential, and the facthrs of 2

A majorproperty of the FT is thatit converts a differential equation into an algebraic one, through the
integral and differential identities (dropping some subtleties):

FT?% £t lé-iWF( W, FTfﬁt]uf(t') dt’ ; ?tl—/:F( ». (5.4)
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We can see these identities quickly fr¢®R), by differentiating both sides:

d d 2 +int % Fw ¢ \ -

—ft)=—N FWe™ dw =@\ e’ d w Y F[ f [ .

o FO=5 1 FW LL® T O} i Rw)
The third expression above is the definition of the inverse Fourier Trang&n (Again: ignoring some
complication for now.) For integration: if differentiatifig) corresponds to multiplying(¥) byi xthen

integratingf(t) corresponds to dividing(¥) byi ¥

I One major limitation on Fourier Transforms is that the Transf@®), (5.3) must exist.

This is guaranteed f{t) is absolutely integrable [ref??]:

ﬁJf(t)|dt <,

and sometimes even if not [ref??]. Butin some applications, this is a crippling restriction. For example,in
control theory, a crucialaspect of a system is its-steponse: how does the system respond to a (Heavyside)
step input:

f(t) =0, t o;
1, t=0.

For example, you change the-patint of a temperature control system. How does the system arrive atthe
new sefpoint? The input to this system is a sfepction (step change in spbint). But this function has
no (simple) Fourier Transform.

Amoredi vergent exampl e: the systemdbs firamp responseo
telescope track a moving star across the sky? The input (position) to the tracking syéflerws this is
not only nonFourieri nt egr abl e, it isndét even bounded.

The Laplace Transform (LT) gives us a simple way to handle such cases. To develop it, we must extend
Fourierlike methods to nottransformable functions. So we must first consider how the benefits of existing
FTs derive. The whole benefit of convenaitferential equations into algebraic equations comes from these
properties:

1 the derivative and integral rul¢s.4);
1 linearity;
1 the convolution rule.

But notice that these properties dotdepend on the specific factorin the exponential, nor on the limits
of integration; their validity derives entirely from writing a functigt) as a superposition of exponentiak.
If we can write:

f(t)= rj F(s)e™ ds, (5.5)

for some limitsa andb, and for some set &f then the derivative and integral rulgs4), and the two other
properties, follow. Furthermorsneed not be real. His complex, then the integral can even be a contour
integral over a specified path. Indeed, in thedid replaced by ¥

Let us write a complex in rectangular components.=s 4 u. Then our Fourier Transfon.3)
becomes:

b _
F(9=F f(hee ™ ds 1::1[ )X e"s} (except maybe the limits of integratip.
(5.6)
(We wildl use the term AFour i er (5.3)rregardessoof teolimifs@fr any Fo

integration.) This is the Laplace Transform: the FT of a modified-timmain functionf (t) - f(t)e'st )
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We can always choogeconstant and large enough to make a step function, or a ramp, or any polynomial,
and most other practicalfunctions, into a vimdhaved, convergent function. Onéha Fourier Transform.

I't is most common to define the Laplace Transform w

F(s)t f’a f()e s ds gomplex (most common definition).
However, there are leffided, twesided, and other variations which differ only by the limits of integration.
Now we see that the Fb.3) is a special case of the I(5.6): that wheral=0,and 4,b)= (D, +D) .

Inverse Laplace Transform:We of t en donot need a hl becayse wecgett formul
much information fron¥(s) itself. When wedo need an explicit inverse, it usually comes from tables and
theorems. However, we can find an explicit formula for inversion by inspection of tl{g.&T Working
in reverse, we invert the LT by (1) taking the inverse FT to recover the modifieditime.in function, and
then (2) removing the modification by multiplying by the inverse exponential:

(L LTYF(9) =FTY{ Rm}e™ { Rive'Ydue® or

f(t)= 'r’éF(s)eJrSt ds

where in the last integral, the contour is as showkigare 5.9a.

Im4+iD a0+iD
i set  +,~ erro output
o point G(s)
} Re I
Lo H(s)
(@) TiD 141 iD (b)

Figure 5.9 (a) Integration contours for the inverse Laplace Transform (blue), and the inverse
Fourier Transform (magenta). (b) Typical feedb&oktrol system.
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6 Conceptual Li near Al gebr a

Instead of lots of summation signs, we describe linear algebra concepts, visualizations, and ways to think
aboutlinearoperations as algebraic operations. This allows fast understanding of linearalgebra methods that
is extremely helpful in almost all eas of physics. Tensors rely heavily on linear algebra methods, so this
section is a good warmp for tensors. Matrices and linear algebra are also critical for quantum mechanics.

Caution Inthis sectionyectormeans a column or row of numbers.
a more general meaning.

Notation: In this section, we use bold capitals for matrig®s &nd bold lowercase for vectorsj.

Matrix Multiplication

Itis often helpfulto view a matrix as a horizontal concatenation of coluettors. You can think of it
as a rowvector, where each element of the reector is itself a column vector.

¢l | o ¢ d
A=@ibic g or A= e
21D 1E =
g ¢ g f

Equally valid, you can think of a matrix as a vertical concatenation of/emtors, like a columivector
where each element is itself a rewctor.

Matrix multiplication is defined to be the operation of linear transformation, e.g., from one set of
coordinatesto another. The following properties follow from the standard definition of matrix multiplication:

Matrix times a vector: A matrix B times a column vector, is a weighted sum of the columnskf

éBll B, By & 0 £
Bv=gB, B, B USw GV E?é ‘éigekz uvZ+,|323
u
u

€3, B, ByU €B;
2/

(o
(5>)

C;
N
(DD
%
c/C

We can visualize this by laying the vectoron its side above the columns of the matrix, multiplying each
matrix-column by the vector component, and summing the resulting vectors:

G}‘vx vy V? B
6B, B, B, & 8¢ 2 "5 ¢ 8B, ¢ ¢l o B,
Bv=B, B, B, %V B [+ By | 4B U g W B gvich. [V ERs
€., B, B, § HéB.| [B.| |Bouf BB 6 EBUG 8By
8831 B., Bssl]u

The columns oB are the vectors which are weighted by each of the input vector compowknts,

Another important way of conceptualizing a matrix times a vector: théaedwector is a column of
dotproducts. Thé" element of the result is the dptoduct of the given vectov, with theit" row of B.
Writing B as a column of rowectors:
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e n g ery e D&y
e 0 IR e -
B=¢ » G- BV = d» ¥
é U é 5 Uy é

& 3 g &s & (Héav

This view derives from the one above, where we lay the vectoron its side above the matrix, but now consider

the effect on each row separately: it is exactly that of godmduct.

In linear algebra, even if the matrices are complex, we do not caejtige left vector in these dot

products. If they need conjugation, the application must conjugate them separately from the matrix

multiplication, i.e. during the construction of the matrix.
We use thiglot producttoncept later when we consider a change of basis.

Matrix times a matrix: Multiplying a matrixB times another matrig is definedas multiplying each
column ofC by the matrixB. Thereforeby definition matrix multiplication distributes to the right across
the columns:

el | g & 8 e
=S iyiz Uy ey : :
Let C—g:xéygzgthen BC=Bxéy§z %xé?yéBz.
e i H € B i€
[ Matrix multiplication also distribasmeck] to the | eft

Determinants

This section assumes youbdbve seen matrices and
why they work.

factor) which is (1) linear in each row and each column of the matrix; arech{®Bymmetric under|
exchange of any two rows or any two columns.

The above two rules, linearity and antisymmetry, allow determinantsto help solve simultaneouslinear
equations, as we show later under ACramerdés Rul e.

1. The determinantislinear in each columector (and rowector). This meansthat multiplyingany
column (or row) by a scalar multiplies the determinant by that scalar. E.g.,

defka: bi c|=kdefai bic|; and deta+di bi q =dta b q detd b

2. The determinantis arsymmetric with respect to any two colurrectors (or rowectors). This
means swapping any two columns (or rows) of the matrix negates its determinant.

The above properties of determinants imply some others:

3. Expansion by minors/cofactors (see below), whose derivation proves the determinant operator is

unique (up to a constant factor).

4. The determinant of a matrix with any two columns equal (or proportional) is zero. (From anti
symmetry, swap the two equal columns, the determinant must negate, but its negative now equals

itself. Hence, the determinant must be zero.)

defbibic|= -defbibic| ¥ detbibic| =
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5. detA|QdefB| =defAB|. Thisis crucially important. Italso fixes the overall constant factor of the
determinant, so that the determinant (with this property) is a completely unique operator.

6. Adding a multiple of any column (row) to any other column (row) does not change the determinant:

dea+kb§b§ =dea§b§ e bgbg tag b§

7. detA + B i Al @ éetB]. The determinant operatomstdistributive over matrix addition.
8. detkA| =k"det]|.

Theij-thminor, Mjj, of ann® nmatrix (A [ Aap) is the produchjj times the determinant of thei(1)? (ni
1) matrix formed by crossing out tl¢h row andj-th column:

jth column
e 2
A © ¢ A A
¢ ' ¢M1 - -1
< 8 ¢
s e
ith € u - L1 &
i rowg. : i m MIJ Aljdet;é . .
E. . E g:Al Al
é o 11 - - Pnapz
Ha e Ahn ¢ ’

A cofactoris just a minor with a plus or minus sign affixed:

C,=(9"™ €17 A degfA] without" rowand” columr.

Cramerd6s Rul e

ltds amazing how many textbooks describe Cramerds ru
looking for this, and finally found it in [Arf c¢ch 37].
linear equations. It is horribly ifiicient, and virtually worthless above 3 3, however, it does have
i mportant theoretical i mpnlequatiorisimounkaowns: Cr amer 86s rul e so
Given Ax =b, where A is a coefficient matrix,

X is a vector of unknowns;
b is a vector of constantb,

To solve for theé'™™ unknownxi, we replace th&h column of A with the constant vectdr, take the
determinant, and divide by the determinanfiofMathematically:

Let A=g@ ia, - a g where aisthel" columnofA . We can solve for

deta, i ..., b1 g4 .08

= P where a is the " column ofA
% det Al i
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This seems pretty bizarre, and one has to ask,

properties of det e ximbtimgatmatad other unlendwdscansbe solverl arfalogously.
Start by simply multiplying«: by detp|:

x defA| = detxa, ia, i .. a,
from linearity of det[]

adding a multiple of any column to

= detxa, oa, | ay ! ...

B Yz Bz G another doesn't change the determil
=detxa %A, +Xa,i di .. a ditto (01 2) more times
= det|Ax Eaz a,| =defb a, a, rewriting the first column

debgazg...gan

AT Al

Area and Volume as a Determinant

(a,0) c a c

Determining areas of regions defined by vectors is crucial to geometric physics in many areas. Itis the
essence of the Jacobian matrix used in variable transformations of multiple integrals. Whatis the area of the

parallelogram defined by two vectorsPhis is the archetypal area for generalized (oblique,-mmmmnal)
coordinates. We will proceed in a series of steps, gradually becoming more general.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 850f 373

why


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

First, consider thatthe first vectoris horizontal (above left). The areais simply tesght: A = ad.
We can obviously write this asa determinant of the matrix of column vectors, thoughytas @mtrived:

A=det

&% ad e e
0 d

For a general parallelogram (above right), we can take the big rectangle and subtract the smaller
rectangles and triangles, by brute force:

A=(a 49(b ¢ 2bc 23% %4 2 %g‘eatgﬁt}ad icb ed- 2bc -od- af
¢2 2 &3

—ad -bc delt .
b d

This is simple enough in-B, but is incomprehensibly complicated in higher dimensions. We can
achieve the same result more generally, in a way that allows for extension to higher dimensions by induction.
Start again with the diagram above left, where first vector is horizontal. We can rotate that to arrive at
any arbitrary pair of vectors, thus removing the horizontal restriction:

. ca
Let R =the rotation matrix. =~ Then the rotated vectors a Rga 3 and R g
& da
¢ g_ C 4 a ® 6 a c a
detRgs R = de det = de
4803 d§ R ) g LR ool M

The final equality is because rotation matrices are orthogonal, with det = 1. Thus the determinant of
arbitrary vectors defining arbitrary parallelograms equals the determinant of the vectors spanning the
parallelogram rotated to have one side horizonthich equals the area of the parallelogram.

What about the sign? I f we reverse the two vectors,
differential geometry, D areas are signed: positive if we travel coustleckwise from the first vector to
the 2, and negative if we travel clockwise. The above areas are positive.

In 3-D, thesigned volumeof the parallelepiped defined by 3 vectard, andc, is the determinant of
the matrix formed by the vectors as columns (positivabif form a righthanded set, negativeafbc are a
left-handed set). We show this with rotation matrices, similar to tbe case: First, assume that the
paralelogram defined blyc lies in thex-y plane b2=c;=0). Then the volumeis simply (area of the base)
3 height:
a

! ~ X bx CX
bic‘ézf) def 2
H - O O

V =(area of bas§{ height -—g@et
¢
r4

where the last equality is from expansion by cofactors along the bottom row. But now, as before, we
canrotate such a parallelepiped in 3 dimensions to get any arbitrary parallelepiped. As before, the rotation
matrix is orthogonal (det = 1), and does obange the determinant of the matrix of column vectors.

This procedure generalizes to arbitrary dimensions: the signed-ighene of a parallelepiped defined
by nvectors inn-D space is the determinant of the matrix of column vectors. The sign is positive iDthe 3
submanifold spanned by each contiguous subset of 3 veeiwpy{, v2vavs, Vavavs, ...) is righthanded, and
negated for each subset of 3 vectors that ishaftded.

The Jacobian Determinant and Change of Variables

How do we change multiple variables in a multiple integral? Given
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ﬁ ﬁa, ﬁc) dadbdc and the change of variables to v, w
a=a(u, v w, b=Hyvw, c =€uyw The simplistic

A fiefo dadbde - { €AV Fuvw Cuviy dudvdw( wroj

fails, b e ¢ a uds dvdw alsseciafed with eaohedint f{f) is different than the volumea
dbdcin the original integral.

—— - dy

Example of newcoordinate volume elemendy dv dw), and its corresponding ckbordinate
volume elementda db dc). The new volume element is a rectangular parallelepiped. The old
coordinate parallelepiped has sides straight to first order in the original integration variables.

I n the diagram abovedudwe)issmalerthdn#heé oldt ohoer diivnoa tuenefiov o(l u me

(dadbdc) . Not e t h aetativéimeasureofmlomeiinscooadinate space; it has nothingto do
with a fimetricd on the space, and fidistanced need
There is a concept of relative fAvolumeodo i|ln any

Relative volume is defined as products of coordinate differentials.

The integrand is constant (to first order in the integration variables) over the whole volume element.

Without some correction, the weighting &¢) throughout the nesgoordinate domain is different than
the original integral, and so the integrated sum (i.e., the integral) is different. We correct this by putting in
theoriginal-coordinatedifferential volume dadb dc) as a function of theewdifferential coordinategju,
dv, dw. Of course, this function varies throughout the domain, so we can write

A fiefjo dadbdc - { ¢AvH v Ccuviv V,uvw dudv
where My vy W takes dudvdw ( dadb)dc

To find V(-), consider how the-b-c space vectoda& is created from the newv-w space. It has
contributions from displacements in all 3 new dimensions, andw:

dag= 412 gy + B gy +HMgw §E Similarly
Su o Y T8

The volume defined by the 3 vectoult dw,Eand dw maps to the volume spanned by the

corresponding 3 vectors in the origina&b-c space. Tha-b-c space volume is given by the determinant of
the components of the vectats, db, anddc (written as rows below, to match equations above):
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By, Ry, Ay | awnaud

b MW UM V W W
vqume:detE du b dv—md/\/:der—b b “—( bu dv du.

b MW UR vV opwW'

o Pav —Hau _CH cug H

b Woow UP vV HW H

where the last equality follows from linearity of the determinant. Note thatall the partialderivatives are
functions ofu, v, andw. Hence,

L
MU M
V(u,v,\/\b:det% —t 1J(u,v, W) gthe Jacobiarg, and
e p
HU- M
ﬁ ﬁa,ﬁc) dadbdc - @aﬁ,\/ﬁ (I’]J,v)ry(c,u,v)/\@(J,u,v)w du dv

QED.

Expansion by Cofactors

Let us construct the determinant operatorfrom its two defining properties: linearity, and antisymmetry.
First, we bl | define a |linear operator, then weoll m a
instructive.]

We first construct an operatorwhich is linear in the first column. For the determinantto be linearin the
first column, it must be a sum of terms each containing exactly one factor from the first column:

gAu Ay - A g
Let A:gA?l A?Z . Af” 3 then  def =Aq(.) Au(.). -+ AH ).
Ao A o An

To be linear in the first column, the parentheses above musittdaetors from the first column (else
they would be quadratic in some components). Now to also be linear indtadmn all of the parentheses
above must be linear in all the remaining columns. Therefore, to fill in the parentheses we need a linear
operator on columns .. But that is the same kind of operator we set out to make: a linear operator on
columns 1n. Recursion is clearly called for, therefore the parentheses should be filled in with more
determinants:

detA = Ajy(detM ) +A,( dadl ,) + Apy dbt ) (sofa.

We now note thatthe determinantis linear both in the columns, and in the rows. This mean$thatdet
must not have any factors from the first rowthe first column ofA. HenceM1 must be the submatrix of
A with the first row and first column stricken out.
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1stcolumn 1stcolumn
1strow €hr————Ar 9 éﬁn Ao Ay @
g’e?l P - - Py 3 204 row S Aon 3
g. - A : ﬂ My, LA A, 3 M, et
el . ...y S u
8A, A, . . A, : Az - - A B

Similarly, M2 must be the submatrix @ with the 29 row and first column stricken out. And so on,
throughMn, which must be the submatrix Afwith thent"row and first column stricken out. We now have
an operator that is linear in all the rows and column&.of

So far, this operatoris notunique. We could multiply each term in the operatorby a constant, and still
preserve linearity in all rows and columns:

detA =k A,(detM ) #, A del ) + kA { dbt ).

We choose these constantsto provide tH@perty of determinants: antisymmetry. The determinant
is antisymmetric on interchange of any two rows. We start by considering swapping the first two rows:
DefineAd A ith AixZ Aox).

A A A
swapch‘l A2 An g swappec(: e T 3
eAZl An A’é; Ao An N
e . u e - !
é A a A é A M ete
é . .U e . oo u
é u é U
@Ahl Ahn Y] 'Aﬁ An2 Ann Y]

Recall thatM1 strikes out the first row, anil» strikes out the ® row, so swapping row 1 with row 2
replaces the first two terms of the determinant:

detA =g A (detM ) K Ay deM ) +. - det' kgA{ dét') ks (dem ;)
ButM@ =Mz, andM & =M1i. So we have:
- detA' =k Ay (detM ,) H,A | davt ) .

This lastform is the same as detbut with ki andk> swapped. To make ourdeterminant antisymmetric, we
must choose constarktsandk. such that terms 1 and 2 are antisymmetric on interchange of rows 1 and 2.
This simply meansth&t =i k.. So far, the determinantis unique only up to an arbitrary factor, so we choose
the simplest such constants; = 1,k> =7 1.

For M3 throughMn, swapping the first two rows @& swaps the first two rows dfl @ throughM &:

et e

L u
——U MY, etc

Ap - An

Ao - - Al

Since M3 throughMn appear inside determinant operators, and such operators are defined to be
antisymmetric on interchange of rows, terms 3 thromighso change sign on swapping the first two rows of
A. Thus, all the terms 1 througihchange sign on swapping rows 1 and 2, andAdet detA 6
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We are almost done. We have now a unique determinant operatokiwith, ko = 11. We must
determineksthroughkn. So consider swapping rows 1 and #ofvhich must also negate our determinant:

é,Ail A - o A 2 2 151) ]
swap(EAZl LA, 3 swappe< Ay, 3

gAfn . 3 A" A, - [sfl " etc

Aw - - - A H A H

Again, M &4 throughM on have rows 1 & 3 swapped, and thus terms 4 thraughe negated by their
determinant operators. Alsbl o, (formed by striking out row 2 oA) has its rows 1 & 2 swapped, and is
also thus negated.

The terms remaining to be accounted for &yg{detM ;) andk;Ag,( de¥l ). The newM o1 is the same

as the oldMVis, but with its first two rows swapped. Similarly, the n&s is the same as the oM, but
with its first two rows swapped. Hence, both terms 1 and 3 are negated by their determinant operators, so
we must choosks = 1 to preserve that negation.

Finally, proceeding in this way, we can consider swapping rows 1 & 4, etc. We find that the odd
numbereckbs are all 1, akhid #nile aVvén numbered

We could also have started from the beginning by linearizing with column 2, and then we find thatthe
are opposite to those for column 1: this time for odd numbered kawés; 7 1, and foreven numbered rows,

Keven=+1. Thekdbs simply alternate sign. This leads to the

(0%

detA = (-1J"°A.(deM;) € A (défl 5) -+ (( HOAL( det ).

Note that

We can perform a cofactor expansion down any column,
or across any row, to compute the determinant of a matrix.

We usually choose an expansion order which includes as many zeros as possible, to minimize the
computations needed.

Proof That the Determinant Is Unique

If we compute the determinant of a matrix two ways, from two different cofactorexpansions, do we get
the same result? Yes. We here prove the determinant is unique by showing that in a cofactor expansion,
every possible combination of elements from thes and columns appears exactly once. This is true no
matterwhat row or column we expand on. Thus all expansionsinclude the same terms, but just written in a
different order.

Also, this complete expansion afl combinations of elements is a useful property of the cofactor
expansion which has many applications beyond determinants. For example, by performing a cofactor
expansion without the alternating signs (in other word, an expansmminrg, we can fully symmetrize a
set of functions (such as boson wave functions).

The proof : l etds count the number of miematx. i n a
We do this by mathematical induction. For the first level of expansion, we choose a row or column, and
constructn terms, where each term includes a cofactor (adrterminant of ani 13 ni 1 matrix). Thus,
the number of terms in aid n determinant i times the number of terms in ahl3 ni 1 determinant. Or,
turned around,

#termsin(nt13n ¥ (= J(#termsinn ).
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There is one term in &1 determinant,2terms in 42, 6 terms in a383, and thus! terms in am3n
determinant. Each term is unique within the expansion: by construction, no term appearstwice as we work
our way through the cofactor expansion.

Letds compare t hi spossimewhich arelineamnbeeery raavfandtcadumm e have
n choices forthe first factonj 1 choices for the second factor, and so on down to 1 choice for the last factor.
Thatis, there ara! ways to constructterms linear in all the rows and columns. Thatis exactly the number
of terms in the cofactor expansion, which means every cofactor expansion is a slimpassibleterms
which are linear in the rows and columns. This proves that the determinant is unique up to a sign.

To prove the sign of the cofactorexpansion is also unique, we can consider one specific term in the sum.
Consider the term which is the product of the main diagonal elements. This term is always positive, since
TBS ?7?

Getting Determined

You may have noticed that computing a determinant by cofactor expansion is computationally infeasible
forn > ~15. There ara! terms ofn factors each, requirin@(n - n!) operations. Fon = 15, this is ~18
operations, which would take about a day on a few GHz computen #260, it would take years.

Is there a better way? Fortunately, yes. It can be do®éni) operations, so one can easily compute
the determinant fon = 1000 or more. We do this by using the fact that adding a multiple of any row to
anotherrow does not change the determinant (which follows frorsgmtinetry and linearity). Performing
such row operations, we can convert the matrixgper-right-triangular form, i.e., all the elements &6
below the main diagonal are zero.

. eAlr A . A Ay
eAr Az - Ay @ é . T '
é U =0 Ay .. AL Ay
é n

n &P P Py s tE .
A €0 o0 A A
e u é n-1,n 41 n n
M Az - An o 80 0o .. 0 Al

By construction, def§ §= detp|. Using the method of cofactors Arpwe expand down the first column
of A @nd first column of every submatrix in the expansion. E.g.,

=

a X X X

SATT %

Q A} V4 \V4
A':e oy X

é '

e '

é Al

Only the first term in each expansion survives, because all the others are zero. HeAdgisdttg
product of its diagonal elements:

n
detA = de®d '=]_[A“‘ where A/ are the diagonal elementsfof.
i=1

Letds look at the row o prghtaianguameam. nVeendligply the fost a c hi ev e
row by 21/ A11) and subtract it from the"2row. This makesthe first element of th& @w zero (below
left):
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gAu A, Az Ay 5 Ao A As A 5 A 2 Ap Az M
A- € 0 By By By U ) Og: By, Bys By U 0 (_;.Bzz Bas By
2A31 Ay Asz Agy 3 02 Bs; Baz Bgy H 0 g 0 Cg Cyy
M1 A Az Aug O Bsu Bss Bu g 0 g0 Cu Cyuy

Perform this operation for rows 3 throughand we have made the first column below row 1 all zero (above
middle). Similarly, we can zero thé%olumn below row 2 by multiplying the (new)%ow by (Bsz2/ B22)
and subtracting it from theBrow. Perform this again on thé&'4ow, and we have the first two columns of

the upperight-triangular form (above right). Iteratingfor the firsti(1) columns, we complete the upper
right-triangular form. The determinant is now the product of the diagonal elements.

About how many operations did thattake? Therengré 1)/2 rowoperations needed, @(n?). Each
row-operation takes from 1 tomultiplies (average/2), and 1 toadditions (average/2), summing tdd(n)
operations. Total operations is then of order

o(n)of )~ d n).

TBS: Proof that def{B| = detp\| detB|

Getting to Home Basis

We often wish to change the basis in which we express vectors and matrix operators, e.g. in quantum
mechanics. We use a transformation matrix to transform the components of the vectors from the old basis to

the new basis. Note that:

We are not transforming the vectors; we are transforming the components of the vectoy
from one basis to another. The vector itself is unchanged.

There aretwo ways to visualize the transformation. Inthe first method, we write the decomposition of
a vector into componentsin matrix form. We use the visualization from above thata matrix times a vector

is a weighted sum of the columns of the matri

. We, Vg

This is a vector equation which is true in any basis. Inxthebasis, it looks like this:

el 0 0o @ Ve @ le o 0 & g 0
_6€ u_ e u é u é u
v_go 1 Og,y L}"Vyé N where e, :Oeu g :le gez G.
01§ Y vg | 08 o g @ 1

If we wish to convert to they, e2, e3 basis, we simply writey, ey, e, in the £2-3 basis:
@@ d gev o Ve ac o
where (in thel1-2-3 basis): e, =1x , ngi*/ =e
e i

_ €, Uu_
V—gb e hé\/ u
Cg f

g f i & Y
Thus:

(@D~ (D~ D~ (D~
D
[scd e e o]

H (@]

<
N
co/rororn

o

The columns of the transformation matrix are the old basis vectors written in the new bagis.

This is true even for neonrtho-normal bases.
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Now let us look at the same transformation matrix, from the viewpoint of its rows. For this, we must
restrict ourselves to orthwormalbases. This is usually not much of a restrictiRacall that the component
of a vectow in the direction of a basis vectaris given by

vVize @ Y v (s \0@(§,+\)§Qg Jrre.
But this is a vector equation, valid in any basis.i 8bove could also be 1, 2, or 3 for the new basis:
Ve @ vV gvO” g ¥ O v(eVye(©O)ef e

Recall from the section above on matrix multiplication that multiplying a matrix by a vectoris equivalent
to making a set odot producs, one from each row, with the vector:

e [} . N : o

¢ @ : oeqO oo @ (4, (9, (9, 20 o

¢ o i%elSY o (9 (o), (9, VE UEvOF

& g oue  ug o d T nE . urd

¢ s 8 Héeov g’ (9), (o), (9, €O W
Thus:

The rows of the transformation matrix are the new basis vectors written in the old basis
This is only true for orthemormal bases.

There is a beguiling symmetmgnd nonsymmetnyn the above two boxed statements about the columns
and rows of the transformation matrix.

For complex vectors, we must use thet productdefined with the conjugate of the row basis vector,

i.e. the rows of the transformation matrix are the hermitian adjoints of the new basis vectors written in the
old basis:

g e’ g geglv gév?
i § UG U E

A A ue u

g e, gvﬁéez @u@vz.
groomemmem g ge ue
g e E Y &e;Ov HgV

Diagonalizing a Self -Adjoint Matrix

A special case of basis changing comes up often in qguantum mechanics: we wish to change to the basis
of eigenvectors of a given operator. Inthis basis, the basis vectors (which are also eigenvectors) always have

the form of a sincgelrestO6Bg component, and th
¢l o 0¢ o 0
_€y U _.€ 1

&= y & =lg 5 & 9.

& H Og H 1
The matrix operatoA, in this basis (its own eigenbasis), is diagonal, because:

Ael_/lel a dl

Ae, = /.6, Y AE 4

Ae, :/3e3'y g /5
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Finding the unitary (i.e., unit magnitude) transformation from a given basis to the eigenbasis of an
operatoris callediagonalizing the matrix. We saw above that the transformation matrix from one basis to
another is just the hermitian adjoint of the new basis vectors written in the old basis. We call thidJmatrix

& ) ‘
e e § oealvg&vle e q*
G § W€ UE U PO
A A ue u A

g e ngzjeezGDuévzu Y U :g e "
e B L @2\/33 g
¢ e a0 {5 é g

g g He Hav ™ & g

U transforms vectors, but how do we transform the operator mfattself? The simplest way to see
this is to note that we can perform the operafiagm any basis by transformingthe vector back to the original
basis, usin@ in the original basis, and then transforming the result to the new basis:

Vnew =Uv old Y v old :U—lv new
Anewv new (A oly old) :U(A OILJ-JV nex)r GUA oltJ -l)v new Y A new @‘m LtAd })

where we used the fact that matrix multiplication is associative. Thus:

The unitary transformation that diagonalizes a (complexjadiibint matrix is the matrix of
normalized eigemow-vectors.

We can see this another way by starting with:

AUT=AR ie, e (= AR Ael Ae 18 L6l 4e
e 1 B &1 | e

g are the otho-normal eigenvectors
where
/; are the eigenvalues

Recall the eigenvectors (of selfijoint matrices) are orthogonal, so we can nowrpudtiply by the
hermitian conjugate of the eigenvector matrix:

¢ et o 5 8" : :
NYRTIE - S - D U I S SR - R R
=¢ 6" BEieig = éo - 28] 48
& i Ug s e L
g © g€ o e
Shla®) haq A fy o o,
=8(er] lole®) 4 RGO 1 0y
¢ 4 A Iy(e) §E0 O s

where the final equality is because each element of the result is the inner product of two eigenvectors,
weighted by an eigenvalue. The only nmpero inner products are between the same eigenvectors
(orthogonality), so only diagonalelements are#zem. Since the eigenvectors are normalized, their inner
productis 1, leaving only the weight (i.e., the eigenvalue) as the result.

Warning Some referencerite the diagonalization d4 'AU, instead of the corretdAU' L. This is
confusing, anéhconsistent with vectortransformation. Manybése veryeferencethen
changeheir notation when they have to transform a vector, because neaedfeadinces
agree that vectors transform with and notJ'1.
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Contraction of Matrices

Yo u d o ndbttproduebé madrices defined very often, butthe concept comes up in physics, even if
t hey donddtpradact & iWe asdle such products in QM density me
vectors. We use it below in the fATraceo section for

For two matrices of the same size, we definectir@raction of two matricesas the sum of the products
of the corresponding elements (much like dioéproducbf two vectors). The contraction is a scalar. Picture
the contraction as overlayingone matrix on top of the other, multiplying the stacked numbers (elements), and
adding all the products:

A

' 54 suml A:B
X X Bij

Figure 6.1 Our definition of a matrix deproduct.

We use a colon to convey that the summation is over 2 dimensions (rows and colurAnshaB
(whereas the singldot dot product of vectors sums over the 1 dimensional list of vector components):

A:B' Qalh For example, for 3x3 matrices:
ij=1
allbll +a12b12 +a:l3b13

A:B= -a21b21 %2b22 a'?éb23 a'.l.:lbll a12b12 al;)ti a21b2-t a2p2? aZZ;) 23+ a3p 31 33332b 33a33
+a31b31 -a32b32 a.33b33

which is a single number.

If the matrices are complex, we do not conjugate the left matrix (such conjugation is often done in
defining thedot produciof complex vectors).

Trace of a Product of Matrices

The trace of a matrix is defined as the sum of the diagonal elements:

i da, a, a,
Tr(A)? éi_ajj Eg: A :§A 8, 2,4 TrA) & ap ag
= @Sl a'32 a33 9

The trace of a product of matrices comes up often, e.g. in quantum field theory. We first showABat Tr(
= Tr(BA):
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Let  C=AB. Y Tr(AB) =3, &, .+ G+
Define a. as ther™ row ofA , and h, astd  column Bf
AT T T (

aa,; a;, a; ﬁb% b, b, g a;; By, Qg B )12 (B )12 (B )13 :

Cu =& @1, %21 S, Ay 332% bzz b23 OCT asn 22 az(@j: 0 :
?5‘31 %, 8y %ﬂ? b, b, 9 a %2 ag 83 + (
é-au a, ag 693—3 b12 93 g 4, é-Q2 a; a . g ’ ’

Cp = &y mz %’21 &y Ay 832& b22 b23 QOI‘ ay 222 a 53 zBT)Q (BT)zz (BT)23
é%ﬁl &y A gbée b32 b33 9 ay C“a2 a 32? 9

and so on.

The diagonalelements of the prodGcare the sums of the overlays of the rowsAadn the columns of
B. Butthis is the same as the overlays of the rows oh therowsof B'. Then we sum the overlays, i.e.,

we overlayA ontoBT, and sumall the products o#ll the overlaid elements:
Tr(AB)=A:B".

Now consider TiBA) =B : AT. Butvisually,B : AT overlays the same pairs of elementéasBT, but
in the transposed order. When we sum over all the products of the pairs, we get the same sum either way:

Tr(AB)=Tr(BA) because A:BT B:AT.
This leads to the important cyclic property for the trace of the product of several matrices:
Tr(AB..C) = Tr(CAB..) because Ti{(AB .)C) =TiC (AB .)).

and matrix multiplication is associative. By simple induction, any cyclic rotation of the matrices leaves
the trace unchanged.

Linear Algebra Briefs

The determinant equals the product of the eigenvalues:

n
detA = H/i where { are the eigenvalues #éf.
i

This is because the eigenvalues are unchanged through a similarity transformation. If we diagonalize
the matrix, the main diagonal consists of the eigenvalues, and the determinant of a diagonal matrix is the
product of the diagonal elements (by cofactaquansion).
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7 I ntroducPkPtriodomabtid i ty, Statiptics,
and Data Anal ysi s

I think probability and statistics are among the most conceptually difficult topics in mathematical
physics. We start with a brief overview of the basics, but overall, we assume you are familiar with simple
probabilities, and gaussigdna k a fA ndstribaotianis.o )

Probability and Random Variables

We assume you have a basic idea of probability, and since waeeinderstanding over mathematical
purity, we give here intuitive definitions. random variable, sayX, is a quantity that you can observe (or
measure), multiple times (at least principle), and is not completely predictable. Each observation
(instance) of a random variable may give a differentvalue. Random variables ndisdrete(the roll of a
die), orcontinuous (the angle of a game spinner after you spin it)urdform random variable has all its
values equally likely. Thus the roll of(tair) die is a uniform discrete random variable. The angle of a game
spinner is a uniform continuous random variable. Butin general, the values of a random variable are not
necessarily equally likely. Forexamplgaussiaf a ka finormal 6) random variable i
the mean.

Given a large sample of observations of any physical quaXtitiiere will be some structure to the
valuesX assumes. For discrete random variables, each possible value will appear (close to) some fixed
fraction of the time in any large sample. The fraction of a large sample that a given value appears is that
v a | prebalslity . For a 6sided die, the probability of roling 1is 1/6,i.e. Pr(1) = 1/6. Because probability
is a fraction of a total, it is alwaymensionlessandbetween 0 and 1 inclusive:

0 ¢ Pr@nything) ¢1.

[Note that one can imagine systems of chance specifically constructed goovide consistency between
samples, at least not on realistic time scales. By definition, then, observations of such a systmuordtitute a
random variable in the sense of our definifion.

Strictly speaking, atatistic is a number that summarizes in some way a set of random values. Many
people use the word informally, though, to mean the raw data from which we compute true statistics.

Conditional Probability

Probability, in general, is a combination of physics and knowledge:
the physics of the system in question, and what you know about its state.

Conditional probability specifically addresses probability when the state of the system is partly known.
A priori probability generally implies |l ess knowledge of state (
fibef orehandodo). But t here i s nmlbprobabiities,arefnisoneavaye nt al di
dependent on both physiasdknowledge.

Suppose you havanebagwith 2 white and 2 black balls. You draw 2 balls without replacement. What
is the chancethe®b a | | wi | | be white? A priori, itds obviously
white. Now Pr(2dball is white) = 1/3. So we say the conditionalprobability that fde2ll will be white,
given that the first bak white, is 1/3. In symbols:

Pr(2nd ball white| first ball white= 1/

Another example of how conditional probability of an event can be different than the a priori probability
of thatevent: | have a bagof white and a bagof black balls. | give you a bagatrandom. Whatis the chance
the 24b a | | wi || be white? A stpall is eviiite, nowiPtdbsll isiwhite) =Af t er seei
In this case,

Pr(2nd ball white| first ball white= 1.
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Precise Statement of the Question Is Critical

Many arguments arise about probability because the questions are impesgibecombatant has a
different interpretation of the question, but neither realizes the other is arguing a diféstentConsider
this:

You deal 4 cards from a shufflstandarddeckof 52 cards | tell you 3 of them are aces. What is the
probability that the % card is also an ace?

The question is ambiguous, and could reasonably be interpreted two ways, but the two interpretations
have quite differentanswers. Itis very importantto know ex&atlyl have discoverethat3 of them are
aces.

Case 1 I |l ook at the 4 cards and say AAt |l east 3 of
cardscan hold atleast 3 a¢asrived below) and only 1 of those ways has 4 aces. Therefore, the chance of
the 4" card being an ace is 1/193.

Case 2 I l ook at only 3 of the 4 cards and say, AThes
equally likely to be the®@card. Only one of themis anace. Therefore, the chance offttard being an
aceis 1/49.

It may help to show that we can calculate the 1/49 chance from the 193 handsthathave atleast 3 aces:
Of the 192 that have exactly 3 aces, we expect that 1/4 of them = 48 will show aces as their first 3 cards
(because the neacehas probabilityl/4 of being last) . Additionally, the one hand of 4 aces will always
show acesasits first 3 cards. Hence, of the 193 hands with atleast 3 aces, 49 show aces as their first 3 cards,
of which exactly 1 will be the-4ce hand. Hence, its conditionabpability, given thatthe first 3 cards are
aces, is 1/49.

Here is an adhoc derivation thatthere are 193 sets of 4 cardswith atleast 3 aces: First, how many ways
(combinations) are there to haexeactly3 aces in 4 cards? The # ways to have a set of 3 aces = # ways to
omit 1 ace = 4. Then there ar8 donace cards left for thedc a r d . Thus there are 4A4
(combinations) to have exactly 3acesin 4 cards. There is 1 combination of 4 acesin 4 cards. Thus there are
192 +1 =193 ways (combinations) to have at least 3 acesin 4 cards.

Letbdbs Make a Deal

This is an example of a problem that confuses many people (including me), and howto properly analyze
it. We hope this example illustrates some general methods of analysis that you can use to navigate more
general confusing questions. In particular,nfethods used here apply to renormalizing entangled quantum
states when a measurement of one value is made.

You arein the Big Deal on the game shdawe t 6 s Ma.kThereaare B domrs. Hidden behind two
of them are goats; behind the other is the Big Prize.
behind each door. He opens door #2, and shows you a goat. Now he asks, do you want to stick with your
doorchoice, or switch to door #3? Should you switch?

Answer:Wi t hout | oss of generality (WLOG), we assume Yy ol
matterwhich door you chooseYou know ahead of time that no matter what, Monty will show you a goat
behind one of t heFodsmple questioaslike dhis,d/ou&drakeai exHaustivehar of
all themutually exclusive events, and their probabilities:

Bgg shows door#2 1/6
shows door#3 1/6

gBg shows door#3 1/3

ggB shows door#2 1/3

After you choose, Monty shows you thatdoor#2 is a goat. So from the population of possibilities, we strike
outthose thatare no longer possifile., where he shows door #3, and those where the big prize,iand?)
renormalize the remaining probabilities:
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Bgg shows door #2446 1/3
shows door#3-1/6
gBg shows door#3-1/3
ggB shows door #2L3 2/3
Anot her way to think of this: Monty showing you dc¢

either the door you picked, or it ds (1dpscunaffectdbyp Since
Monty telling you this, Pifig prize is#3) = 2/3. Monty uses his knowledge dtwayspick a door with a
goat. That gives you information, which improves your ability to guess right on your second guess.

You can also see it this way: Th elf ypdswitclay dlu @l Ic hance
|l ose. But thereds a 2/ 3 c hfgouswich,y o uwinp ISebl svitlchingr ong t he
you win twice as often as you lose, much better odds than 1/3 of winning.

Let6s take a more extreme example: suppose there ar
you, fAThe big prize is either the door you picked, or
chance you guessed righttisy, but Monty knows for sure.

How to Lie With Statistics

In 2007, on the front page of newspapers, was a story about a big study of sexual behavior in America.
The headlinepointwas that on average, heterosexual men have 7 partners in their lives, and women have
only 4. Innumeracy a book about math and statistics, uses this eseameclaim from a previous study of
sexualbehavior,and noted thatone can easily prove thavénagenumber of heterosexual partners of men
and women must bexactlythe same (if there are equalnumbers of men and women in the population. The
US has equal numbers of men and women to better than 1%).

The only explanation forthe survey results is timahypeople are lying Typically, men lie on the high
side, women |ie on the |l ow side. The article goes on
the factthathese claims are based on lieSo how much can you believe anything shiedysubjects said?

Even more amazing to me is that the fiscientistso
mathematicalimpossibility of their resultéPerhaps some graduate student got a PhD out of this study, too.

The proof: Every heterosexualencounterinvolves a manand awoman. Ifthe partnersare new to each
other, then it counts as a new partnerfor both the man and the woman. The average number of partners for
men is the total number of new partners for all men diviodhe number of meim the US But this is
equalto the total number of new partners for all women divided by the number of viothenUS QED.

[An insightful friend noted, fAMaybe tlo some women, s

Choosing Wisely: An Informative Puzzle

Q

an
Herebds a puzzle which il]l un@(nbman“ealsformsh@yipybwsslﬁ cal me ar
¢
before reading the answeReally. First, recall that:
an g n!
ynchoosek 1————.
& 2 k!(n- K)!

o

an
is the number of combinationskitems taken fronm distinct items more preciselya% is the number of
¢

ways of choosinds items fromn distinct items, without replacement, wherethe @r of choosing doe
matter.
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. . an+l o @& o)
The puzzle:Show in words, without algebra, thad 5 +g .
ck ?kgl &
Some purists may complain that the demonstration below lacks rigor (not true), or that the algebraic
demonstration 1is Ashorter. o However, though the al

uninformative. Some may like the demonstration here because it uses the physical meaning of the
mathematics to reach an ir@tad conclusion.

The solution: The LHS is the number of ways of chooskiigems fromn + 1 distinctitems. Now there
are twodistinctsubsets of those ways: those ways thatincludenthel("i t e m, and those that dc
first subsetgiven the fi + 1" item, we must choodei 1 more items from the remainimg and there are

Q

an an
& 1 ways to do this. In the second subset, we must chodsiteatis from the firsh, and there arg?(

¢h - ¢
ways to do this. Since this covers all the possible ways to chdtesas fromn + 1 items, it must be that
an+1 a N (0 ED

- Q10

Multiple Events

First we summarize the rules for computing the probability of combinatidndependen¢vents from
their individual probabilities, then we justify them:

Pr(A and B) = Pr(A)-Pr(B), A and B independent

Pr(A or B) = Pr(A) + Pr(B), A and B mutually exclusive
Pr(not A) = 1i Pr(A)

Pr(A or B) = Pr(A) + Pr(B)i Pr(A)Pr(B), always.

For independent events A and B, Pr(A and B) = Pr(ABPr This follows from the definition of
probability as a fraction. If A and B anedependent(have nothing to do with each other), then Pr(A) is the
fraction of trials with event A. Then of the fraction of those with event A, the fraction that also has B is
Pr(B). Therefore, the fraction of the total trials with lnétand B is:

Pr(A and B) = Pr(A)-Pr(B).

For mutually exclusive events, Pr(A or B) = Pr(A) B This also follows from the definition of
probability as a fraction. The fraction of trials wi
trial can contain both A and B, then the fraatiith either is simply the sum (figure below).

fraction with A| fraction with B

Y - - - - fractonwithAorB - - - -

Total trials

Pr(not A) = 1i Pr(A). Since Pr(A) is the fraction of trials with event A, and all trials must either have
event A or not

Pr(A) + P(notA) = 1
Notice that A and (not A) are mutually exclusive even
probabilities add.

By Pr(A or B) we mean Pr(A or B or both). For independent events, you might think that Pr(A or B) =
Pr(A) + Pr(B), but this is not so. A simple example ¢
PrA)+P(B) = 1.4, which can6t be the probability of anyt
of probabilities is that doing so counts the probability oa(& B) twice (figure below):
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fraction with Aonly | fraction with A and B | fraction with Bonly

Yy - - - - fractonwith AorB - - - - - -

Total trials

Note that Pr(A or B) is equivalent to Pr(A and maybeeBpr(B and maybe A). But & and maybe B)
includes the probability of both Aand B,as does Pr(B and maybe A), hence itis counted twice. So subtracting
the probability of (A and B) makes it counted only once:

Pr(A or B) = Pr(A) + Pr(B)i Pr(A)Pr(B), A and B independent.
A more complete statement, which breaks down (A or B) into mutually exclusive events is:
Pr(A or B) = Pr(A and not B) + Pr(not A and B) + Pr(A and B)
Since the right hand sidenow mutually exclusive events, their probabilities add:
Pr(A or B) = Pr(A)[1i Pr(B)] + Pr(B)[Li Pr(A)] + Pr(A)Pr(B)
= Pr(A) +Pr(B)i 2Pr(A)Pr(B) + Pr(A)Pr(B)
= Pr(A) + Pr(B)i Pr(A)Pr(B) .
TBS: Example of rolling 2 dice.

Combining Probabilities

Here is a more iepth view of multiple events, with several examples. This section should be called
AProbability Calculus, 0 but most people associate fica
them off. Infactcalculuss i mply means fia met hod of calculation.o

Probabilities describe binary event s: an event
Therefore, we can use some of the methods of Boolean algebra in probability.

Boolean algebrais the mathematics of expressions and variables that can have one of only two values:
usually taken to be fitruedo and Afalse. 0 We wi || use
here.

Aneventi s something that can either h arpbpbdity ofanr not (it
event as the fraction of time, out of many (possibly hypothetical) trials, that the given event happens. For
example, the probability of getting a Aheadsod from a
Pr(heads) = 0.5 = 1/2. Probalyilis a fraction of a whole, and so lies in [0, 1].

We now considetworandom events. Two events have one of 3 relationships: independent, mutualy
exclusive, or conditional (aka conditionally dependent). We will soon see thatthe first two are special cases
of the Aconditional o rel at ishimisturn.p . We now consider e

Independent. For now, we define independent events as eventsthat have nothingto do with each other,
and no effecton each other. For example, consider two events: tossing a heads, and rolling sitiedh a 6
die. Then Rheads) = 1/2, and Pr(roling 1) = 1/6. The events are independent, since the coin cannot

influence the die, and the die cannot influence the ¢
roll. Since probabilities are fractions, of all trials | wi |1 have Aheadsao, and 1/ 6
Therefore, 1/ 12 of all trials wildl contain both a fihe
events multiply. We write:

Pr(A and B) = Pr(A)Pr(B) . (independent events)

In fact, this is the precisdefinition of independence: if the probability of two events both occurring is the
product of the individual probabilities, then the eventsiadependent

[Aside: This definition extends to PDFs: if the joint PDF of two random variables is the product of their
individual PDFs, then the random variables are independent.]
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Geometric diagrams are very helpful in understanding the probability calculus. We can picture the
probabilities ofA, B, and A andB) as areas. Theample spaceor population is the set of all possible

outcomes of trials. We drawthatasa rectangle. Each pointin the rectangle represents one possible outcome.

Therefore, the probability of an outcome being within a region of the population is proportionalto the area
of theregion.

Figure 7.1 (@): An event Aeitherhagpens, or it doesndt . Therefore:
Pr(A) + Pr(~A) =1 (always).

1

sample spac A
aka population

A not A
Pr(B)
B B
0 Pra) 1 0 Prn) 1
(@) (b) independent (c) conditional (d) mutually exclusiv

Figure 7.1 The (continuous) sample space is bligesquare. Areas are proportionalto probabilities.
@ An event either bhBvpnpsdrmamsdB ae ndependent)ofasdBate . (
dependent(d) A and B are mutually exclusive.

Figure 7.1 (b): Pr(A) is the same whether B occurs or not, shown by the fraction of B covered by A is
the same asthe fraction of the sample space covered by A. ThebgfdedinitionAand B are independent.

Figure 7.1 (c): The probability of (A or B(or both)is thered, blue, and magenta areas. Geomeyrical
then we see

Pr(A or B) = Pr(A) + Pr(B)i Pr(A and B) (always)
This is always true, regardless of any dependence between A and B.

Conditionally dependent: From the diagram, when A and B axenditionally dependent we see that
the Pr(B) dependsonwhether A happensornot. Pr(B given that Aoccurred) is writt¢d pA)Pand read
as Aprobability of B given A. D0 From the ratio of

Pr(B | A) = Pr(B and A)/Pr(A) . (always)

Mutually exclusive: Two events arenutually exclusivewhen they cannot both happ@igure7.1d).
Thus,

Pr(A and B) =0, and Pr(A or B) = Pr(A) + Pr(B) (mutually exclusive)
Note that Pr(A or B) follows the rule from above, which always applies.
We see thatindependent events are an extreme case of conditional events: independent events satisfy
Pr(B | A) = Pr(B) (independent)
since the occurrence of A has no effect on B. Also, mutually exclusive events:satisfy

PrB |A)=0 (mutually exclusive)
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Summary of Probability Calculus

Rule Notes

Always true:

Pr(~A) = 17 Pr(A) Pr(entire sample space) #Higure 7.1a.

Pr(A or B) = Pr(A) + Pr(B)i Pr(A and B) Subtract offany double ount o f
B,0 Figure 7.1c.

If A & B independent From Figure 7.1b

Pr(A and B) = Pr(A)Pr(B) Precise def 6no of

Pr(B | A) = Pr(B) special case of conditional probability

If A & B mutually exclusive: From Figure 7.1d

Pr(A andB)=0 Def 6n of fAmubdbually

Pr(A or B) = Pr(A) + Pr(B) Nothing to doublecount; special case of]
Pr(A or B) from above

PrB |A)=Pr(A|B)=0 Canét both happen

Conditional probabilities: From Figure 7.1c

Pr(B | A) = Pr(B and A) / Pr(A) fraction of Athatis also B.

Pr(B and A) =Pr(B | A)Pr(A) = Pr(A | B)Pr(B) Bayesd6 Rule: Shows
Pr(B | A) and Pr(A | B)

Pr(A or B) = Pr(A) + Pr(B)i Pr(A and B) Same as triedl walyes ab

Note that the fiando rules are often simpler than the

ToB,orToNotB?
Sometimes its easier to compute Pr(~A) than Pr(A). Then we can find Pr(A) from Pr(APr-A).

Example: What is the probability of rolling 4 or more with two dice?

The population has 36 possibilities. To comput phobabilitydirectly, we use

3 + 4 +5 6 5+4+3+ 2+ 1+ 33 = Pr( 4)2—2.
waysto waysto - ways to  ways to
roll 4 roll 5 roll11 roll 12
Thatés a | ot of addition. l'tés much easier to note t
. 3 33
Prc4) =1 +2 3 Y Pr( 4):3—6=, and F@) 4 Pr( 4<)?6-.
ways to ways to
roll 2 roll 3
I n particular, the fiandd rules are often simpler t
probabiliortyhatfdo,itihti sis sometimes simpler to convert
compute the Aandod probability, and subtract it from 1

Example: From a standard 5@ard deck, drawa single card. Whatis the chanceitis a spade ora face
card (or both)? Note that these events are independent.

To compute directly, we use the Aorodo rule:
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Pr(spade=1/4, Pr( facecard =3/13,

Pr(spade or facecargi:l 43 1 —30 ___13«; 12-3 2
4 13 4 13 52 52

Because the two events are independemidy be simpler to compute the probability of drawing neither a
spade nor a faeeard, and subtracting from 1:
Pr(~spadg= 3/4, Pr(~ facecard) =10/13,
3 10 30 22

Pr(spade or facecaryi=1 -Pr(~ spadeand facecgrdd =-—01 = =
p g ( P 3 4 13 52 52

The benefit of convertiinncg etacs etsh eavi ¢ ihmproerre fMamrdo treulnmes ,
example.

Example: Removethe 12 face cardsfrom a standard®@ deck, leaving40 numbercards (aces are
1). Draw asingle card. Whatis the chanceitis a spade (S), low (L) (4 or less), orodd (O)? Note thatthese
3 events are independent.

To compute directly, we can countup the numberof ways the conditions can be met, and divide by the
population of 40 cards. There are 10 spades, 16 |l ow ¢
numbers, because we would double (and triptejnt many of the cards.

To compute directlywemuste x t e n d ruletioe3 cahditiorts, shown below.

o
.

Figure 7.2 Venn diagram for Spade, Low, and Odd.

Without proof, we state that the direct computation fromta@r m for 0o rule is this:
Pr(S)=1/4, PrL) =4/10, PO ) =1/2
Pr(S or L or O)= Pr(S) +Pr(L) +r(O)
- Pr(S)Pr(L) -Pr(S)Pr(O) -PrL)PrO) PrS)PrL)Pro
:1 +£ 1 al 4(3 4 a 1@} al
210 2 Fa102 E'z _103'2 42108
_10+16 +20 4 5 8- 2 +31
40 40

B .
90

It is far easier to compute the chance thatritdee of thesengither spade, nor low, nor ogdd
Pr(~S)=3/4, Pr(~L)=6/10, Pr(© )=1/2
Pr(SorLorO)=1-Pr(~Sand~L and © )=1 -Pr(S )Pr(+ )Pr(®
3 6,14 9 3

=1 — = .
4 10 2 40 40

You may have noticed that converting AS or L or OO0 i
Morgands theorem from Boolean algebra.
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Continuous Random Variables and Distributions

Probability is a little more complicated for continuous random variables. A continuous populationis a
set of random valuesthan cantake onvaluesin a continuousinterval of real numbers; for example, if | spin
a boardgame spinner, the little arrowcgno i nt i n ang<2direction: 0 O

g=0

Figure 7.3 Board game spinner

Furthemore all angles are equally likely. By inspection, we see that the probability of being in the first
quadrant i s<p/2)=Y.. Smiarlyp th¢ @obabilty of being in any intendalis:

Pr(qg in any intervatl = % d

I f ask, fiwhat is the deh?adn ¢ eh et hparto biatb iwiiltly lgaoneds atto
intervald djoes to zero. In this simple example, the probability of being in any intérdalthe same as
being in any other interval of the same size. Ingeneral, however, some systems have a probability per unit
interval that varies with the value of the random variable (cX) { wish | had a simple, everyday example
of this??). So

Pr(X in an infinitesimal intervatix around) =  pdf x( &, where
pdfx(x) [ probabdity distribution function of X.

| pdfx(x) has units ofX]/x. |

E.g., if Xhasunits of meter§X] = m), andxalso has units of meter{E m), then pdf(x) is dimensionless.
If [X] =dimensionless and][= s, then pdf(t) has units of 1/s.

By summing mutually exclusive probabilities, the probabilityXah anyfinite interval fa, b] is:
b
Pr@¢ X ¢h) ’r:] dxpdf(x).

Since any random variab¥must havesomereal value, the total probability of being betweerni® and
+D must be 1:

Pr(- & X 9 ofj=dxpdi(x) 1

The probability distribution function of a random variable tells you
everything there is to know about that random variable.

Population s

A population is a (often infinite) set of all possible values that a random variable may take on, along
with their probabilities. Asampleis a finite set of values of a random variable, where those values come
from the population of all possible values. The same value may be repeated in a sample. We often use
samples to estimate the characteristics of a much larger population.

A trial orinstanceis onevalue of a random variable.
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There is enormous confusion over the binomial (and similar) distributions, because each instance of a
binomial random variable comes from maayjempts at an event, where each attemptis labeled either
fifisuccesso or Afailure. o Superficially, an fAattempto
In the binomial distributionn attempts go into making singletrial (or instance) of a binomial random
variable.

Population Variance and Deviation

Thevarianceof a population is a measure of the fispreado
how widely spread outvalues of a random variable are likely to be [there are other measures of spread, too].
The variance of a population or samplaisiongthe most important paramesan statistics. Variance is
alwaysO , @nd is defined as the average squalif@rence between the random values and their average
value:

var(X)? <(X -)_()2> where ( ) is an operator which takes the average X & X.

Note that:

Whenever we write an operator such asXafe can think of it aa functionalof the PDF ofX
(recall that a functional acts on a function to produce a number).

var(X)? varf pdf ] 1ﬁn(x 5()2 pdf, (x) dx <(1 X _)§2>.

The units of variance are the square of the unitX:df/ar] = [X]2. From the definition, we see thdtli
multiply a set of random numbers by a constiathen | multiply thé& variance byk?2:

var(kX) = K var( X) where  Xis any set of random numb.

Any function, including variance, with the above property hemogeneousof-order-2 (2nd order
homogeneous??). We will retuom pl10to methods of estimating the variance of a population.

Population Standard Deviation

Thestandard deviatonof a population is another measure of th
simply as the square root of the varian&andard deviation is alwag® , &nd equals the rosheansquare
(RMS) ofthe deviations from the average:

dev(X)1 fvar(X) =f<(x 5()2> where () is an operator which takes the avel.

As with variance, we can think of de)@@s a functionalacting on pgk): dev[pd(x)]. The units of standard
deviation are the units f. From the definition, we see thdtlimultiply a set of random numbers by a
constank, then | multiply thé& standard deviation bl

dev(kX) = kdey X) where Xis any set of random numb.

Why Two Measures of Spread: Variance and Standard Deviation?

For most statisticalanalysis, the variance is more convenientto compute from, because variancesadd in
a simple way (se€r.7)). But variances have different units than measurements or averages, so for simple
comparisons, variances are not helpful. In contrast, standard deviation hasthe same units as measurements
and averages, and so direct comparisons are simple and meaningfu

Standard deviation and varianiceve many universal propertiesyen fornongaussian distributions.
We discussome of thesaswe go. There exist bounds on peecentage adinypopulation contained with
+ cl, forany numbec. Even $ronger boundapplyfor unimodal populations.
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Standard deviation and variance are useful measeves for nomormal populations.
Standard deviation has the same units as measurements and averages,
and so direct comparisons are simple and meaningful.

Normal (aka Gaussian) Distribution

The Anormal o or Afgaussiano distr i betcal aradmracticsl

extreme

reasonsFrommathworld.wolfram.com/NormalDistribution.html fiwWhi |l e st atisticians and
uniformly use the term 6nor mal distributgaaseiadn f or t hi
distribution and, because of its curved flaring shape

A gaussian distribution is any of a 2-parametefamily of distributions defined as a population with

1a4x-m 26 .
oEL 0 m* population average .
pdf(x) = e ¢ : where ) .. [picture??].
N2p s s 1 population standard deviatic

¢ and( are parameters:can be any realvalue, afid> 0 and real. This illustrates a common featfire
named distributions: they are usuallfaanily of distributions, parameterized by one or more parame#ers.
gaussian distribution is a@arameter distributiore andd. As noted below:

I Any linear combination of gaussian random variables is another gaussian random variali)le.

Gaussian distributions are tbaly distributionswith this property[ref??].

New Random Variables From Old Ones

Given two random variables andY, we can construct new random variables as functioxsaofdy
(trial values ofXandY). One common such new random variable is simply the sum:

Define Z* X + which means " trials z % .

We then ask, given pdtx) and pdf (y) (which isall we can knowaboutandY), whatis pd#(z)? To answer
this, considea particular value of X; we see that

Given X: Prg withindz of 2= P{ Y within dzof( z )}.
Butxis a value of a random variable, so the totaZRithin dzof 2) is the sum (integral) over adl
Pr(Z within dzof 2= ﬁ _ dxpdfy ( 3P Ywithin dof( z )k, but
Pr(Y within dzof ( z §) =pdf, ( z -k dz so
Pr(Z withindzof 2= dﬁu dpdfy ( xpdf, (= )x

o

Y pdf, (z) = ﬁ udxpdfx (Ypdf,(z-}.

This integral way of combining two functions, pff) and pd#(y) with a parameter is called the
convolution of pdfx and pdf, which is a function of aumberz
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Convolution ofpdfy
pdfx(X) pdfy(y) with pde atz=18

»l
: z=8 .

Figure 7.4 The convolution evaluated ats the area under the product pedpdfv(zi Xx).

From the above, we can easily deduce the@dif ZI X7 Y= X+ (i'Y). First, we find pdf v(y), and
then use the convolution rule. Note that

pdf._y,(y) = pdfy ( -y)

Y pdfz (2) = dxpdfy (Apdf vy (z-3 = fdxodfy (¥pdfy (x 3
Since we are integrating frofl® t o + B, wwith moa&ffect:s hi f t
X- x+z Y pdi(2 3 cdfy (x 4pdf, ( X

which is the standard form for tleerrelation function of two functions, pdf(x) and pdf(y).

Correlation ofpdfy

pdi(¥) pdf,(y) with pdf, atz=2

——
z=2

Figure 7.5 The correlation function evaluatedzs the area under the product pedf+ 2)pdfv(x).

ThePDF of the sum of two random variables is the convolution oir tARBFs
ThePDF of the difference of two random variables is the correlation function af Rd-s

Note that the convolution of a gaussian distribution with a different gaussian is anothergaussian. Therefore,
the sum of a gaussian random variable \&ittyother gaussian random variable is gaussian.

Some Distributions Have Infinite Variance, or Infinite Average

In principle, the only requirement on a PDF is that it be normalized:

A pdf(x) dx=1.
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Such a distribution haswalkefined probabilities for ak. However, evenigen that, it is possible thatthe
variance is infinite (or properly, undefined). For example, consider:

pdf(x) =2x3 x 21l o_ B ~ 2 _® i
o qu Y X=fj xpdf(x dx 2, but s _lﬁ?pdf(x)dx .

The above distribution is normalized, and has finite averagénfinite deviation. The following example
is even worse:

= -2 21{) . o] I}
paf(x) =X By X=f] xpdf() dx - 3 and s ="pf pdf()dx - .
=0 X 4_’37 0
This distribution is normalized, but has both infinite average and infinite deviation.

Are such distributions physically meaningful? Sometimes. The Lorentzian BadigWigner)
distribution is commonin physics, or atleast, a good approximation to physical phenomena. It has infinite
average and stredariamdtparanreterized fotm® are:

; L()C )b’g) :i a 1 5
p(1+x2) P I1+((x -%)/9)

where x ! locationof peakp * hal f - wi dt h a

L(x)=

(@}
o~

This is approximately the energy distribution of particles created indnighe r gy col |l i si ons. It

1 ax- 01
Cdfirentzian(X) = — arctang % o* -
p ¢ g =2

Samples and Parameter Estimation

We defineasampleas a set oh random valuegnstancesjaken from a populatiok. Aninstanceis
one random value from a population. Therefore, a sample is a set of instances.
Why Least Squares, and Least Chi -Squared ( 6?)?

We frequentl!l ysquarsee e §iil @ a dehsssuafep k as our definition of
sumsquareeresiduals? Certainly, one could use other definitions (seedeasimagnitudes below).

I Least squares residuals are most common because they have many useful propertiel;:

1. Squared residuals are reasonable: theyodre alway:

2. Squared residuals are continuous and differentiable functions of things like fit parameters
(magnitude residual is not differentiable). Differentiable meanswe can analytically minimize
it, and for linear fits, the resulting equations are linear.

3. The sumof-squaresidentity is only valid for leasquares fits; this identity allows usto cleanly

separate ourdataariationi nt o a A mesiduels 8 and 0

4. We can computemany other analytic results from least squargsich as Hests for
significance) which is not generally true with other residual measures.

5. Variance is defined as average of squared devi
uncorrelated random values simply add.

6. The central limit theorem causes gaussian distributions to appear frequently in the natural
world, and one of its two natural parameters is variaaoceaverage squaredsidual.

7. For gaussian residuals, least squares parameter estimates are also maximum likelittaod
misleading sensef mostlikely data given parameters, ratherthan the conyease minimum
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variance [Meyers 1996 p?2?[This property is sometimes given thereason for least squares,
but it is actually not very important.)

Least squares is not much motivated by géussian di
l' i kelihoodod argument . Many other reasons (aboy

Most other measures of residuals have fewer nice propeNie® that the residuals include both unmodeled
behavior andynmodelablgnoise, so even if youroiseis gaussian, your residuals are not.

Why Not Least-Sum-Magnitudes?

A common question is AWhy not magnitude-sof residual
magnitude residuals have at least two serious problems. First, they often yield clearly bad results; and second,
leastsummagnituderesiduals can be highly denerate: there are often an infinite number of solutions that
are fiequallyodo good, and thatodés bad.

To illustrate,Figure 7.6acomparesheleastsunma gni t ude @ a v ewith theuduafleast 3 poi nt ¢
squares averagesliding the average line up or down increases the magnitude difference forpoints 1 and 2,
and decreases the magnitude difference by the same amount forpoint 2. Points 1 and 2 totally dominate the
result, regardless of how large point 2 is. Thisitsiitively undesirable for most purposes.

Figure 7.6b and(c) show the degeneracy: both lines have equalsum magnitudes, but intufiiv &y
is vastly better for most purposes.

y y y
least sum il 1
squared o
average| 4 ./ */
WT 77777 X , X , X
least sum . .
magnitude . o
faverageo
(a) (b) (©)
Figure 76 (a) leastsumma gni t ude fAaver ageo-summadnijudeesidaaispl e f it t o
Thesummagnitude is unchanged by moving the Afit lineo

has same surmmagnituderesiduals, but is a much lelieely fit for realisticresidual distributions.

Other Misfit Measures

Thereare some cases where least squares residualsndvesrk well, in particular, if you have outliers
in yourdata. When you square the residual to an outlier, you get a really big number. This-sggidued
swampsoutyour (real) residuals, thuswreaking havoc with yourresults. The usual praciderisify the
outliers, remove them, and analyze the remaining data withdeaistres. However, on rare occasions, one
might work with a residual measure other than least squared residuals [Myers ??].

When working with data where each measurement hasits own uncertainty, we usually replace the least
squared residuals criterion with lea$tisquared. We discuss this later when considering data with
individual uncertaintie¢Ch 10).

Estimating Average, Variance, and Standard Deviation

In statistics, aefficientestimatorl  tmbseefficient estimator [ref??]. There is none better (i.e., none
with smaller variance). You can prove mathematically flestgaussian populationshe average and
variance of a sample are the most efficient estimators (least variance) of the population average and variance.
I't is impossible to do any bet Foegaussisnpopulatibndgmosit wort h |
efficient estimators aneast squaresestimators, which means that over many samples, they minimize the
sumsquared error from the true valu@Ve discussnaximumilikelihood estimators later.
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Note, however, thiegiven a set of measurements, some of them may not actually measure the population
of interest (i.e., they may be noise). If you can identify those bad measurements from a sample, you should
remove them before estimating any parameter. Usually, in mrepériments, there is always some
unremovable corruption of the desired signal, and this contributes to the uncertainty in the measurement.

Thesample averagefor a sample of valuesjs defined as:

and is the leastariance estimate of the averagé<of any populatiofref??] It isunbiased[ref??] which
means the average of masympleestimates approaches the true population average:

X) where (4 average, over the given parameter if not obsi.

<X> many samples: < over what

Note that

The definition of unbiased isotthat the estimator approaches the true value for large samples; it is
that theaverageof the estimator approaches the true value over many samples, even small samples.

The sample average, when taken as a set of values of many samples, is itself a random Madable.
be showrthatthe sample averades astandard deviatiorelated to thgopulation standard deviatian

=
N

In statistics,dev(x) is called thestandard error of the mean In experimentsdev(X) is the Zsigma
uncertainty in our estimate of theopulationaverage. However, most often, we know neitteamord, and

dev(X)= (7.1)

must estimatéothfrom our sample, usin ands. For flargeo siasiandthen, we use
S . .
dev(x)° N for "large" samples, i.en is "larg.
n

For smallsamples, we must still usas our estimate of the population deviation, since we have nothing
else. But instead of assuming thaev(X ) is gaussian, we use tegactdistribution, which is a little wider,

called at-distribution [W&M ??]. The tdistributionisaijpar amet er family, with the
of f r e aidlopdfit)iscomplicatd to write explicitly. The arguments similar to the gaussianW
(x 7 £)/C; both aremeasuresf dimensionless distance from the mean:

X — .
where "X ssample average, s =sample standard devie.

t1 X

S

We usd, andt-tables, to establish confidence intervigds??]

Sample Variance and Standard Deviation

The samplevariance and standard deviation are defined as:

A (x -X°  where Tis the sample average, as abova:{ ;3
i=1 (7.2)

st \/?
The sample variance is an efficient and unbiased estimatarff), the population variance fief f i ci ent 0

means no other estimatewar(X) has smaller varianceNote thag?is unbiased, butis biased because the
square root of the average is not equahaverage of the square root:
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(S)many samples d€V(X) ~ because <\/?> , < §> :

This exemplifies the importance of properly defining
(S)many samples 9€Y( X)  even though lims = devX) .

Sometimes you see variance defined with, Bind sometimes with XI( 1). Why? Thepopulation
varianceis definedas the meaisquared deviation from the population average. For a finite populatiolm
as test scores in a given classe find the population variance using\livhereN is the number of values
in the whole populationFor afinite population

N is the # of values in the entire populati
N

var(X)?! %a (X —njz where Xisthe!" value of the population (7.3)
i=1
I m* exact population average .

In contrast, thesample varianceis the variance of aampletaken from a population. The populaton
average is usually unknown. We can only estimatéd x> Then to make&? anunbiasecestimate of
var(X), we must use 1f(i 1) (as weshowlater) wherenis the sample siz@got population size

The sample variance related toa special case of curve fitting, where we fit a constax, o the
population. This is a single parameter,and so removes 1 degree of freedom from our fit errors. Hence, the
meansquared fit errofi.e., $?) has 1 degree of freedom less than the sample ¢idech more on curve
fitting later).

For asamplefrom a population when the average exactly known, we useas the weighting fos?
to bean unbiased estimatof var(x):

n
s? :%a (% -njz , which is justthe population varianc@.3) with Xi - x, N- n.
ol

In contrastinfinite populations with unknowa canonlyhave samples, and thus always ob&. But
asn- b, it do e s reéancamautetthe populatian vaviance either way:

n n
var(X)? Iim%a(x -7()2 sim A % ‘x)z,becausem'l' 1- nwhenn- D.
L]

n-en-1,°7

What Doess? Estimate?

Consider a noise model such Bigure 10.1, which has a syem under studyexternal noise, and
measurement noise. Tls&formula(7.2) estimates the variance froail sources of variation combined
Most referencestop here.

However, we take the next step, because it is importantin the uncenaigtyted cas€l0.11). If you
know the variance adne ofthe sourcesyou can back out of thes? estimate to get the variance of a subset
of compaments. For example, if you know the measurement uncertainty is a congtayiyou can find:

var(system external noige® s -2 (7.4)

This variance estimate can be negative! |

That would suggest that the (system + external) variance is small.

We give an analogou$ormula for uncertaintyweighted datan (10.11).
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Uncertainty of Uncertainty: How Big Is Infinity?

Sometimes, we need to know the uncertainty in our estimate of the population variance (or standard
deviation) i.e., we need des) We start bylooking more closely atthe uncertainty in our estimsttef the

population variancé?. The random variablw has chisquared distribution witlm i 1 degrees of
s

freedom [W&M Thm 6.16 p201r equivalently:

s2 S—Zcz(n-l) \4 var(sz) a s 2'6'2(n 3 —é
n-1 Fho1 8 n 1
dev(sz): 2 &
n-1
However, usually we ncertaimnyofrttee standardedeviatioh estim afeathertthhne

&. For that, wamust approximateysngthe factthasis function ofs: sl 22, For moderate or bigger
sample sizes, and confidence ranges up to 95% or so, we can use the approximate formula forthe deviation
of a function of a random variabléhis is essentially atorder Taylor expansian

Y=1(X) Y dev(Y) °f{(X)dey( X for small dev(X ).
vz 1 -1/2 1 (2 1 1
st(¢ Y dev(9 °Z(s?) " de| $ =—/ § = s = s
( ) (9 2( ) \( ) 2s\n- 1 \/2(n-1) \/Z(n _])
I This allows us t@ddress h e ruIen9f3®buimsb:stﬁatisti|cal infini

This rule is most often used in estimating the standard error of the,rdea@®) (see above), given by
_S oS

_ﬁ ﬁ
uncertaintydev(X ) needsto include both the true sampling uncertainty iand the uncertainty i To be

confident that ouix is within our claim, we need to expand our confidence limits, to allow for the chance
thatshappensto be low. The StudendiEtribution exactly handles this correction to our confidence limits
on X for all sample sizes.

dev(X) For small samples, thspproximation s n 6t s 0 ,@® moted abovéhdn e n

Howeverwhen can we ignore this correction? In otherwords, how big shdhddfor the gaussian (as
opposed td) distribution to be a good approximation. The uncertainsjisn

dev(s):;s .

2(n-1)
This might seem circular, because we still hdyewhi ch we dondét know) on the righ
itdéds effect is now reduced by t hidsakoredacedibpthisfacto] t i pl yi n ¢
and we can neglect it. Thus to first order, we have
dev(s)=s !

1 0 S.
(-9 J2n )
So long ashis dev(s) << s, we can ignore itIn other words:

dev(s)< <s ' __r <1, for X to be approximately gaussian, ana (.

2(n- 1)

(You may notice that des) is correlated withs: bigger s implies bigger (estimated) desy( so the
contribution todev(x ) from dev) doesnotadd in quadrature t§ &) Whenn = 30:
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1
2(30- 3

=0.13 < 4.

13% s pretty reasonable forthe uncertainty of the uncertaintyi,éx!(.devﬁz ) , andn=30 isawidely used
bound for good confidence tha8 G [ref??]

Central Limit Theorem For Continuous And Discrete Populations

The central limit theorem is important because it allows us to estimate some properties of a population
given onlyasample of the population, with no a priori informatidach sample has average. If we take
many samples, each will (likely) produce a differentaverage. Hence, the average of a sameplegisidom
variable,derivedfrom the originalpopulation

The central imit theorem says that fomypopulation, as the sample sizgrows,
the sample averaggpproachea gaussiarrandom variable, with average equal to the populatipn
average, anglar(sampleaveragegqual to the population variance dividedry

Mathematically, given a random varialewith meare and variancex?l  vX r (
2

. a
lim (%) gaussia%nsi where ( ; x 1sample averag.
n- o c n

aD: O

Note that the central limit theorem applies only to multiple samples fremgdepopulation (though
there are some variatioms the theorenthat can be applied to multiple populations). [It is possible to
construct large sums ofnultiple populations whose averaget not approachgaussian, e.g. in
communication theory, intedymbol interference (ISI)We will not go further into that.]

How does the Central Limit Theorem apply to a discrete population?If a population is discrete,
then any sample average is also discrete. But the gaussian distribution is continuous. So how canthe sample
average approach a gaussian for large sampl@8iZEhough the sample average is discrete, the density of
allowed values increases with If youbin many averages into a histogram, the histogsgproaclesthe
gaussian curve. For very largethebins can be chosennarrpsot hey fil ook o continuous.

TBS: Why binomial (discreet), Poisson (discreet), anesgiared (continuous) distributions approach
gaussian for large (or n).

Statistics of Functions of Random Variables

It follows from the definition of probability that the average value of any function of a random variable

(100) = _dx T3 pdfy (3.

We can apply this to our definitions of population average and population variance:

X1 (X) ) dopdfy (3, and  var(X) = hw( x ¥ pdf (x

Statistically Speaking: What Is The Significance of This?

Before we compute any uncertainties, we should understand what they mean. Statistical significance
interprets uncertainties. Itis one of the most misunderstood, and yet mostimportant, conceptsin science. It
underlies virtually all experimental andrsilation results. Beliefs (correct and incorrect) about statistical
significance drive experiment, research, funding, and policy.

Understanding statistical significance is a prerequisite to understanding science.
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This cannot be overstated, and yet many (if not most) scientists and engineers receive no formaltraining
in statistics. The following few pages describe statistical significance, surprisingly using almost no math.

Overview of Statistical Significance

The term Astatistically significanto hlas a preci
different than the common meaning |of the wor

Many experiments compare quantitative measures of two populations, e.g. the 1Qs of ferrets vs. gophers.
In any real experiment, the two measures will almost certainly differ. How should we interpret this
difference?

We can use statistics to tell us the meaning of t he
significanto in some particular experiment may, in fa
importance if we do anotherexperimentwitner resolution, enough to satisfy our subjective judgment of
iimportance. O For tinporencete mmdam aubjectivéassassnent af & measued d
result.

The statement iwe could not measure a differenceo
difference. o Statistical significance is a quantita
resolution of the statistics used to measure it.

This section requires an understanding of probability and uncertainty.

Statistical significance can be tricky, so we start with several high level statements about what statistical
significance isand is not. We then give more specific statements and examples.

Statistical significanceis many things:

Statistical significance is a measure of Jan experinm
It is nota measure of the importance of a result.

iStatistically significantd means fAimeasurable by thi
that we cannot fully trust the resufitom this experiment alonghe experiment was too crude to have
confidence in its own result.

Statistical significance is closely related to uncertainty.

Statistical significance is a quantitative statement of the probability that a result isnsted,d ofa
measurement error or the random result of sampling that just happened to turn out that way (by chance).

Statistical significance is a oneay street: if a result is statistically significant, it(jsrobably)real.
However, it may ormay notbe important. Incontrast,ifaresmbis t at i stically significant
know if itbés real or not. However, we wi || see that
meaningful and useful information.

If the difference between two results in an experiment is not statistically significant,
that difference may still be very real and important.

Details of Statistical Significance

A meaningfulmeasurement must contain two parts: the magnitude of the result, and the confidence limits
on it, both of which are quantitative statements. Wh
is 102 N 5 point s, 3% sehancertkeaathectuallaerage tQlisebetweer 9F aral 107.
We could also say that our 95%nfidence limitsare 97 to 107. Or, we could say that our 9&96ertainty
is 5 points. The confidence limits are sometimes cadledr bars, because on a graph, confidence limits
are conventionally drawn as little bars above and below the measured values.

Suppose we test gophers and find that their average
gophers have higher 1 Qs than ferrets?o I n other word
happen justby chance? To assess this, we comipe difference, and its uncertainty (recallthat uncorrelated
uncertainties add in quadrature):
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DIQ 107 102 *4 5+ 5=6 °  (gophers ferre

This says thatthe difference lies within our uncertainty, so we are not 95% confident that gophers have
higher | Qs. Therefore, we still dondét know if either
was not precise enough to measure éediince. This doasotmean thatthere is no difference. However,
we can say thatthere is a 95% chance that the difference is bétveerd 11 (5 + 6). A given experiment
measuring a difference can produce one of two results of statistical significance: (1) the difference i
statistically significant; or (2) it is not. Inthis case, the difference is not (statistically) significant atthe 95%
level.

I n addition, confidence |imits yield one of three r¢
important; or (2) notimportant, or (3) be inconclusive. Butjyggmento f how much is fimport
outside the scope of the experiment. For example, we may know from prior research thata 10 point average
|l Q difference makes a population a better source for
that thisis a subjective statement, and its precise meaning is outside our scope here.

Five of the six combinations of significance and importance are possible, as shown by the following
examples.

Example 1, not significant, and inconclusive importanceWi t h  t he gi WQerb+@, thenber s, o
fiimportanceodo of our result is inconclusive, because w
less than 10 points.

Example 2, not significant, but definitely not important. Suppose that prior research showed
(somehow) that a difference needed to be 20 points to
difference is not important, because the difference is very unlikely to be aslarge as 20 points. In this case,
even though the results are not statistically significant, they are very valutigg tell us something
meaningful and worthwhile, namely, the difference between the average 1Qs of ferrets and gophers is not
important for using them as a source for pilots. The experimental result is valuable, even though not
significant, because éstablishes anpper boundn the difference.

Example 3, significant, but inconclusive importance:Suppose again that a difference of 10 points is
important, but our measurements are: ferrets average 100 + 3 points, and gophers average 107 £ 2 points.
Then the difference is:

DIQ 107 100 *2 3+ 7=4 °  (gophers ferre

These results are statistically significant: there is betterthan a 95% chance thatthe average 1Qs of ferrets
and gophers are different. However, the importance ol
if the difference is more or leskan 10 points.

Example 4, significant and important: Suppose again thata difference of 10 points is important, but
we measure that ferrets average 102 * 3 points, and gophers average 117 * 2 points. Then the difference is:

DIQ {117 109 2 3+ 15=4 ° (gophers ferre

Now the difference is both statistically significant, and important, because there is a 95% chance that the
difference is > 10 points. We are better off choosing gophers to go to pilot school.

Example 5, significant, but not important: Suppose our measurements resulted in
DQ 5 4

Then the difference is significant, but not important, because we are confident that the difference < 10.
This result established an upperbound on the difference. In otherwords, our experiment was precise enough
that if the difference were important(e . , bi g enough to matter), then weodd

Finally, note that we cannot have a result thatis not significant, butimportant. Suppose our result was:
DIQ A1 12
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The difference is unmeasurably small, and possibly zero, so we certainly cannot say the difference is

i mportant . I n particular, we canét say the differenc
Thus we see that stating Athere is a statistically
because the difference could be tiny, and physically unimportant.
We have used here the common confidence | imit fract)
common fraction is 68%, or ~140. Anot her common fract

fractions are 95.45% and 99.73%, but the digiteelathe decimal point are usually meaningless (i.e., not
statistically significant!) Note that we cannot round 99.73% to the nearest integer, because that would be
100%, which is meaningless in this context. Because of the different confidence fraxtisesyou should
always state your fractions explicitly. You can state yourconfidence fraction once, atthe beginning, or along
with your uncertainty, e.g. 10 = 2({L

Caveat: We are assumingandom errors, which are defined as those that average out with larger
sample sizes.Systematic errorsdo not average out, and result from biases in our measurements. For
example, suppose the IQ test was prepared mostly by gophers, using gopher cultural symbols and metaphors
unfamiliar to most ferrets. Then gophers of equal intelligence will score hi@sebecause the test is not
fair. This bias changes the meaning of all our results, possibly drastically.

Ideally, when stating a difference, one should put a lower bound on it thatis physically important, and

give the probability (confidence) that the difference

is at least 10 p paintsorstlhissfate matters)i ng t hat 10
Examples

Here are some examples of meaningful andswaheaningful statements:

Meaningless Statements Meaningful Statements, possibly subjective
(appearing frequently in print) (not appearing enoughin print)

The difference in 1Q between groups A arl Our data show there is a 99% likelihood tha|
B is not statistically significant. the IQ difference between groups A and B i
(Because your experiment was bad, or | less than 1 point.

because the difference is small?)

We measured an average 1Q difference ¢ Our experiment had insufficient resolution t

points. (With what confidence?) tell if there was an important difference in |
Group A has a statistically significantly Our data show there is a 95% likelihood tha
higher IQ than group B. the IQ difference between groups A and B i
(How much higher? Is it important?) greater than 10 points.
Statistical significance summary: i St at i st i c al significanceodo is a
experimentds ability Weasefinepsoorltvasnacsabjsctived assessmentsofid t .

measurementthat may be guided by otherexperiments, and/orgut feel. Statistical significance says nothing
about whether the measured result is important or not.

Predictive Power: Another Way to Be Significant, but Not Important

Suppose that we have measured 1Qs of milions of ferrets and gophers over decades. Suppose their
population 1Qs are gaussian, and given by (noteigeeoflliuncertainties):

ferrets:102 20 gophers103 20 s(l.

The average difference is small, but because we have milions of measurements, the uncertainty in the
average is even smaller, and we have a statistically significant difference between the two groups.

Suppose we have only one slot open in pilot school, but two applicants: a ferret and a gopher. Who
should get the slot? We havenot measured these

Gignificanthydbh i gher | Qs t han ferrets, so wedll accept the
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To quantitatively assess the validity of this reasoning, let us suppose (simplistically) that pilot students
with an 1Q of 95 or better are 20% more likell.22) to succeed than those with 1Q < 95. From the given
statistics, 61.8% of ferretmave 1Qs > 95, vs. 65.5% of gophefBhatis, 61.8% of ferrets get the 1.Boost
in likelihood of success, and similarly for the gophers. Tinendlative probabilities of success are

ferrets: 0.382 0.618(1.2x 1.12 gophers: 0.346655(1.2) E1.

Thusa random gopher i$13/112 timesl¢ss than 0.7% moydikely to succeed thana random ferret. This

is pretty unimportant. In other words, species (between ferrets and gophers) is not a good predictor of
successSpecies isobad that many, many otherfacts will be better predictors of success. Height, eyesight,
years of schooling, and sports ability are probably all better predictors. The key point is this:

Differences in averageetween two populationgatare much smaller than the deviatiavishin the
populations, are poor predictors of individual outcomes.

Unbiased vs. Maximum -Likelihood Estimators
Move??

In experiments, we frequently have to estimate parameters from data. There is a very important
difference between Aunbiasedodo and Bomatimesneyare thei k el i hood
same. Sadly, two of the most popular experimental statistics bmolsisethese concepts, and their
distinction.

[Acommon erroristotrty o fideri veo wunbiased estimates wusing the prir
is impossible since the two concepts are very differé€e populartexyoes t hrough the exercise o
the formula forunbiasedsample variance from the principle of maximum likelihood, mecessarilygets the wrong
answer! Hand waving is then applied to wiggle out of the mistake.]

Everything in this section applies émbitrary distributions, not just gaussian. We follow these steps:

1. Terse definitions, which wono6ét be entirely clear &
2. Example of estimating the variance of a population (things still fuzzy).

3. Examplesof the need for maximurikelihood inboth single andepeated trials.

4

Realworld physics examples of different situations leading to different choices between unbiased
and maximurdikelihood.

5. Closing comments.

Terse definitions: In short:

An unbiased statistic is orvehose average is exactly righ: the limit of an infinite number of
estimates, the average of an unbiased statistic is exactly the population parameter

For examplethe average of many samplessgfopulation averagelikely closer to the right answer than
single sampleof the population averags.

A maximum likelihood statistic is one which is most likely to have produced the given the data. Note
that if it is biased, then the average of many maximum likelihood estimatesidbgst you closer tdahe
right answer. In other words, given a fixed set of data, maxidikelihood estimates have some merit, but
biased ones candét be combined wel/l with other sets of
should become more clear below.

Which is better, an unbiased estimate ora maxinliketihood estimate? It depends on whatyou goals
are.

Example of population variance: Given a sample of valudyi} from a population, amnbiased
estimate of the population variance is
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A (v- v

s20g? 1i=1—1 (unbiased estimat.
n -

If we take several samples of the population, compute an unbiased estimate of the variance foreach sample,
and average those estimates, we 61l | gUsudally,aunblased t er est i
estimators are those that minimize the ssopareeerror from the true valug(inciple of leastsquares.

However,what if we only getoneshot at estimating the population variance?

Examples: Maximum likelihood vs. unbiased:Suppose Monty Hall says Al &l gi
if you can estimate the variance (to within some tole
only get one chance, we donét care abouanttobvwe average

Mr. Hall the variance estimate thatrisost likelyto be right. One can show thatthe most likely estimate is
given by usingn in the denominator, instead af{ 1) [ref??}

n

. _\2
av-v
s,\ZAL == (maximume-likelihood estimate.
n

This is the estimate most likely to win the prize. Perhaps mbysically, if you need to choose how long

to fire a retrerocket to land a spacecraft on the moon, do you choose (a) the burn time that, averaged over
many spacecraft, reaches the moon, or (b) the burn time that is most likely to land yeurdordy craft

on themoon?

In the case of variance, the maximdikelihood estimate is smaller than the unbiased estimate by a
factorof o7 1)/n. If we were to make many maximulikelihood estimates, each one would be small by
the same factor. The average would then also be small by thatfactor. No amount of averaging would ever
fix this error. Our average estimate of the population variarmaddwmot get better with more estimates.

You might conclude that maximuikelihood estimates are only good for situations where you get a
single trial. However, we now show that maximdikelihood estimates can be useful even when there are
many trials of a statistical procesgpou are a medieval peasant barely keeping your family fed. Every
morning, the benevolent king goes to the castle tower overlooking the public square, and tosses out a gold
coin to the crowd. Whoever catches it, keeps it.

Being better educated than most medieval peasants, each day you record how far the coin goes, and
generate &DF (probability distribution function) for the distance from the tower. It looksHigeire7.7.

PDF

— distance
most likely average

Figure 7.7 Gold coin toss distance PDF.

The mostlkely distance is notably different than the average distance. Given this information, where do

you stand each day? Answer: At the midstly distance, because that maximizesyour payoff not only for

one trial, but across many trials overalg t i me . The fibestodo estimator i s in
peasant, you daverdge, oleast sqaares but you doecare about most money.

Note that the previous example of landing a spacecraftisthe same asthe gold coin question: even if you
launch many spacecraft, foreach one you would give therastlikely to land the craft. The average of
many failed landings has no value.
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Real physics examplesExample 1: Suppose you need to generate a beam of ions, all moving atvery
close to the same speed. You generate yourions in a plasma, with a Maxwellian thermalspeed distribution
(roughly the same shape as the gold coin Ri39. Then you send the ions through a velocity selector to
pick out only those very close to a single speed. You cantune yourvelocity selector to pick any speed. Now
ions are not cheap, so you want your velocity selector to get the mostions frone¢dedsgiribution that it
can. Thatspeed is the mdikely speed, notthe average speed. So here again, we see thdikehobts
a valid use even in repeated trials of random processes.

Example 2: Suppose you are tracing out the orbit of the moon around the earth by measuring the
distance between the two. Any given dayds measur emen
you must make many measurementsoverseveralyears. Yot hmvef it a model of the moor
l arge set of measurements. Youbdd |l ike yeachdayf it t o ge
you choose to makenbiasedestimates of the distance, so thatawrerage, over time, your estimate of the
orbit gets better and better.-likfelihsbdadsybmactlhbhoseyeo
the average (in the same direction) every day, and no amountmigngwould ever fix thatiLunarLaser
Ranging was my dissertation research project.]

Wrap up: When you hava symmetric,unimodal distribution for a parameter estimégmmetric
around a single maximum), then the unbiased and maxiiikefinood estimates are identical. This is true,
for example, for the average of a gaussian distributionany symmetric distribution) For gaussian
populationsthe leastsquares estimatof@hich minimize the sursquared error from the true vajuere
both unbiased and minimum variance (aka most HfAef ficie

For asymmetric or muftinodal distributions, the unbiased and maximlikelihood estimates
are different, and have different properties.

Introduction to  Correlation and Dependence

To take a sample of a random varia¥lksay temperatureyve get a value ofi for each sample poimgt
i=1..n. If we measuretwo quantities (say temperature and prestueafor each sample point we get
not one, buttwo, random variablgsandyi. The two random variablesandyi may or may not be related
to each other. We define the joint probability distribution functioXahdY such that

Prix<X <x dxandy Y y €y pdi,+(x yrdxc

This is just a Adimensional version of a typical pdf. SingeandY are random variables, we could look at
either of them and find its individual pdf: pdk), and pdi(y). If XandY have nothingto do with each other
(i.e., X andY areindependen), then a fundamentalaxiom of probability says that the probabéditysityof
findingx< X< x+dx and y<Y <y+ dyis the product of the two pdfs:

X andY are independentY paf x(y,=) pdfx( )pdfy

The above equation is tliefinition of statistical independence

Two random variables are independent if and only if
their joint distribution function is the product of the individual distribution functions.

Very differentfrom dependenceistleenceppfi cor rel at i on. 0 Cor fireddpt i on i s &
related two random variables ard/e discuss correlation in more detail later, huuins out that we can
define correlation mathematically by the correlation coefficjant better, the coefficient of determination)
We start by defining theovarianceof two random variables, and then the correlation coeffigient

) e < cov(X,Y) . .
cov(X, V)t (X -X)(Y ¥)) . r(XY S—&J— correlation coefficier. (7.5)

X

The correlation coefficient(X, Y) is proportionalto the covariancev(X, Y). If } (or the covariancey 0,
thenX andY are uncorrelated. If (or the covariance) 0, thenX andY arecorrelated. For a discrete
random variable:
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population

roa (x-xXy )

i=1
Notethat} and covariance are symmetricirandY:

cov(X.,Y)=co(Y,X), r( X,y =£Y, X ( symmetri.

Two random variables are uncorrelated if and onthdir covariancés zero.

Being independentis a stronger statemenmtirecorrelated. Random variables which are independent
arenecessarily uncorrelated (proof belowBut variables which are uncorrelated can be highly dependent.
For example, suppose we have a random varkgbidich is uniformly distributed over [, 1]. Now define
a new random variabMsuch thaty =X2. Clearly,Yis dependent ok, butYis uncorrelated witiX. Y and
X are dependent because given either, we know a lot about the other. They are uncorrelated because for

everyY value, there is one positive and one negative valix o8o for every value ofX - X)(Y -¥),
there is its negative, as well. The average is thereforeefcd) ov(X, Y) = 0.

A crucial point is:

I Variances add fonncorrelatedvariables, even if they are dependent. |

This is easy to show. Given thdandYare uncorrelated:
var(x+v) {gx ¥ (X W (% F{ ¥ ¥
=((x %) a(x XY ¥ (V)
=((x %)) 2{(x T +{(v -¥))

=var(X) +var(y).

All we needed to mve that variances add is thaivgX, Y) = 0. (This is a special case of our statistical
algebra, discussed belgw

Independent Random Variables are Uncorrelated

Itis extremely usefulto knowthatindependent random variables are necessarily uncorrelated. We prove
this now, in partto introduce some methods of statisticalanalysis, and to emphasize the distinction between
funcorrel atedo a n dtandingadadyssenetdoelsnehablées youllonatadyzesa new system
reliably, so learning these methods is important for research.

Two random variables anedependentif they have no relationship at all. Mathematically, the definition
of statistical independenceof two random variables is that the joint density is simply the product of the
individual densities:

pdf, , (x,y) = pdfy (x) pdf, (y) statistical independen,
The definition ofuncorrelatedis that the covariance, or equivalently the correlation coefficient, is zero:

cov(x,y)? <(x ng()( y /;7)> 0= uncorrelated random variab. (7.6)

AUncorrel at edd strmightlinesrelatiomship between the two RVs, but there may be other
relationships.

These definitions are all we need to prove thatindependentrandom variables are uncorrelated. First, we
prove a slightly simpler claim: independer@romeanrandom variables are uncorrelated:
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Given: myt 'r‘jdx pdf (x) =0, g * 1’1!"¥pd1‘y (x) €

then the integralmplied in (7.6) factors intox andy integrals, because the joint density of independent

random variables factors:

cov(x.y)=(x) i, fixdypds, (xyxyae dmlfx(xogdpdfny ¢

For nonzeromean random variable,{ €x) isa zereamean random value, assi( €y). Butthese are
the quantities that appearin the definition of covariafice)d). Therefore, the covariance afhytwo

independent random variables is zero.

Independent random variables are necessarily uncorrelated, but the connetseiss:
uncorrelated random variables may still be dependent.

For example, iX A uniform( 1,1), andY W X2, thenX andY are uncorrelated, but highly dependent.

r You Serious?

This section is a brief introduction to the correlation coefficientThis is a special case of linear
regression, so weeturn toits meaning in more detail after we study Analysis of Variance (ANOVA).

Ask the average persononthestreetil s a correlation coefficient

get a response |ike, i Wo w, 40 %. That 6s

l ot . o

calculation (that we explain more carefully below)= 0.4 meanshatsubtracting the predictions af
straightline fit can reducehe variancéy a fraction of?2 = 0.16, to 0.84 of its original value. The standard
deviation is then (0.84% = 0.92 of its original value, for a decrease of only 8%! Pretty paltry from a

correlation coefficient of = 0.4.

A correlation is typically only significant above abqut 0.41 0.5.

To see why, we firstecall that the standard deviatiol,of a data setis a reasonable measure of its

of

0

variaton:thas the same units as the measurements and he
contrast, the variancé?, is alsoan important and useful measure of variation, but it cannot be directly
compared to measurements or averages.)
Now considerthe correlation coefficient (rather tharr, which is an estimate gf. For definiteness,
consider a set of measuremeyptand their predictorsi. The predictors might be a controlled variable, or
anothermeasurementtells us what fraction of thearianceof yi is accounted for by the. In other words,
if we subtract out the values gfthat are predicted by the, by what fraction is the variance reduced?
2 Var(yi - Ypred,i) . var(y, 'ypred,i)
resl ——4 Y Fo== T
var(y;) var( y )
But animportant point isby what fraction igireduced? Sincé= (variance)
o 2»4
S S .
1- r2 SJnew B hew Jy 2 seduction 1 —few 4 f1 2
¢c s = s s
For even moderate valuesgfthe reduction iniis small Figure 7.8) . I n f agth, 0i.t56s wheetr eun't
thereductioninii s about 13%, that the correlation starts to I
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Figure 7.8 Fractional reduction imivs.}, for a predictor with correlation coefficient The curve
is an arc of a circle.

We return tahe meaning of correlation coefficient after we study ANOVA (Analysis of Variance).

Statistic al Analysis Algebra

Statistical analysis relies on a number of basic properties of combining random variables (RVs), which
define an algebra of statistics. This algebra of RV interaction relates to distributions, averages, variances,
and other properties. Within this algabthere is much confusion aboutwhich results apply universally, and
which apply only conditionally: e.g., gaussian distributions, independent RVs, uncorrelated RVs, etc. We
explicitly addresall conditions here. We will use all of these methods later, especially when we derive the
lessetknown results for uncertainty weighted data.

We first state (without proof) tbe important rules of statistical algebvalid always

(kX) = k{ X), dev(kX) =kdev(X), var(kX) =k var(X.
We nextderive threeadditionalimportant rules of statistical algebra. For random varialaledy:
1. (x+y) X @&y, for arbitrarydependence between ary.
2. var(x+y) =var(x) warly) 2covk.y. (7.7)

5. (0)=(9()) <ov(x ).

I They are true foall distributions, and all dependence relationships. |

We nowexplore and prove the aboven8mberedules.

[For other interesting results, see
https://www.probabilitycourse.com/chapter5/5_3_1_covariance_correlatior.php

The Average of a Sum: Easy?

We all know thatx + y> = <> + <y>. But s this true even ¥ andy aredependentandom variables
(RVs) ? Let 6s xtgefordepandentwaxiabled by intelgrating over the joint density:

(x+y) ", Ff dypdf, (x y( x4y = dfpr (XY x o+ dxdydfy, @y
=(x) «y).
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Therefore, the resuis easy, and essential for all further analyses:

I The average of a sum equals the sum of averages, even for R¥fstodry dependence. |

Variance of a Sum

We frequently need the variance of a sum of possiefgendenRVs. We derive it here for Rusy:

var(x+ y) <(X y m ’W)Z> <8(¥ 1)7(y J?)'nzg>
(lxmP) Gy o) alex aly SN e varye 2covtc)

If xandy are uncorrelated, the variance of the sum =the sum of the variances.

The Average of a Product

Life sure would be great if the average of a produc
general. Although, sometimesitis. As scientists, we need to know the difference. x@ivéyiare random
variables (RVs), what isxg>?

I n statistical analysis, it is often surprisingly u:¢
plus its average; therefore, we define:

X1 adx +m y 'y §m Y ( %d 3 @.
Note thatex andey are constantandi xandl yre RVs Then we can evaluate:
<xy>:<(dx +Q)( v +y)’>7 (=x g dyW”P’M+”7< i
=mgdx My P g @vxy).

| The average of the product is the product of the avernglgeshe covariance. |

(7.8)

Only if xandyare uncorrelated, which is implied if they are independentiiseassion aroun(r.10)), then
the average of the product is the product of the averages.

This rule provides a simple corollary: the average of an RV squared:

<x2>=n;(2 €ov(x,x) T ¥ (7.9)

Covariance Revisited

The covariance comes up so frequently in statistical analysis that it merits an understanding of its
properties as part of the statistical algebra. Covariance appearsdirectly in the formulas for the variance of a
sum, and the average of a product, of R\{sou might remember this by considering the units. For a sum
x+Vy:[X] = [y] and Far(x+Yy)] = [xq] = [y?] = [cov(x, y)]. For a producky: [xy] = [cov(x,y)].) Conceptually,
the covariance of two RVg andb, measures how mu@mendb vary together linearly from their respective
averages. If positive, it meaasndb tend to go up together; if negative, it meariends to go up wheh
goes down, and vieeersa.

Covariancg7.10) is defined as a population average

cov(x,y)? <(x n;()( y @7)> (7.10)

From ths definition, we see that cov()is a bilinear, commutative operator:

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1240f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

Given: a,b,c,d are random variablesk!  constant:

cov(@a,b)= cov(p,a)

cov(ka,b)= cov(a,kb) =kcov(a,b)

cov(@+c,b) =cov(a,b) ¢ov(c,b), cov@b d) cev@,b) cov@,d

Occasionally, when expanding a covariance, there may be constantsin the arguments. We can consider
a constant as a random variable which always equals its average, so:

cov(@,k)=0
cov(@+k,b) =cov(a,b k) ocov(a,b)
From the definition(7.10), we find that the covariance of an RV wi

cov(a,a)= var@).

Capabilities and Limits of the Sample Variance

The following developments yield important results, and illustrate some methods of statistical algebra
that are worth understanding. We wish to determine an unbiased estimatorfor the population &riance,
from a sample (set) ofindependentvalueyd, in two cases: (1) we already know the population average
e, and (2) we dondét know the population average. The
need this foundation of process to be rock solid, since so much is built upon it.

G2f rom sampl e aMediuskstad with theefinitionof population variance asan average
over the population:

=z

y. (7.11)

s21 <(y - /)72> where  mty average over population ofy i
1

1
N- & N

A simple guess for the estimator @ motivated by the definition, might be:
2, 1 2
g ﬁa (v -m (a guess.

We now analyze ourguess over many samples ofisipesee how it performs. By definition, to be unbiased,
the average of2 over an ensemble of samples of sizmust equal?:

unbiased: <g2> =s? l<(y

d
ensemble population.

Mathematically, we find an ensemble average by letting the number of ensembles go to infinity, and the

definition of population average is given by letting the number of individual values go to infinityM bet
the number of ensembles. Then:

) 1 M, 1Mo, 2
RN v = N vl - Bl O
m=1 m i E

ensemble M- o M

Since all theyi above are distinct, we can combine the summations. Effectively, we have converted the
ensemble average on the RHS to a population average, whose properties we know:

(o) = lim iMn(y, - fy ) 3.

ensemble M- & Mn iz1 population

We have proved that our guess is an unbiased estimator of the population vafance,
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(Infact, since we already knowthatthe sample average is an unbiased estimate of the population average,
and the variancé is defined as a population averaigé squared differencesthen we can conclude
immediately that theampleaverage of s 1 €)2>is an unbiased estimate of tpepulationaverage <f 1
£)2>W (2. Again, we took the long route above to illustrate important methods that we will use again.)

Note that the denominatorisand noni 1,
because we started with separate knowledge of the population agerage

For example, when figuring the standard deviation of gradesin a class, omaruses denominator, since
the class average is known exactly.

G2 from sample alone: A harder case is estimatitgwhene is not known. As before, we must start
with a guess atan estimator, and then analyze our guess to see how it performs. A simple guess, motivated
by the definition, might be:

n n
s aly -‘y)2 (a guess) where ~y % a .
i=1 i 4

By definition, to be unbiased, the averagedver an ensemble of samples of siemust equaf?. We
now consider the sum igf. We first show a failed attempt, and then how to avoid it. If we try to analyze
the sum directly, we get:

n n n n

(Ao} 800 2y #) de) 2w

i=1 I3 L F i 1= |
by interchanindgZz wi t h by distrit
the ensemble average the sumioras

In this equation, angle brackets mean ensemble averBge first equality is simply moving the ensemble
average inside the summation, equivalent to interchangingthe summation order of the ensemble average and
the given sample summation.

[By tradition,many sourced on 6t expl i ci tl y | a bheyare averagihgeoveb, and mdket s t o
you figure it out. Even better, as we saw earlier, sometimes the angle brackets mean ensemble average, and
sometimes they mean population average. This is a crucial difference in definition, and a common source of
confusion in statistical analysis: just what are we averaging over, anyWdgry to be more explicit in this woik.

The second equality is distributing the ensemble average and sample summation overthe 3 terms. Then
the RHS, the first ensemble average is the same asthe population average. However, furtheranalysis of the
ensemble averages at this point is messy (more on this later).

To avoid the mess, we note that definit{@B) requires us to somehow introduce the population average
into the analysis, even thoughiit is unknown. By trial and error, we find it is easier to start with the population
average, and write it in terms ¢f , by adding and sutacting y in the sum

n n n n n
s 2 _ 2 . _\2 _ .s _ s 2
a-n" =80 9 6 ¥ & V-2Av+mp &I @y
i=1 ] i E i 1= i 1=
=0 . (712

In the second term(y - /7) does notdepend anso it comes out of the summation. Titeesecond term
is identically zero, because:

n n
av-v)=ay Ay m nyo.

i=1 i 4
Now we can take the ensemble average of the remains of thefssquares equatiafi.12), and bring the
ensemble averages inside the sum
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<an(y| nj2> ,<na(y| 7)2> <-+“§_y /)72> () ensemble avera

_ézll<(yi-")2> ’<_n§'(y. 7)2> iy #).

All the ensemble averagesin the sum on the LHS are the same, and equal the population average, which is
the definition oft2. On the RHS, we use the known propertiesjaf

(y)=m <(7 r)%> vary) %/n.

Then we have:

<éi(yi-v)2> {n Ps?.

i=1

Thus we see our guess f8iis correct and this also gives the constant of proportionaffhusthe unbiased
sample estimator is:

We made no assumptions at all about the distribution tiferefore:

I & is an unbiased estimator of population variaéctr anydistribution.

How to Do Statistical Analysis Wrong, and How to Fix It

The following example development contains one error thatillustrates a common mistake in statistical
analysis: failure to account fordependence between random values. We then show how to correct the error
using our statistical algebra. This examplaralyzes an earlier goal: to determine an unbiased estimator
for the population variancéz, from a sample ofi values §i}.

As before, we start with a guess that our unbiased estimatBriofproportional to the sum squared
deviation from the average (similar to the messy attempt we gave up on earlier). Since we know we must
introduceg into the computation, we choose to expand the sum by adding and subteacting

Alv-v =8y A (my)g &y Y-av+)o-m (-

i=1 e i E

Now we take ensemble averages, and bring them inside the summations:
(B0 5F) =Blr ) 28y ) () T
i=1 ] i E

All the ensemble averageson the RHS now equaltheir population averages. We consider each of the three
terms in turn:

1 <(y. - f732> =<(y, —/)72> %, and the summation in the first term on the right is
ensemble population

n times this.
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1 Inthe 29term onthe RHS, thensembl@averages of both factory; { €) and (7 y) , are zero, so
we drop that term.

1 ((my)) 4 ) vem  wn

Then:

n

Aly °-(wond). (7.14)
3

<é(yi-7)2> T & (m 1)+§ v & 1

+
i=1 n 1i

Clearly, this is wrong: the denominator shoulde{). Whathappened? See if you can figure it out before
reading further.

Really, stop reading now, and figure out what went wrong. Apply our statistical algebra.

The error is in the second bullet above: just becau
product averagesto zero (see the average of a pri@i8)gt Infact,the average of the product mustinclude
their covariance. Inthis case, any giwenorrelates (positively) withy becausey includes eacli. Then

for a givenk, using the bilinearity of covariance ié constant):

n

a

j=1

=l

cov((yk- M my)) =ceyy) eo Y

"093;35 Qo

By assumption, thg areindependensamples of/, and therefore have zero covariance between them:
cov(y,,y;)=0, k ,j, and CoVff, W ) 2.
Thus te only term in the summation oyghat survives the covariance operation is wherk:

5_2
o

|-O:On

- a 1
ou(ye- M m5) =col %
Therefore, equatiofy.14) should include the summation term fr¢l3) that we incorrectly dropped. The

ensemble average of each term in that summation is the same, which we just computed, so tha result is
times { B&/n):

<.a?.(yi'7)2> s a4 (re1) 3 v & i:ré(.y 3? Arighty).
i=1 n n-1.7

Order is restored to the universe.
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8 Fitting Roo0OmMm: Fitting Parameter

Introduction to Data Fitting (Curve Fitting)

Suppose we have an ideal process, with an ideal gus(x) mapping an independent variakleo a

dependentvariable Now we take a set of measurements of this process, thatis, we measure a set of data

pairs i, i), Figure 8.1a.

y(X) y(X)

(a) idealcurve with norrideal data (b) same datawith straight line gues

Figure 8.1 (a) Ideal curve with nosideal data. If) The same data with a straight line fit.

Suppose f urknbowahe ideaécurdepbutdve have to guess it. Typically, we make a gaess

model) of the general form of the curve from theoretical or empirical information, but we leave the exact

parameters of the curve Afree. o For e x a mpFigee
8.1b):

Ymod(¥) = mx +k,

but we leave the slope and intercaptandb) of the curveasyetunknown. (We might guess other fasm

with other, possibly more parameters.) Thenfiteour curve to the data, which means we compute the
valuesoimandbwhi ch fAbest o fit t he da tmandomifiiBizzsdamé measue n S

of ferr orfigdreotnzelit (FOM), dorhpared tall othervalues omandb. For data with constant
uncertainty, the most common figure of merit is the ssquaredesidual

n
sum-squared-residualSSE 1a residugt
i=1
. " 2
= § (measurement- mogdf =( measurementz o4 ; ))
i=1 i1
where  y,.4( ¥ is our fitting function .

The fneasuremernit curve is often written ad® i C) for (ocbserved computedl In our example of fitting
to a straight line, for given values ofandb, we have:

SSE § residugt =Z y ¢ mx .

i=1 i3

Curve fitting is the process of finding the values of all our unknown parameters
such that they minimizeome error functioFOM)
(for constant uncertaintyhe sumsquaredesiduafrom our data.

The purpose of fitting, in general, is to estimate parameters, some of which may not have simple, closed

form estimators.
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We discuss data with varying uncertainty laflesteroskedasticdata) in that more general case, we
adjust parameters to minimize tbéparameter.

An importantspecialcase f cur ve f it t i(nagk a si IAiln enasvaichrwef dist¢essisni goon 0 ) ,
in much more detail latelinear regressionin generaljs much morehanfitting to a straight line.

Goodness of Fit

Chi-Squared Distribution

Notational problemin the literature?; sometimes mearmd with 3 degrees of freedom, and sometimes
meangeduceds? with 3d egr ees of f r eed o &(@;x) for thenfull B2 istributioneahd t o use
G%ed(3; X) to denote explicitly the redua distribution ande?eq forthe statistic

You dondt really qfdstioution tw understhedrtted statisticlbuttwh starthere
because itdés helpful background.

Notation: X[ D(X) meansis a random variable with probability distribution functi®DF) = D(x).
X1 kD(X meansXis an RV which ik (a constant) times an RV whichGsD.

Chissquared @) distributions are a family odistributions characterized by oparameter, called
(Greek nu)thefid e gr e e s . (Contrastevithdhe gaussian distribution, which has two parameters,

the meang, and standard deviatiof, ) S o0 wsquaredaisya-pfiacrhaimet er dkalnmasti buti on. 0o
always an integer. The simplest caseisl: if we define a new random variab{érom a gaussian random
variableg, as
X =c?, where ¢l gaussiagn 78, ?s 1} i.e. avg Osvariance ,
thenX has ac?; distribution. 1.e.62(3=1; x) is the probability distribution function of the square dfeao
mean univariancegaussian.
For generas, G2(3 x) is thePDF of thesumof the squares &findependengaussian random variables:
n
Y=a ciz, where ¢ | gaussigh 78, 251§ i.e. avg Osstd deviation .
i=1
Thus, the random variab¥above has &2(3) distribution (Figure 8.2). Chisquared random variables are
always O 0, since they are the sums of squares of gau
is continuous, the ckiquared distributions are also continuous.
fr(z) X - Fi(z) Xt
0.5 T k;; 1.0
k=3
0.4 iy I 0.8 —
: — k=6 k=1
0.3 =iy 06 — k=2
7 ) k=3
0.2 0.4 = k=4
| — k=6
0.1 0.2 — h—g
0.0 ( . S 0.0 ]
@ © 1 2 3 4 5 6 7 8 )y o 1 2 3 4 5 6 7 87

Figure 8.2 PDF @) and CDF ) of somec?(k; x) distributions. ¢2(1;0) - D. 6%2;0) = %.
[http://enwikipedia.orgwiki/Chisquareddistribution]

From the definition, we can also see that the sum of twaahared random variables is another chi
squared random variable:

Let Ai c?(n),Bi é(m, then A+B iZ(n m.
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By the central limit theorem, this meansthat forlaagehisquared itself approaches gaussigimwever, a
¢ random variable (RV) is always positive, whereas any gaussian PDF extends to negative infinity.

We can show that
<02(1)>:1, var( (,2(13 =2
\% <cz( /)>= n var( 2(c)) w2 lB)de\( 2 )C#E
We donét wusually need the RAVMMY20Q7p2006 or m, but

Xn/2- 1e x/2

PDF: ¢? =2 =
&) Gn/2)2"'?

For r# 3, thereis a maximum at 72 .

For3a =1 or 2, there is no maximum, and the PDF is monotonically decreasing.

Chi-Squared Statistic

As seen above?is a continuous probability distribution. However, there is a goodaiefistest which
computes atatistica | s 0 ¢ aslqgl veadr didsthtisticis ffomia slistribution thatis often close t@a
distribution, but be careful to distinguish between stedistice? and thedistribution 2.

The chisquaredtatisticis notrequiredto be from a chsquared distribution, thoughritay be All the
chisquaredstatisticreally requires is that the variances of msidualadd, which is to say that orasiduals
are uncorrelated (not necessarily indepengidnatugh independarimplies uncorrelated

The & statisticis valid for any distribution of uncorrelatedsiduals
The & statistichas ac? distribution only if theresidualsare gaussian.

However, for larges, the 2 distribution approaches gaussian, as does the sum of many valaey of
distribution. Therefore:

The@? distribution is a reasonable approximation to the distribution ofcsyatistic
with 3 >~ 20, even if theesidualsare not gaussiajnef??]

To illustrate, consider a set of measurements, each with uncerntiaimiyenif the set of {measurement
i mode)/u} has zero mean,litas standardeviation = 1 even for norgaussian residuals

Define: dev(X }* standard deviation of randomiatte X, also writters 5

var(X)?* (dev(X ))2 =variance of random variabl , alsdtrens .

deVare5|dual %1 v var résidual _5
¢ u - cu +

As a special case, babtrequired for ac? statistic if ourresidualsare @ussian:

- o A 2,
residualy gaussiaf0,1) Y S‘ew' 81 c2 ().
c u =

For 3 > -anydigtriputioniof résiduals:

aresidual 260 02
g & 1c*).
(o} u =

When fitting a curve to datathe uncertaintie®often vary from measurement to measurement
(heteroskedastic data)n that case, we are fitting a curve to data triplesy{, ui). Still, the error divided
by uncertainty for any single measurement is unit devigfimnanydistribution of residuals)
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devgerw 81, and ar—s,— résidual 8 for all.

If we haven measurements, with uncorrelatesidualsthen because variances add:

residuaj 0 _ _ & residual O
var@ residugy gn. For gaussian residuals: a$—a 0 c?n.
Ci=1 Ui T i2€C

Returning to our ideal process frdfigure 8.1a, with an idealcurve mappingan independent variable
to a dependent variabye we now take a set of measurementsith known uncertaintiesi. Then our
dimensionlesstatistice® for theideal curveis defined as

221 a” aresidua] © 0 _“-a |”a;aasuremqr}t ideal g 2” gaussian residuals and .
i=1 G e u 2 i3 C y @y areaccurateg? & ()

For zeremean errorsthis 2 has an average of

) .. aresidua)
(4)=( 4 Feste G
iz1G U

Now suppose we ha¥i a curve to ourdata, i.e. we guessddractionalform, and found the parameters
which minimize thes? statisticfor that form with our datalf our fit is good, then our curve \gry close to
theideal (orfi r €) delpéndence curve fgras a function ok, and our errors will bessentiallyrandom (no
systematic error). We now compute testatisticfor ourfit:

n n
021 5 aresiduaj 5L
‘de— - ¢67a
i=1G i T i
If our fit is good, the numbea? will likely be close ton. (We will soon modify the distribution of the
statistic but for now, it illustrates our principle.)

.2
naeasuremqn{ ifit
c; Y

If our fit is bad, there will be significant systematic fit error in addition to our randoiseerror, and
our@? statisticwill be much larger than. Summarizing:

If &?is close ton, then ouffit residualsare no worse than our measurement
uncertaintes and t he fdisgmuchdargérthamtbdenour | f
fit residualsare worse than our measuremantertaintes s o our f it muys-t be

By the way, ifé? << n, then our uncertainties must be overestimated.

Degrees of freedom: So far we haveignorethefid e gr e e s  mftheffitt wheeld wermow
motivate.(We prove this in detail laterLonsider agaiastraightline fit to the datgFigure 8.1b). We are
free to choose our parameterandbt o def i heneuod 0 Biudatapomts, weosld(if weo f
wanted) choose oum andbto exactlygo through two of the data pointEhis guaranteesthat two of our fit
residualsare zero. Ihi s | ar ge, it won ot mesidgalsiafdiinstead eédbgingthé f e c t
sum of n squaredresiduals it is approximately the sum oh (i 2) squaredesiduals In this case,

<02>° n -2. Arigorous analysigiven late)s hows t hat for the best fit |
throughanyof the data points), and gaussi&aidualsthen<cz> =n -2, exactly This conceptgeneralizes
quite far:

T BEven if whelirteexadlytodn points;

1 Evenif our fit-curve is not a line;

1 Even if we tave more than 2 fit parameters;
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the effecbf a fitis to reduce the? statisticto be a sum of less tharsquaredesiduals The effective number
of squareeresidualdn thee? sum is called thdegrees of freedom (dof)and is given by

dof * n {#fit parameter.

Thusfor gaussian residuals, apdinear fit parametershe parametersf ourc? statistic are really
<cz> =dof = ¢ dev( E) JAdof) J#n p. (8.1)

I For nonlinear fits, waisuallyuse the same formula as approximation |

Reduced ChiSquared Statistic

Since it is awkward for everyone to knawthe number of points in our fit, is convenient to define a
fi g o o dofeists0d p a r alesslépendentom.aWe simply divide our chsquaredstatisticby dof,
to get thereduced chisquared statistic. Then it has theggroperties

n g ., 2
reducede? c_ 21 . imeasurement fltg X
dof dof .z ¢ uy +
<reducedc> < > dof ,
dof dof
dev(c?) 2 2(dof)
dev( reduced:z) = ( )
dof dof do
Ifreducede?i s cl ose to , the?ifsi tmuicsh fiaogeérot hlafn rMedu hhed f i
largerdo we mean several deviations awadagf(afgerm.m 1, and t

Of course, our confidence &% or reduceek? depends on how many data points went into computing it,
andour confidence in our measurememicertaintiesui. Remarkably, one referenceeh] whi ch | donot
remember] says that our estimates of measureoradrtaintiesu;, should come from a sample of at least
fivel That seems to me to lggiitesmall to have much confidenceln

Thereduceda? statistic is aconvenienimeasure of h e i micsrfaintp #wmcertdintyo

o 2~ - . .
c? 1.2 &Y - Ymodj O misfit+ noise
= o

n T ou noise
i=1C i

reducedc? 1 where n 1degrees of freedk.

Each term of2 is normalized to theincertaintyof that term. If your fit is perfecand uncertainties are
reliable thenreduceds? will be around 1. If you have misfitndreliable uncertaintiesthen reduced? is
greaterthan 1( An d i f 2<« e tthan yorir uscertainties are overestimated.)

Guidance Counselor: Computer Code to Fit Data

Finding modelparametersfrom dataiscafigthgt he model t o dat a. The Abest o
by minimizing some figur@f-merit function. For example, this function might be the ssquared error
(between the data and the model), or¢hit parameter.Genericfitting ( o optinfizatiord &lgorithms are
available offthe-shelf, e.g. [Numerical Recipes]. However, they are sometimes simplistic, and in the real
world, often fail with arithmetic faults (overflow, underflow, domserror, etc). The fault (no punintended)
lies not in their gdorithm, but in their failure to tell you whgbuneed to do to avoid such failures:

Your job is to write a bulleproof figureof-merit function. |

This is harder than it sounds, but quitealole with proper care.

Consider a function of 2 or more variable that you wish to minimMest optimizes allows you to
specifyfivalidorangesfore ach par ameter. But that is woefully inad
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interdependent; they cannbt specified independentlySome modern optimizensclude complicated
schemes for specify interdependent constraints, but the method here is much simpler, and rock solid.

Note: This met hod of Aguiding errorso requires your op
most modern optimizers ddf (somehow) your optimizer requires continuity, or (worse) smoothness, then
it will not work with guiding errors.

As an example, | once wrote code to fit gp@&rameter sinusoid (frequency, amplitude, phase) to
astronomical dat a: measures of a stards brightness at
fraught with problems. The measurements were neigy, which leadsto lots of local minin{Rigure8.6).

In some cases, the optimizer would choose an amplitude for the sinusoid that had a higbesguares
thanthesumof-squares of the dat al This amplitude is clearly
how big is fitoo Iitg.oo bigortheewboeéd wveies with the f
so you cannot specify ahead of time an absolute Aval:i
figuiding erroofsn@riim Mmyndtiigamet o 0 guwonddedit uhdesdl opt i mi ze
conditions.

Computer code for finding the befit parametersis usually divided into two pieces, one piece you
obtain and one piece you have to write yourself:

1 You obtaina generic optimization algorithnd i o p t i, mwhich evaries) parameters without
knowledge of whatthey mean, looking for the minimum figafenerit (FOM). For each trial set
of parameters, it calls your FOM function to compute the FOM as a function of the current trial
parameters.

1 You write the FOM function which computes the FOM as a function of the given parameters.

Generic optimizers usually minimize the figegéme r i t , consistent with the FOM b
that we want reducedlf instead, you want to maximize a FOM, return its negative to the minimizer.

my sinusoid case, the FOM is a function of (frequency, amplitude, phase). [In reality, | often have to write

both pieces myself, because | need debug information from the optimizer.]

If your optimizer allows you to specify valid ranges for paramegerdif your fit parameters have vald
ranges that are independent of each other, then you d
your optimizerdoesnotallow you to limit the range of parameters, or if your parameters have valid ranges
thatdepend on each other, then you need the following methods to make-ptowfetOM. In either case,
this section illustrates how many seemingly simple calculaBamsgo wrong in unexpected ways.

A bullet-proof FOM function requires only two things:
1 Proper validation of all parametesod theFOM functioncannever fault for any reasan
1 Aguidingerror:aproperly fibado FOM. for invalid parameters

Guiding errors are similar to penalty functions, but they operatsidethe valid parameter space, ratherthan
inside it.

Parameter interdependence: Here is a simple example of a model where independent lighitsn 6 t
work; the parameters are necessarily interdependent. Consider a parametrized functiorf(tf dirbg
wheret is the argument, aramandb are the two parametersto be varied for optimization, tyahb C [0, 1].
Perhaps they represent the times of a first ever#t at and a second eventtt b. The functiorf requires

thata andb are limited to the range [@], butfurthermore a mustbe <b. The valid values o& andb are
shownin Figure 8.3a.

Generic optimizers know nothing about your figmfemerit (FOM) function, or its behavior,
and your FOM usually knows nothing about the optimizer, or its algorithms.
No standard optimizer allows for interdependence of the valid ranges of parameters.

Since no standard optimizerallows for interdependent parameters, you must encode dependencies into your
FOM function. Figure 8.3b shows anotherexample where valid values ahdb are [0, 1], but notall such
combinations are valid. (In simple cases likigure 8.3, one could reparametrize to make independent

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1340f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

parameters, and so0 accommolldisais atbtsh mcomvententmindmere 6s i gnor :
complicated (and realistic) cases, such reparametrization is difficult or impossible.)

14Db 14b

region

a valid .
: a valid
valid point point
region a a
(a) 1 (b) 1

Figure 8.3 (a) Valid region of parametesandb, and a sample valid point in parameter space.
(b) Another example

A Smple 1D Example

This example shows only a single parametexnd its guiding error values, but the concept is readily
applied tohigher dimensiongncluding any interdependence of parametersto be optimized. We retarn to
2D example after the 1D oreere

Suppose you wish to numerically find the minimum of thgarametefigure-of-merit functionof Figure
8.4a. Suppose the physics is such that gniyl is sensible.

f(p)=1/p +/p f(p) w

31\ | 3t 3t
21 N 21 2+
IT ;T/%nd p T IT
@ T 237" T2 3 4°° T2 3 4"

Figure 8.4 (aandb) Bad figureof-merit (FOM) functions. @) A better, but still badrOM.

Your optimizer search algorithm will try various valuesmfevaluatind(p) at each step, looking for the
minimum. You might write your FOM function like this:
fom(p) = 1./p + sqrt(p)

But the search function knows nothingmfor which values op are valid. It may well tnp =71. Then

your function crashes with a domaamror in the sqrt() function. Yoiifix 0it with (Figure 8.4b):
float fom(p)
if(p < 0.) return 4.
return 1./p + sqgrt(p)

Since you know 4 is much greater than the true minimum, you hope this will fix the problem. You run the
code again, and now it crashes with divitiezero error, because the optimizer ted 0. Easy fix:
float fom(p)
if(p <= 0.) return 4.
return 1./p + sqgrt(p)

Now the optimizer crashes with an overflow errpr< i (max_floa). The big flat region to the left
confuses the optimizer. It searches negatively for a valyetiodt makes the FOM increase, but it never

finds one, and gets an overflow tryinfhe FOM6 #atvaluefopO 0 is no good. I't needs
to the left to provide guidance to the optimigegure 8.4c):
float fom(p)
if(p <= 0.) return 4. + fabs(p - 1) / fabs() = absolute value

return 1./p + sqgrt(p)

Now the optimizer saysthe minimum is 4pet 7 1078, I't found the local #Aminimu

zero. Your functionis still ibehaved. Since onfy> 1 is sensible, you make yet anotherFig(re 8.5a):
float fom(p)

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1350f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

if(p <= 1.) return 4. + fabs(p - 1)
return 1./p + sqrt(p)

Finally, the optimizer returns theroperminimum FOM of 1.89 ap = 1.59. After 5 tries, you have made
your FOM function bulleroof:

A bullet-proof FOM has only one minimum, which it monotonically approaches fatsidesof all
parameterseven withinvalid parameters, andrievercrashes omanyparameter set.

\f(p) 9(p)
guiding

S~ guiding
3l error\\| / error
2+ V’ i valid p i
1 1
b :
—————+— P \/ —+— P

(a) 1 2 3 4 (b) 1 2 3 4
Figure 8.5 (a) Finally, a bullepproof FOM. (b)di Gui di ng errorso |l ead naturally

and are better than traditional penalty functions.

In this example, the FOM is naturally bulletr oof from t he ri ghyouwoulHowever,
include the absolute value op§ 1) on the error return valugigure 8.5b), to providea V-shape which
guides the optimizer into the valid range-célledkom either
penalty functions, but better, because they take effect onintalid parameter choices, thus leaving the
valid parameter space completely free for full optimization.

Multi -parameter FOMs: Most fit models use several parametprsand the optimizer searches over
all of them iteratively to find a minimum. Your FOM function must be bgietof overall parameters: it
must check each parameter for validity, andstreturn a large (guaranteadnoptimal) result forinvalid
inputs. It must alsslope theFOM toward valid values i . e . provide a Arestoring |
parameterstoward the valid regjoas inFigure 8.5b. Typically, with multiple parameteps, you choose a
singlevalid set of parametersyélidi} (Figure8.3b). This isonevalid point in parameter spac&hen

M
guiding_bad_FOM:=big #+3 |p valid| where valig & valid value fop.
i=1

This guides the minimization search when any paransetés inconsistent, unreasonable, unphysical, or
outsidethedesiredregion of parameter space

Return now to the mulfparameter function oFigure 8.3a, where the valid ranges @& andb are
interdependent. We caohooseour valid pointat(a,b)=(0.9,0.6).Then our #Aguiding_bad_FOM

guiding_bad_FOM:big #{a -0[9|b+ (.

A final note:

The fAibig #0 for invalid parameters ma} need to

In my dissertatiorresearch, | used reducetlas my FOM, and the true minimum FOM is near 1. | started

with 1,000,000 as my Abig #0, but it wasndt big enoug
counts in several bins. When the trial model bin count was small, the error was &lfifytand the sum

squareekerror over several bins was > 1,000,000. This caused the optimizer to settle on an invalid set of
parameter values as the mi®nhi mum! I had to raise fibig

The Grinch of Data Fitting: Noise

So far, our examples have iofincelitufdnetidns.oThd rgalworkiliso ot ho FO
rarely so kind[Figure 8.6). In higher dimensions, the FOM functié§pi} ) i s called a fAl andscaj

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1360f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

landscape has many false minima, which trap your optimizer. Mostreal data fitting must accommodate such
ill-behaved FOMs.There are very many waysto try to accommodate suloglibvior, most of which are
beyond our scope. However, we now describe one approach, specific to chaotic systems.

idealized typical
f(p) f(p)

(a) 5m ’ (b) 5m P

Figure 8.6 (a) How the textbooks draw the figudd-merit function (FOM). 1§) Whatyour FOM
typically looks like. Note that it haseveralocal minima.

Finding Parameters of Potentially Chaotic Systems: Data Assimilation

Data assimilation is a wellstablished, robust method to fit parameters to data for a chaotic (or
potentially chaotic) system [Abar2013]. Despite its proven track record, it remains little known. We provide
here a basic, but practical and useful, idtrotion to data assimilation, along these lines:

Autonomous systems: state variables, models, parameters, and observables;
Nonlinear elephants;

Numerical models and fitting;

The problem: wild divergence of model and system;

A solution: nudging;

Complicated measurement functions;

i Extensions to data assimilation.

=a =4 =4 -8 -8 A

This section assumes you are familiar with the basic process of fitting model parameters to data by
minimizing a figure of merit (FOM), such as stsquareeerror.

Autonomous Systems

An autonomous systenis one thattakes no input, but produces output over time, such as an oscillator.
The solar system is an autonomous system whose outputs are the positions of the bodies over time. An
autonomous system can be described mathematically as a set of setesaand an equation of motion.
State variables are the Amemoryo of the system: quant
information that, in principle, could predict the state of the system at allfuture and pasttimes. Itramelec
circuit, the voltages on capacitors and the currents in inductors are state variables. In the solar system, the
positions and velocities of the bodies are state variables. We can represent the collection of state variables
as a fxge.ct ofricVect or 0 Kkreedinotbea veotdr im the lindareadgebra sease of adding
meaningfully heado-tail.)

The equation of motion describes how the system state evolvesin time, as a function of the current state:

dx _

e (x(t)).

All of the dynamics, i.e. the model, is contained=in We assume for simplicity th&tis independent of

time. In principle, giverF andx(to), we could integrate both forward and backward figand findx for
all time. We takeo =0.
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7000 Sum-squared-error vs. Trial Frequency
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Figure 8.7 (a) Example autonomous system. (b) Sseuareeerror as a function of trial frequency:
(red) standard integratior{blue) With data assimilation on [ ¥, andk=0.1.

As a simple (though not especially interesting) example of an autonomous system, consider the circuit
in Figure 8.7a. The state variables are the capacitor voltag, and the inductor current(t). The
parameters of the model&eR, L, andC. All other quantities can be determined atany instant from these,

using circuit theory. Thus:

o

dV 6é.E'VC IL
ax 6 V& o . ®g 02 C
x(t) a%):l Y = ex) v o=l 57Rg C
X + i = dt oedii g2 M
&, o0& —
¢cdt *¢ L
This system has 2 state variables, andthushadaZnensi onal f s txp=t2eNowthaFdise o, i . e .
asetofdimX) equations. Furthermore, t he -handaide(RH®)iss ar e fAnc
not a Alinearo function of the state variables in the
the sum of two solutions isotgenerally another solution.
The Curse of ANonlinea-xldphantEl ephants and Non

Ithas been said that classifying systems into two groups, linear and nonlinear, is like teling a biologist:
we classify fauna into two groups: elephants and-elephants. Itis very had to make general statements
about all organisms that are not elepte Similarly, it is very had to make general statements about al
nonlinear systems. Linearity is a highly restrictive classification, and the infinity of nonlinear systems is of
a much higher order than the infinity of linear systems. Nonethelessdde of research theory and
experiment have produced mauagefulresults. We present a few of those here, but:

Most general statements about nonlinear systems are necessarily vague:
the diversity of fAnonlinearodo is too brload to mal

Modeling Autonomous Systems

Consider the task to predigtof a system at future times. To do so, we require a model of the system: a
mathematicalapproximation to the actual state variaddesl equation of motioR of the system. Then we
can use numerical timgtep integration to approximate the time evolutiorxpfe. we carsimulate the
system with our model. There are many algorithms for-ste@ integration, most of which can be used for
data assimilation, and the details do not concern us here. The system may be a cotitireisystem, and
then our modelis a discretime aproximation, butthe results are general to both disceete continuous
time systems.
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Figure 8.8 (a) Fitting parametersto a model. Data assimilation adds nudging (in red) to a typical
fitting process.

Our model of the system usually contains unknown parameters. For an electronic circuit, we may know
the kinds of components and how they are connected Féggre 8.7a), but we may not know the exact
values of all the capacitors, inductors, resistors, etc. Inthe solar system,we may not knowthe masses of the
bodies, or the coefficients of friction, etc. We can often experimentally measure parts of the system, and
from those measurements, we can fit a set of model parameters to the data to provide estimates of the
parametergFigure 8.8). In our circuit example, we might have easy access to measuret it might be
hard to measuie. Nonetheless, with enough measuregaiver time, we can estimate all of the unknown
parameters. Even more, we can also estimate the time sequence of the stateiv@)ialilieh we cannot
measure directly.

We call the collection opflnthedrcuitexample diguedve,ffwer s a fivec
need to fit forall fourparameters, ther (E, R, L, C). To be explicit, our equation of motion forthe model
is then:

dx

= X(t ;

o - F(xip),

where the model takes parametees an input. The semicolon denotesthatthe paranpedeesixed over
simulated time; we daotchange them during a single simulation.

For our purposes, the parameters are fixed for the duration of each simulation.
The minimizer changes them only between simulations.

Terminology note: the fit variables are both the sets of dynamical parameierd the initial values of
the state variablegt = 0). Intraditionalfitting, the collection gfandx( 0) woul d t oget her be ca
parameterso.

The Problem

You are familiar with fitting model parametersto data by minimizing some figure of merit, suh as
The minimizing process performs many simulations, with many different sets of parameters, looking for the
best set. But forpotentially chaotic systems, this problem is often harderthan it sounds, even if the modelis
good. We discuss two reasonsttos difficulty: many localminima in the figuref-merit (FOM) landscape
(Figure 8.7b), and sensitivity to initial conditions.

As an exampl e, consider a simple system whose fou
component. Suppose we have a reasonably good model of the system, but its frequency is an unknown
parameter. Our job is to estimate thatfrequency. To riakiee 8.7b, we created such a system, where the
frequency was set to 20 (arbitrary units), and simul at
and fimeasurementso are themselves a simulation, but t
measirements were physical.)
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Regardless of whether the system is a simulation or physical, to estimate the frequency, we simulate the
system with our model many times, using many trial sets of parameters. For each simulation, we compute
some singlmumber measure of the error betwebe model (with its trial parameters) and the data. This

error measure is our Afigure of merito for the trial
To estimate the frequency, a minimizer has to guess
frequency. o The minimizer simulates the model at vari

to the data, in this case using a saquaed-error. To maké&igure8.7b, we simulated the modelfor a dense

set of trial frequencies, and plotted the ssquareeerror vs. trial frequency asthe red curve. This illustrates

the problem of many local minima: a realistic numerical search cannot afford the time to compuae such

dense set, and so cannot see the fAbig pictureo; it owil
ever finding the global minimum and the true value of the parameter (frequency). Furthermore, when the

minimizer finds a minimum, we will ot know whether it is a global minimum, or just a local one.

Note thatin general, we do not know the initial conditions of the state variBlsor the values of
the parameters. To simulate the system, the model needs to guess at both a trial set of parameters, and
simultaneously, a trial set of initial valuesgf.e.x(0). Thusto estimate the parameters, the minimizer must
search over a space of dimension gijn{ dim). Sometimes, we are notinterested in the initial conditions
of some physical system. Nonetheless, we must find them as part of the process of finding the parameters.
In such a case, the initial conditions atésance parameters we have to determine them,
what they are.

A Solution: Nudging

A process calledudging can dramatically improve the process of fitting for parametersigure 8.7b,
the blue curve shows the FOM vs. trial frequency, with nudging. The devastating local minima are gone,
and any search algorithm can easily find the global minimum, at just the right frequency. We introduce the
nudging algorithm first, and explain hawmd why it works shortly after. Also, we start with the simple case
where the observations directly measure one or more state variables. We then move on to more complicated,
and more realistic, situations.

Nudging a Single Variable

To use nudging, we modify our modelby addinga coupling conktamd a nudging term. In general,
the nudge is a correction done during the integration to keep the model close to the observations [ref??]. In

our circuit example, with measurementsvea t every time step, anr?with discr
dq=de =R(x(9ip) B K KA on(t I+ Rmoaa())
N — | L ]
~ model measured incremer® C -
incremen t
where d x ! increment during simulation; (8.2

Ve, obs(t) measurementsk coupling constarjo, 1)
dx, = di. =F,(x(t);p) tD

Vc,modelis the modeled value ot (xc componentok). ki s a measure of how much our
by actualmeasurements, and how much it uses its equations of motions, to make eatdptiknie 0 has

no guiding, and reduces to the ordinary model equations of mdtienl would be driven entirely by data,

with no contribution from the model (and so would be pointless). The blue cuRigusé 8.7b hask =0.1,

so the modelis 90% driven by the model equations, and 10% driven by data.

Note that thexz equation of motion is unaffected (unnudged), because we have no observatkgns of

[As a side point, with the nudging term, the system is no longer an autonomous system, because it is
partly driven by the outside information of the observations.]

Why Does It Work?

Nudging works by keeping the model more closely synchronized to the real system. Even though we
nudge only a subset of the state variables, the inter:
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nudgeo into all the state variables. Decades of expe
nudges, even sporadic nudges, and even nudges degraded by noisy measurements, are sufficient to
synchronize the modelto the realsystem. Colioqul | vy , it doesndét take much to ke

to the real system.

A crucial point:

The value okis not critical. Usually, it can vary by a factor of several, and still work.

Another Benefit/Effect of Nudging

Nudging hasthe effect of reducing the sensitivity to initial conditig(®); even if these are slightly off,
nudging will synchronize the modeltothedata.kA 0, the fitting process wil/ re
aswell asthe modelparameters. However, nudging somewhat separates fitting the parameters of the model
dynamics from the initial conditions. In traditional fits, both the modelparametemitialconditions are
fit simultaneously, on an equal footing; more simultaneous fit variables makes the fitting harder.

Choosingk

As with many aspects of fitting, you may have to experiment to find suitable valkes$isfre are some
considerations to guide such experiments.

Inthe real world, measurements are nontrivial functions of the state variables, the measurements may be
intermittent, and they are corrupted by noise. How much complexity, sparsity of measurements, and noise
one can tolerate when fitting for parameteepends on the accuracy of the model, and how much a priori
information about the parameters is known.

With noisy measurements, a lafg@uts more of that noise into the model, making it less stable. This
may put an upper limit on useful valueskof

Typically, aftersome iterations of parameter refinen{Eigure8.8), the parameters are accurate enough
toreduck. Smallerkl et s t he model do fAmore work?o, couples |l ess
parametersk can be reduced occasionally (between simulationsg)kentil the model is accurate enough
to setk = 0 (no nudging at all). Ifkigure 8.8, updatngkwoul d happen in the fiupdate peze

The more a priori information one has, the less coupling to measurementsis needed to keep the model
synchronized to the realsystem. Thereal power of nudging is that a good modeland faira priori information
usually requires only a small amount of céugpto only a few state variables to keep the model synchronized
with reality [ref??].

A Slight Simplification

It doesnbd6t take much to keep the model synchroni ze
simplify the nudge term, because small errors in the |
o mi t taffeetin the observation term ¢8.2):

a
ax =F ;
% = R (x():p) D1 k) kex() X9 .
model ¢ O-C
increment

For small time increments, this is usually adequate, especially givek hizsta lot of latitude.

Often, the measurement timeswdaotland exactly on simulated time steps, but somewhere in between;
then this approximation works on the simulated time step either just before or just afterthe observation time.
However, if this is approximation is deemed inadequate, one can linearlydtasrd the value of the state
variablex(t) between the two surrounding time steps to estim@}at the measurement time.

Nudging Multiple Variables

Suppose we have measurementsof 1 state variables. The generalizatiorf®?2) is straightforward:
we nudge what we can, and leave the rest alone:
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o

a 0
% =F(x®p) KL k) &yt & X(O-0 i 1.4
" model F—oc 2
dx; = F (x(t);p) B i ® Lt.dimk)

You may have a separddor each nudged variable, oryou may have just one forall. This question is moot
for more complicated measurement functions, discussed below.

Infrequent Nudging

It is often the case that there are many fewer observations than simulated time steps. Nudging still is
helpful, and you can somewhat offset the paucity of observations by incréagingexample, in the system
of Figure 8.7b, k = .01 is adequate for observations (and therefore nudging) at every timestep. If we have
observations (and nudging) only evenffimestep, thek = 0.1 works just as well.

More -Complicated Measurement Functions

In many systems, the observationsaotdirectly of state variables, but of nontrivial functions of one
or more state variables. This is a much more difficult situation, and there are no simple or unique answers.
One is forced to use heuristics and decisioaking code to handle the practicadlities of real models.
Nonetheless, there are some guides that may be helpful.

A Complicated Measurement Function of One State Variable

Consider measurements of a single function of a single state vahi&(g)); then:

O-C 1 Y % %(B where ¥ D the érrorin the modeled state varia. (8.3)

We need to know how much to nudgegiven the measuremehg¢xi). The nudge term is then:

3 3 o 1
nudge(x):kw%“%g Y dx =Hxp) @ K w%l’l_) _
i =

nudge

It's easy to see that blindly using this method won't work well in the real world: due to noise, and/or

model errors, or just circumstance, the partial deriv
be disruptively large. Inpractice,youmus use heuristics and code decisions
Your knowledge of the system helps determine what is

A Simple Measurement Function of Two State Variables

For illustration, suppose we measure a function:
h(>, %) = % +%.

Expanding on the previous result, one approach is to distribute the nudge equally between the two state
variables:

‘|- O: O

dx = F(x;p) B(1 k) %«*k &%
¢ (8.4)

|- O: O

dx, = Fp(xp) B(1 k) %-lk sz
cHXo

Of course, all the concerns from the previous section about small partial derivatives apply here. There
are additional concerns now that weodre nuligisng two va
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near zero; then we must limit the nudgexido something less than the above equation, i.e. something
fireasonabl eod. Then wh &2 Dodve leaveit atlite originat nodgd? tOedomeity ge t o
to make up for the lost nudge fraim¥? There is no simple answer. Experimentation will likely be needed.

Here again, the more a priori information is available, the better these questions can be answered.

A Complicated Measurement Function of Multiple State Variables

The preceding result generalizes somewhat to arbitrary functions of arbitrary state variables. Following
the notation of [Abar 2013], considér arbitrary observation functiongy(x), | = 1, 2, ...L. Then(8.3)
becomes a set afequations:

dim(x)
(0-¢) * |y & % @, | 1.1
i=1

where Dx() *theerrorin the modeled state variak

In this case, the hardest part about nudgingis deciding which variablesto nudge, and by howmuch, i.e. given
s 0 mle, whtpt nudges do we use? An obvious extension to the previous section is to say, I'll make the effects
of each state variable m be equal:

o _;l
apyh 0 . . .
= 0 where runs over all;x affecting hjn # of x affectn, .
¢k =+

This reduces t§8.4) whenn, = 2.

nudgd x ):ni Kh

A potentialcomplication is that a single state variapfaay be nudged by more than one measurement
hi. Then a morelever allocation of nudges must be used. And all the while, as before, the nudges must be
limited to fireasonableodo values. Experimentation is

There is no unique or trivial answer to the general problem of nudging
from complicated measurement functions.

Extensions to Data Assimilation
There are many extensions to the data assimilation algorithm. Here are two simple ones.
Varying k as Part of FOM Minimization

We mentioned earlier that during figure of merit (FOM) minimization, it is common to occasionaly
reducek until it goes to 0. Sometimes, this can be automated by mikipgrameterin the sgtand adding
a fAcost o ( akead [ref?@l.nFarlexample, fbra susgquareerror (SSE) figure of merit:

a# mea.s.urements 5 5k2
FOM=§g a (a -G)° g¥.

1

SSE
Then the minimizer may naturally find the best model parameters, while mininkjzrsgdesired.

Ifthe SSE >> 1, anklis O(1), therk?by itself may be too smallto effectively minimize the above FOM.
You may need to weigh€ by a constant, so that nonzée a bigenough penalty.

Time Dependentk

Finally, there are cases where a singléor all timesteps is too restrictive for model synchronization.
For sometime interval& may need to be large, where for others it may be better small. Then we can make
k a function of timek(ti), wheret; are the times of the measurements [Abar 2013 ??]. This is usually only
feasible if the minimizer automatically adjusts all Kig). Then we add the set of &{ti) parametersto the
setp, andadjust our FOM:
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# measurements

FoM= & §a -G)° ®p®.
i=1

For a large number of measurements, this may greatly increase the number of simultaneous fit variables
(dim(p)), which may significantly slow down convergence. And again, if typeal (Ci)2>> 1, you may
need to weight thk(ti)2 by a constant to make it drive the minimizer.

I am grateful to Henry Abarbanel for helpful discussions on this matter.
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9 GettinMulrtitphear Regressi on

Overview of Multiple Linear Regression

Mostintermediate statistics texts cover multiple linear regression, e,g, [W&M p353], but we remind you

of some basic conceptshetei near regression is also called Alinear
Linear regressionis a special case of curve fitting where the model is
a linear combination gbredictors and the fit parameters are the coefficients
In general, the fimodelis:
L
Ymod(X) = bxq X la')ﬁ = a %
k=1 9.1)
where { R} * fitparameters, andg  predicto
Sometimesthe predictors can be functions of one or nattreervariables.A simple example is:
L
Ymod(X) = By fity..) +0p Tofty.) #. By 1 (ta) @=k & Eo-),
1
X Xo Xo k=1 (92)
where { R} ! fitparameterst some other variablef, * basigfions .

For your datayou measuren observabley vs. values ofothervariables {x, and eachyi has an
uncertaintyui. You use multiple linear regression to find thestfit coefficientsbk of the predictors{xi}
which compose thmode| ymod{xi}).

If your predictors are functions of othervariables, 49.2), the basis functionseed nobe orthonormal
butthey must be linearly independeifheothervariablesti might be position, time, or anything elddote
that:

' Linear regression isotlimited tofitting data to a straight line. '

Fitting datatoaline isftenc al I ed Af i tti ng d @Unfartunatelysamd réferemcesuges er i ou s |
the term fAlinear nrhddel dnotdoe I meamias otifaieghetnt use of th

We now show that there is no mathematical difference between fitting to a linéin@adfitting to an

arbitrary function.

Akeypointis understanding what are the fpfitedictorso

An example: For fitting to a line, in our notation, our model is:
Ymoa(t) = by ot ie., fi(t) ¢

There arg = 2 parameterdo andbs.

Another example: The predictors can be arbitrary function®of or morethervariables. Consider
a model forthe speed of light in aithatvaries with 3 independent variables: tempéure, pressure, and

humidity:
c=¢T, P H).

Suppose we take measurements afat various combinations af, P, andH. Then our data consists of
quintuples: T, Pi, Hi, ¢, u),i = 1, ...n, whereui is themeasurementncertainty irci. We might propose a

linear modeith p =5 parameters

oT,P,H)=lh 9T BB BH RAL
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Note thain this work, when the modelincludes a constantve numberthe parameters Quidl, but there
are alway9p of them. The modelis linear becauseit is a linear combination of arbitrary functiohsf
andH. The last term above handles an interaction between temperature and p@sslimear regression
modelhas3i o t IvariablegT, P, andH), and4 basisfunctions T, P2, H, andTP (the product off andP).
Written in terms 019.2):

f(T,PH)=T, %(T,P H) =P, E(TLRH H (T RH ¥ 9.3)

For simplicity, this chapter illustrates only one independent variable, but all the results work
straightforwardly with multiple independent variables, as above i) andH. This is because:

I tds t he predi ailyondegendent watiablesahaighégo into themt
We fit to the predictorsjotany independentariables.

Some references do not distinguish betweeriitlvet Ivagiabfes and the basis functidigsve think the
distinction arises very often, and is importahotts of discussions of linear fitting and ANOVA confuse the
independent variables with the predictors.

And another example: A simple sinusoidal fit to data (of given frequency has an independent
variable, sayt, and two basis functionsosf ) andsin(r J:

Ymod(t) = by Hcoswt b, sinut, p

The data might be a setwpairs{(ti, yi)}. The two predictors are the setsidtosy t)values, ana (sin¥ t)
values.

Strictly speaking, t he zbgis the bonstapv(ée ¢ 1L.cThembods a(t hat goe
constant offset added to the other terriibus, models with a constant are instances of general models, and
requirenospecial treatmenbuttheydohave somaiceproperties that we discuss latétris often important
to include such a constalogin the model.In this case, there ap# 1 remainingpredictos, since is always
thetotal number of fit parameters

Anything true of ageneral linear regressiois also true obne with a constarii,
but the second form has important properties beyond those of the first

Yet another exampieFigure 9.1 shows an example fit to a mogde&lith t as thelone independent
variable The example modélas one parameterifpfi(t) = b1 sinfs ) for some given, fixed. Then the
predictorsfi 1 (orxi 1) arefound as

Ymod(D) = by f(D)  =bysin(uwt) Y X, Sin(nt) (predictors.

The predictors are theet of {1}, and given them, there is no longer any reference to the independent
variablet. The fit is to the predictors, not to the independeritiedi. Furthermore, the fit knows nothing
of thefunctionsf, it only knows their valuesk at the measurement poirts

predictor: bt
fi [, h(t) .
dictor:
2 0 -1 Yid pre
AN i > f [ f4(t)
g \ t, 1
W independent
variable *
(a) 0 * by

Figure 9.1 (a) Example predictor: an arbitrary function of independent variab{e) Any linear

fit to thepredictoris a straight line. The fit isotto titself. Even if the; are evenly spaced, the
predictors are not. Note that the predictor valueisGo and +0.5 each occur 3 times. The plot
shows a good fit: the measured values (green) are close to the model values.
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The existence
doesnotimply any sort of causation by the predictors on the measurement.

of

a fgosodo

fit of a model t

For example, the hands of a clock predict very well the brightness of the sky. Butthe handssdabe

sky brightness, and changing their position will not change the sky brightness.

Figure 9.2 shows the process of regressi@akafitting).

independent variable(s)é
torT,P,Hora |

data

value,uncertainty!

' predictors
bt : ; ;
: tl = predlctors::>; X0 X1 Xg2 e, X1, p1
t2 X = fi(t) X0 X1 X2 € X5
e 0o
P arbitrary basis !
5 functions T
optional 5

by, by, b, é
regression coefficients

Y1, Ug
Yo, Uy
Ya: Us

Figure 9.2 Schematic of the process of regression (aka fittifi)e basis functionsre optional.
Ultimately, the predictors are an array of numbers.

Units: The units ofyk, thebk, Xk, and anyfk, can all be different, but each satisfies:

[V EY &k for

(VI=(hd[ or

Summary

ki, =.

o8

Multiple linear regressionfits two or morepredictors xx to data §i}, where each predictonaybethe
values obasis functions evaluated at the given valuestbtrvariables. The fitting process does not need
to know the analytic form of the basis functions, just the predictors (specific values of the basis functions).

Thepredictoranay becontrolledvariablesorthey might themselves be measurememsd of course,
the predictors could be functions of measured values, as in the speed of light ef@a3)ple

1. Multiple linear regression predicts the vadwé some random variabjgrom p (possibly correlated)
sets ofpredictors, xi, k=1, 2, ...p, by fitting for the coefficientbk. The predictors may or may
not be random variableise., theymay or may nobe controlled

2. | tliéear prediction, so our predictiomodelis thaty is alinear combinatiorof thepredictorsas
in (9.1) or (9.2). Note thattheredictionmodelhasno subscripts of because the model applies

to all possible xfx, andy values. There are alwapdit parameterseitherby,

%, orbo ... bpia.

We use the first form for arbitrary predictors; the second form vhéna constanoffset

3. Insome caseshe predictors ararbitrary functions of ane or morethervariables, sayti: xik [
fu(ti). We assume that all theyi, andanyfkaregiven which means all thex [ fi(ti) are given.

4. Linear regression assumesthatmeasuremesincludesnoise( t h i s

V. Mrue,i +”0iS¢-

S

our imeasur eme:]

For a given set of measurements,ibése are fixed, but unknown. Over an ensemble of many sets
of measurements, timise are random variables. Theeasurement uncertaintyis defined asthe
1-sigma deviation of the noigeshich need nobe gaussian)

u; * dev(noisg).

Note that the measurement model assuaaeltivenoise (as opposed to, say, multiplicative noise).
By definition, thenoisecannot be modeledhough its statistics can be known
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5. The residualsy are the differences between the measurememind the modeymodi. These
differences are theum of measurement noise + unmodeled behavior. dhumeasurements can

be written
apt 0
yi=hf M + B a+a@@=ht g€ + i 1,2, .=
ck=1 k2
modelYqq

6. Multiple linear regression determines the unknown regression coeffitigntsbp fromn samples
of they (theyi), andeach of theix. Thebkare chosen to optimize some figeabmerit, which is
most often minimizing the sursquareeresidual

argming g2 .
{bd =

Fitting to a Polynomial is Multiple Linear Regression

Fitting a polynomialto data is a simple examplevailtiple linear regressiofV&M p357] (see also the
Numerical Analysis section f@xactpolynomialffitsd). Such fitspredicty from powers ofsay)t. As such,

we let x, :(ti)k, and proceed with standard multiple linear regresdignsolving thep simultaneous
standard equatior(8.4) for bk:

n

k=0: bn + Bt H af + hx O A

i=1 i3 i i 1=

n n

k=1.p -1: BAt B A » F° .+p+ °Y .
i 2 i E

i=1 i 1= i 1=

Note that the second equation worksKerO as well, so we could have omitted the first equation.

Homoskedastic Case: All Measurements Have the Same Uncertainty

There are two major categories of uncertainty in multiple regression: all measurgrhavisthe same
uncertainty (homoskedastic), and each measurement has its own uncertainty (heteroskedastic). In science,
the heteroskedastic case is far more common, and only slightly more complicated than the homoskedastic
case. Nonetheless, some 800+ @atatistics books completely omit the heteroskedastic case of linear
regression. We here follow tradition, and derive the slightly simpler homoskedastic case first, to illustrate
the concepts. We then rederive nearly all the results for the heterotkedass, which is more useful in
practice. Furthermore, there is a transformation from heteroskedastic measurements into an equivalent set
of homoskedastic measurements, which are then subject to all of the following homoskedastic results.

We proceed along these steps:
1 The raw sum of squares identity.
1 The geometric view of a leastuares fit.
1 The ANOVA sum of squares identity.
I The failure of the ANOVA sum of squares identity.
1

In another chaptewe provide the equivalent formulas for data with individual uncertainties.

Nowhere in this section do we make any assumptions at all about the residuals;
we do not assume they are gaussian, nor independent, nor even random.
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Inthe basifunctionformulation(9.2), fora set oh pairs €, yi) , the Afitodo meams finding
that together minimize the susguared residual (appropriate if all measurements have the same uncertainty):
P
define: ymodj ! Ymod(ﬁ ) :a b( ‘( (‘ )
k=1
N 2 N
minimize: SSE! a( y - y,odi) 1987, € Y Yod -
i=1 i 4

Note that the fit residualdli ncl ude both unmodeled behavior (aka
definition, cannot be modeledso even if younoiseis gaussian, your residuals are rm¢cause there is
always some amount of misfit (your modelis never perfddéwever, they may be approximately gaussian.

For leastsquares fitting, we show latéwhere??)that we must simultaneously soltfee following p
linear equations ip unknowngor thebx [W&M p355]:

Define: predictorsfy; * f, t( )

n n n n

kbn + tla f].l +tb afz + %_l aI) _]j' :a
i=1 i 2 i E i

And foreachk=1, 2, .pi 1:

n

bh@ fatb 8fifi # Sifa + b1 &Ly =fay - 9.4
i E

i=1 i3 i 1= i 1=

Again, all they; andfikare given.Therefore, all the sums above are constants, on both the left and right sides.
In matrix form, we solve for column vectbW (bo, b, ... bpi 1)Tfr0m:

é ~ . — ) ~ o - ~

e a f A f; 4. f . & oAl fy O Loon
Xb:e a 1i a( ]l) . a.l p-1 % bL Oﬂa llyl 0 where a 1a.

e : - : ® . pee : 0 i=1

€. . ) 2 Q& 9

A foou afpafs - @ ) &%1 28 fouv 2

Algorithms for solving simultaneous linear equations are-kedwn, so we do not address them here.
However, beware thatfor some data/modelcombinations, the above matrix magobeifloned, so some
simpler solution algorithms may give unreliable results.

The Raw Sum -of-Squares Identity

The sum of squares (SSQ) identity is a crucial tool of linear fitting (aka linear regression). Itunderlies
many of the basic statistics of multiple linear regression and Analysis of Variance (or ANOVA). For straight

i mi s

line fitting, the sum of squaresideri t y can be used to define the fAcoef f]|
associated Acorrelation coefficientd). F o rtesta | | l'inea

and ttest of fit parameter significance. The SSQ identity leadNOYWA, which is a standardized way of
organizing multiple regression results.

There are two forms of SSQ identity: raw and ANOVAMost references do not consider tlagv sum
of squares (SSQ) identfya ka t he Auncorrected SSQ identityo, or
[W&M8]). We present it first because it provides a basis for the4scmmemon ANOVA SSQ identity, and
it is sometimes useful in its own right. Consider a set of dats) i = 1, ... n. Conceptually, the SSQ
identity says the sum of the squares ofyhean be partitioned into a sum of squares of model values plus a
sum of squaresaksiduals( of t en called fierrorso):

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1490f 373

SS


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

n n n n n
(raw) SST SSA= SSEQ Yy @ ¥ & Yoh) - a’t €& ©9)
i=1 P2 i residualst g lI 1= 1 li 1= 1
SST SSA SSE
(The term Aerrorsodo can be misleading, so in words we

as SSE, becausethatis so common inthe literature.) The SSQ ideotitytisie for a leassquareslinear
fit to a parametrized model,and has some importantoiosious properties. We start with some examples
of the identity, and provide simple proofs later.

y 1Y 1Y .
2__
1t y=0.1
} X } = X A x
1 -1 1 -1 1
(@) (b) 17 (cy* 17

Figure 9.3 (a) Two data pointsi= 2, and bestit 1-parametermodel. (b) Three data points,3,
and besfit 1-parameter model. (c) Three data points,3, and bestit 2-parameter model.

Example: n =2,p = 1: Considera data set of two measurements (0, 1), and (1Figlire 9.3a). We
choose a parameter model:

ymod( X) = QLX'

The best fit line is; = 2, and thereforg(x) = 2x. (We see this because the modelis forced through the
origin, so the residual at= 0 is fixed. Then the least squares residuals are those that minimize the error at
x =1, which we can make zero.) Our raw sofesquares identity9.5) is:

2 2 2 _ =
18;2 {Ioz 2). I(J? 02) 5 4=

SSA SSE

Example: n=3,p=1: Considera data set of three measuremenisi(1), (0, 0.3), and (1, 1F{gure
9.3b). We choose a-ftarameter model:

Ymod(¥) = byx.

The bestfit line id1= 1, and thereforgxX) = x. (We see this because the model is forced through the origin,
so the residual a¢= 0 is fixed. Then the least squares residuals are those that minimize the exrofislat
andx =1, which we can make zero.) Our raw sofssquares identity9.5) is:

2+0.3 + (:( P o+ f) +G+08+d + 2.09 2 O
SST e O I — |
SSA SSE

Example: n=3,p=2: We consider the same dafal, 1), (0, 0.3), and (1, 1), butwe now include a
bo DC-offset parameter in the model:

Ymod(x) = bO +b1x'

The best fit ine ido = 0.1,b; = 1, and thereforg(x) = 0.1 +x, shown inFigure 9.3c. (We see this because
the fit functions are orthogonal over the givex}{and therefore the fit parametets.{} can be found by
correlating the data with the fit functions, normalized over the {Trust me on thisbut verify.)

1*+0.3 +F (:( ¥ o+ f) +( ¢ +0.3 +6) + 2.09 2 0.
SST s By S — |
SSA SSE
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Theraw sumof-squares identity holds f@anylinear leastsquares fit,
even with norgaussian (or norandom) residuals.

In general, the SSQ ideriéis do not hold for nonlinear fits, as is evident from the following sections. This
meansthatnone of thieear regression statistics astrictly valid for anonlinearfit. Nonetheless, they are
sometimes approximately valid, and used quite often as such.

The Geometric View of a Least -Squares Fit

The geometric view o& leastsquares fit requires defining \aector space: measurement space (aka
fobservation srpdamensianalspacewhdresV the sumaenof measurementsliredata
set. Our sets ofneasurementsyi}, predictors {id, residuals {i}, etc. can be viewed as vectors:

YU (VYo Yn) U e, 8. np etc

Thus, the entire set of measuremenisasingle pointin measurement spadeigure9.4). We write that
point as the displacement vectpr If we have 1000 measurements, then measurement space is 1000
dimensional. Measurement space is the space of all possible datg}setish{the {x} fixed.

Vo bestfit  Ya AW
24 g (-0.9,0.1, 1.0y =(1,03, 1) B
ymoc .:,. ‘
4 (1,1.1) % (-1,0,1) T
—+—Y —74 Y2 —t+—W
b 1
@ (©

Figure 9.4 (a) Measurement spaces 2, and bestit 1-parameter model. (b) Measurement space,
n= 3, and the parameter model surface within it. (c) The shortéistperpendicular to eveffy.

Given a set of parametetsd and the sample pointxg, the model (with no residuals) defines a set of
n valuesymodj, Wwhich can also be plotted as a single point in measurement space. For eXxdgumE&4a
shows oun = 2, p= 1 modely = bix, taken at the two abscissa vakie 0, andkz= 1, which giveSymod1=
0,Ymod2=b1. Theleastsquaresfitlim = 2. Then the coordinatesdod1,ymod2) = (0, 2) give the modelvector
ymodin Figure9.4a. Note that the model vectgrmodis orthogonal to the residual vectdr

Note that by varying thbg, the model points in measurement space defpdimnensional subspace of
it. In Figure 9.4a, different values dfs trace out a vertical line through the origin. In this casel, so the
subspace is 1D: a line.

Then = 3 case is shown iRigure 9.4b. Here,p= 2, so the model subspace is 2D: a plane in the 3D
measurement space. Different valuebgdndb; define different modelpoints in measurement space. For
a linear fit, the origin is always on the model surface: when alhthe, all the modeyi = 0. Therefore, the
plane goes through the origin. Two more points define the plane:

by =1b =0 Y y @&1)
b =0, = Y vy EL0)

As shown, the model plane passes through these points. Again using linearity, note that arpoimbdel
(vector) lies on a ray from the origin, and the entire ray is within the model surface. In otherwords, you can
scale any modelvector by any value to get anothermodelvector. To further visualize the plane, mote that
this examplewhenevebi1=1bo,y3= 0. Theny1=1b1+ bo = 2bo, andy. = bo; therefore, the ling> = 0.5y1

lies in the model surface, and is shown with a dashed lirigirre 9.4b.

The green dot irfFigure 9.4b is the measurement vecto(in front of the model plane) The besfit
model point is 0.9,0.1,1.1). The residual vectatgoes from the model tp, and is perpendicular to the
model plane.
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The model surface is entirely determined by the modelfgk, and the sample pointsi. |

The measured valuegif will then determine the bedit model, which is a point on the model surface.

In Figure 9.4a and b, we see thatthe residual vector is perpendicular to thfitfiestir model vector.
Is this always the case? Yes. Ifthe modelvector were shéiterd 9.4c), Uwould have to reach farther
to go from there to the measurement vegtoSimilarly, if the model vector were longddwould also be
longer. Therefore the shortest residual vector (least sum squared residual) must be perpendicularto the best
fit model vector. This is true in any number of dimensions. From this geometry, we can use the
dimensional Pythagorean Theorem to prove the sum of squares identity immediately (in vector notation):

Y =Ymod 'ﬂ ‘Or'r%d & Y

2 _ °)2 2 ° P _ 2 2 2
L - (ymod "L) “Yhod M"' L? = Yod L U where y i, stc.
SST SSA SSE

Fit parameters as coordinates of the model surfacee 6 ve s e e n tinhhamodelsbgpate poi nt
corresponds to a unique set dfif Therefore, thebx compose a new coordinate system for the model
subspacedifferent from theyi coordinates. For example,fiigure 9.4b, theboaxis is defined by settinign
= 0. This is the line through the origin and the model ppin{1, 1, 1). Thés axisis defined by settinigp
= 0. This is the line through the origin ayd (i 1, 0, 1). In general, tH®& axes need not be perpendicular,
though in tlis examplethey are.

In Figure 9.4b, Uis perpendicular to every vector in the model plane. In gengimlperpendicular to
everyfrxvector (i.e. each of thecomponents of the befit model vectoiin thebk coordinatek

U f=0 K %..p where | f R( £(X), £(X). . £(%).
Again, this must be so to minimize the lengthCbbecause itJhad any component parallel to afisy then
we could make thétlonger or shorter, as needed, to shtii{Kigure 9.4c ) . We 6okthogonadityn t hi s

the section on the algebra of the sum of squares.

Algebra and Geometry of the Sum -of-Squares Identity

We now prove the sum of squares (SSQ) identity algebraically, and highlight its corresponding
geometric featuresAs above, e start by simplysing the definitioryi = ymodi + U:

n n n n n
-n 2_ "n 2 _ L 2 " n
avy = a( Ymodj 16 ) = Amod, + é 2 Q¥mod, - (9.6)
i=1 i i E i 1= i 1=
The lastterm i)ymos, Which wedve seen geometrically is zero.

SSE is minimized w.r.t. all the model parametwrits derivative w.r.t. each of them is zero. I.e., for each
k:

U'S_SE:O _—.—uaqz :azie—“i ez:é 'é,tn()f)

’ —e% i k 1,.=7p.
MO i 2 R B

--0:0: O

In this equation, all thg; are constant. The only term that survives the partial derivative is winere
Dividing by 2, we get:

0=a Qﬁh(fk(xi) = 8 e (%) U Ug 8 k 1..p (9.7)
i=1 i 2

Therefore, the last term {9.6) drops out, leaving the SSQ ident{§.5).
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The ANOVA Sum -of-Squares Identity

It is often the case that the DC offset in a set of measurements is either unmeasurable, or not relevant.
This leads t&ANalysis Of Variance (ANOVA), oranalysis of how the data varies from its own average. In
the ANOVA case, the surof-squares identity is modified: we subtractthe data aveyag®m both they;

andtheymod; , for new definitions of SST and S§&M8 Ch 13]:

n n n
- \2 \2 .
(ANOVA) SsT= ssA+ SSE A (i y7)y 8wt )y &% (9.8)
i=1 i i E
This has an important consequence which is often overlgoked proved belowthe ANOVA sumof-
squaresidentitiiolds only if thesum of residuals (not squared)). This is most often achieved by including

a constanbffset fit parametemwhich we calbo. (See Phase Dispersion Minimization for another way to
achieve this.)

Example: n= 3,p= 2: We again consider the dataFégure9.3c: (i 1,7 1), (0, 0.3), and (1, 1). We
now use the ANOVA sunrof-squares, which is allowed because we halg@onstanbffset) in the model:

y() =k +Hx
Our ANOVA sumof-squares identity9.8) is, using y =0.1:

((1)® 0Z o8 (=)~ 6+1 (- 0)f -02(+09i+ - 206- 2 0.

L L

SST SSA SSE

The ANOVA sumof-squares identity holds
for any linear leassquares fit that includes a DC offset fit parameter
(and also in the special case that the sum of residuals (not squared) = 0).

With no DC offset parameter in the model, in general,
the ANOVA sumof-squares identity fails.

We prove the ANOVA SSQ identity (often called just
proof of the raw SSQ identity. We stémm the definition ofJ:

n n

é (yi B 7)2 = a.(( Ymodi 3/) El"’)z

i=1 i3

= a (ymodj '7)2 +éq2 +é i4 Ymod, _y)'
i i 2

i E

n n n n
_ i _ 2 = D s __ms
=a (Ymodj -y) as %%ya 6 -
i=1 i 4 " E i=1

Compared to the raw SSQ proof, there is an exfréedm. The 3! term is zero, as before, becalliis

shortest when it isrthogonato the model. The 4thterm is zesaly when the sum of the residuals is zero.

This might happen by chance (but donét count on it).
parameteboin the model. Recall thatthe constagis equivalentto a fit functiofy(xi)= 1. We knowfrom

the raw SSQ proof that for eveky

Oljléelfk(xi) &) Y dJ f:é-ieboff’(x) b a e0.
i=1 P2 PE

QED.
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The necessary and sufficient condition for the ANOVA SSQ identity to hold is that the sum of the
residuals is zero. A sufficient condition (and the most common)is thatthe fit modelcontains a constant (DC
offset) fit parametelno.

The Failure of the ANOVA Sum -of-Squares Identity
The ANOVA sumof-squares identity fails when the sum of the residuals is not zero:

n

qe.0 Y (ANOVA) SST , SSA +S¢.

i=1
(We proved this when we proved the ANOVA SSQ identity.) Thsually mandates including &o
parameter, which guaranteesthe sum of the residsiaézo. You might think this is no problem, because
everyone probably already hase parameter; however, the tradition@abw deprecated)omb-Scargle

algorithm [Sca 1982]fails to includetg parameteand the cos and sin components generally have nonzero
DC; therefore all of its statistics are incorrect. The error is worse for small sample sizes, and betterfor large

ones.

As an example of the failure of the stofisquares identity, consider again the dat&igiire 9.3a:n =
2 measurements, (0, 1), and (1, 2). As before, we fit the raw datala, and the bedfit is still b1 = 2.
We now incorrectly try the ANOVA surmf-squares identity, withy =1.5, and find it fails:

o 2~ 02’)

810,18l g o.§) (2+06)+ 105,
¢ 2+ 2¢ & 2
C—ssv—— = SsA ssE

For anotherexample, consider again e 3 data from earlieri@,i 1), (0, 0.3), and (1, 1). If we fit
with justy = bix, we saw already thdh = 1 (Figure 9.3b). As expected, because there is no constant fit
parametebo, the sum of the residuals is not zero:

n n
a g* a.()’l 'ymodi) & 08 0+
i=1 I
Therefore, the ANOVA surof-squares identity fails:

(-1.0% +.2 {-).é’l?l(:l.).z ( e)- 0%+b 3 o+ 206 203 0

L
SST SSA SSE

In the above two examples, the fit function had no DC component, so you might wonder if including a
fit functionthat hasa DC componemvoul d restore the ANOVA SSQ identity
condition for the ANOVA SSQ identity to hold is thatthe sum of residuals is zero. To illustrate, we add a
fit function, 2 + 1) with a nonzero DC (average) value, so our model is this:

Ymod(x) = le +b2( )@ 1)

The best fit ish1 = 1 (as before), anob = 0.0333 (from correlation). Themodj = (1 0.933,0.0333, 1.0667),
and:

(-1.1? +0.7 e.él?((: 103 ( eoed? o098y (( o0gd7 o026t 6RE)

SSA SSE

SST L

- 2.06, 2.007 +0.08.
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Subtracting DC Before Analysis : Just Say No

A common method of trying to avoid problems of DC offsetis to simply subtract the average of the data
before fitting to it. This generally fails to solve the DC problem (thoughsibmetimesdvisable foother
reasons, such &mproved numericalaccuracyin calculations). Subtracting DC m§ke8, so the ANOVA
SSQ identity is theameas the raw SSQ identity, and the raw identity always holds. However, subtracting
DC doesotgive an optimal fit when the fit functions have a DC offset over #ije {The traditionaland
deprecated)omb-Scargle analysis [Sca 1982] hasthis errBecause of this, the statistics claimed in [Sca
1982]do notapplyThe only solution is to use afarameter fibneachtrial frequencya constant, a cosine
component, and a sine component [Zac2009].

ava

o, Y=by+ bt

(@) (b)

Figure 9.5 (a) The top curve (blue) shows a cosine whose amplitude isfit to data points. The bottom
curve (red) shows the same frequency fit to-fdtracted data,andis a much worse (fit) You
would never fit a straight line without including DC. Why would you do it with a sinusoid?

Figure 9.5a shows an example of the failure of Bbtraction to fix the problem, and how BC
subtraction can lead to a much worse fit. Thereffresinusoidal analysis (which excludes PDM)

We must include the constalod parameter both to enable the other parameters to be properly fit,
and to enable Analysis of Variance with IRHOVA SSQ identity.

I n general, any fit parameter that we must include in
called anuisance parameter bgis probably the most common nuisance parameterin data analysis.

Fitting to Orthonormal Functions

For p orthonormalfit functions, eachok can be found by a simple inner product:

p
Ymad (X @ B (R, fif T Y B ey . 9.9)
k=1 orthonomal

As examples, this is how Fourier Transform coefficients are féioardiniformly spaced samplesq.(13.3)),
and usually how we find components of a ket in quantum mechanics.

Hypothesis Testing with the Sum of Squares ldentity

A big question for some data analysts is, f
intensity varying periodically?5d One approac
and then test the probability that the ifitjust noise. This is a simple form @&halysis of Variance
(ANOVA). This type of hypothesis is widely used throughout science, e.g. astronoms siseuld use)
this significance test iPhase Dispersion Minimization periodograms, and (now depredadet)-Scargle.

Il's ther e
h to ans

To make progress in determining if a signalis present, we wil test the hypothesis:

Ho: there is no signal, i.e. our data is pure noise.
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This is called thaull hypothesis because we usually define it to be a hypothesis that nothing interesting is
in our data, e.g. there is no signal, our drug doesnbd
well, etc.

After our analysis, we make one of two conclusions: eitheraject Ho, or we fail to rejectit. Itis
crucial to be crystal clear in our logic here. If our analysis shows thiathilikely to be true, then we reject
Ho, and take it to be false. We also quantify our confidence level in rejectintypically 95% or better.
Rejecting B meanstheres a signal, i.e. our dataitpure noise. Note thatrejecting by itself, tells us
nothing about the nature of the signal that we conclude is present. In particular, it may or may not match the
model we fitted for (but it certainly must have some correlation with our model).

However, if our analysis saysotias even a fair chance of being true (typically > 5%), then we do not
reject it.

Failing to reject H is not the samas accepting it. Failing to reject means either (@aisHirue;
or (b) Hois false, but our data are insufficient to show that confidently.

This point cannot be ov@amphasized.

Notice that scientists are a conservative lot: if we claim a detection, we wantto be highly confident that
our claim is true. 't wouldnot do to have scientists
rule of thumb imesobpéenbtéeghsy dbhfydena, then donoét ma
say that your results are intriguing, and justify further investigation.

Introduction to Analysis of Variance (ANOVA)

ANOVA addresses the question: Why donot al l my mea
equationdo of ANOVA is (98ie sum of squares identity

SST= SSA+ SSE where SSibtal sum of squared variation
SSA! modeled sum of squared variati

SSE! residual sum of squares

This equation says t haquaredhni fdwermredaead fhemadddhal aofer d@
differences from thaverageplus the unmodeled residuals. Specifically, the totalsum of squared differences

(SS7 equals the modeled sum of squared differen88#(plus the residual (unmodeled + noise) sum of

squars (SSE.

As shown earlier, for a leastjuares linear fit, the master equation (the SSQ identity)
requires no statistics or assumptions of any kind (normality, independence, ...).

[ANOVA is identical toleass quar es | inear regression (fitting) to the

To test a hypothesis, we must consider that ourdata is only one set of many possible sets that might have
been taken, each with different noise contributinhich contribute tdj. Recall that when considered over
an ensemble of hypothetical data sets, all the fit paramiatees well asSSTSSA andSSEare random
variables. Itis in this sense that we speak of their statistical properties.

For concreteness, consider a time sequence of data, such as a light curve with pairs of times and
intensities, tf, §5). Why do the measured intensitieary from the average? There are conceptually three
reasons:

We have an accurataode| which predicts deviations from the average.

1 The system under study is more complex than our model, so theranaredeledbut
systematic, deviations.

1 Thereis noise in the measurement (which by definition, cannot be modeled).

However, mathematically we can distinguish only two reasons for variation in the measurements: either we
predict the variation with a model, or we donodt, i.e.
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practice, the ®Mand 34bullets above are combined imesidualsty: unmodeled variations in the data, which
includes both systematic physics and measurement noise.

This section requires a conceptual understanding of vector decomposition into both orthonormal and
nonorthonormal basis sets.

The Temperature of Liberty

As prerequisite to hypothesis testing, we must consider a number of properties of the fit coehiicients
that occurwhen we apply linear regression to measurergeliVe then apply these results to the case when
the Anull hypothesisodo is true: there is no signal (on

1 Alook ahead to our goal.

1 Thedistribution of orthonormal fit coefficientss.

1 The noncorrelation of orthonormal fit coefficients in pure noise.
1 The model surof-squares (SSA).

1 The residual surof-squares (SSE) in pure noise.

[Temperature of liberty? GetitP idegrees Jof freedomo).

A Look Ahead to the Result Needed for Hypothesis Testing

To better convey where we are headed, the following sections will prove the defifeesdom
decomposition of the susf-squares (SSQ) identity:

(raw) SST= SSA+ SSE - Y2 ¥moqiw P
| I— | I—
dof=n dof=p dof =n p

We already proved the SSQ identity holds for any lesgstares linear fit (regardless of the distribution of
SSB. To perform hypothesis testing, we must further know that for pure noise, degrees of freedom
(dof) of SSTalso separate intpdof in SSA andni p dof in SSE.

For the ANOVA SSQ identity, the subtraction of the average reduces the dof by 1, so the dof partition
as:

(ANOVA) SST= SSA+ SSE - (y =% (¥oas -)?y 3
’ [
dof=n 1 dof=p 1 dof=n -p

We now prove these two results.

Distribution of Orthogonal Fit Coefficients in the Presence of Pure Noise

We have seen thatif a fit function is orthogonalto all other fit functions, thenits fit coefficientis given
by a simple correlation. l.e., fora givkn

n
Coaf0ay
foof j =0forallj k Y b fzy izl .
A i)’

i=1

We now further restrict ourselves to a normalized (over g fft -function, so that:

a fie)?=1 v be =afi()y. (9.10)

i=1 i3
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We now consideran ensemble of sample sepsicdnoise, each with the same setgf{and each producing
arandomby. In other words, thbk are RVs over the set of possible samgeaés. Therefore, in the presence
of pure noise, wenow easily show that valog) = varf) W 2. Recall that the variance of a sum (of
uncorrelated RVs) is the sum of the variances, and the variaktien&s an RV k?var(RV). All the values
of f(xi) are constants, and vgi)(= varf) W (?; therefore from(9.10):

an 5

L 2 9 2
var(@)z@ i (%) 8ar(y,) B
ci=1 hd

=1

This is a remarkable and extremely useful result:

In pure noise, for a normalized-fitinction orthogonal to all others, the variance of its lesstares
linear fit coefficient is that of the noise, regardless of the noise PDF.

At this point, the noise need not be zemean. In fact:

an 0
(b) =g W) G1)-
Ci=1 m,

Since the sum has no simple interpretation, this equation is most useful for showing thatitehiszero
mean, thefkis also zeremean: > = 0. However, if the fifunctionfx taken over theXj} happensto be
zero mean, then the summation is zero, and even fezamnmean noise, we again havm><=0.

Similarly, any weighted sum of gaussian RVs is a gaussian; thereforeyifateegaussian (zetmean
or not), therbkis also gaussian.

Non-correlation of Orthogonal Fit Coefficients in Pure Noise

We now consider the correlation between two fit coefficiendsndbm (again, over multiple samples
(sample sets) of noise), when theffihctionsfx andfm are orthogonal to each other, and to all other fit
functions. We show that the covariance dmybm) = 0, and so the coefficients are uncorrelated. For
convenience, we takKeandfmto be normalizedi®=fn2= 1. We start with the formula for a-fibefficient
of a fit-function that is orthogonal to all othe(9,10), and use our algebra of statistics:

Q

an n
COV(bK !bﬁ‘n): CO\’(f kY f m'y) :CO\§ fk Q(i )yi vé_ fm (Xj )yj :
lel j 2

Again, all thefk andfm are constants, so they can be pulled out of the cov() operator:

covlt )= A & fk (%) (X ooy ¥, %)

i=1j 4

As always, the are independent, and therefore uncorrelated. Hence, ilh@rcoviy, yj) = 0, so only the
i =] terms survive, and the double sum collapses to a single sum. Alsy;, 90 varfi) = (2, which is a
constant:

n
covy b)) SZE fi(x) fn(%) =0 (f, & f.,are orthogona.
i=1

=0

This is true for arbitrary distributions gf, even if theyi are nonzeranean.

In pureuncorrelatedhoise of arbitrary distribution, for filunctions orthogonal to all others,
the {bi} are uncorrelated
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The Total Sumof-Squares (SST) in Pure Noise

The total sum of squares is:

n
raw: SST=yyy 8 ¥
i=1

n n
ANOVA: SST=(y -‘))2 aly ‘92, where ~ yl .y
i=1 Ni g
For zeremean gaussian noise, the r®8T(taken over an ensemble of samples) satisfies the definition of a
scaleds? RV with n degrees of freedom (dof), i.e. S8T/C ¢?.. As is welknown, the ANOVA SST, by

subtracting off the sample average, reduces the dof by 1, so ANESI C 6% 1.

The Model Sumof-Squares (SSA) in Pure Noise

Wedre now ready for the last big -eftsquaesythAbagshow t hat
degrees of freedotnp [ # f i t Thepnaodehcansbe thaugh) of as a veotmsd= {ymodj}, and the

basis functions for that vector are theftinctions evaluated at the sample poifitsW {fm(xi)}. Then:

p
Ymod = a bmfm-
m=1
Thefmmay be oblique (nowrthogonal), and of arbitrary normalization. However, for any model vector
space spanned lymod, there exists an orthonormal basis in which it may be written:

p
Ymod = a Cndm Where g, torthonormal basis, G, ! coefficientsin tlge ba. (9.112)
m=1

Wed6ve shown dnaradrthosommatthen ardmcorrelated, with vaxg) = %¥. Now consider
Ymod® Written as a summation:

2 ll:] é' F)l-
Ymod =a %acmgm( Xi)
i=lCcm 1 -

oo: oY

Since thegmare orthogonal, all the cross terms in the square are zero. Then reversing the order of summation
gives:

P n p n p
Yoo =8 AlGndn(¥)’ = & @) = @ (9.12)
m=1 i=1 m4 i E m 1=
=1

Thereforeymod is the sum op uncorrelated RVs (then?). Using the general formula forthe average of the
square of an RY7.9):

()= (cnl? Varlen) benf? 57 Y (Ymos?) % (00

Cm=1

psh.

1-O:0: Ot

This is true for any distribution of noise, even rraromean. (In general, there is no simple formula for
varfme?)y but we donédét need it.)

If the noise is zeranean, then eachcs> =0, and the above reduces to:

<ymod2> =ps 2 (zero-mean noist.
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If the noise is zeranean gaussian, then thgare zeremean uncorrelated gaussian RVs. This is a-well
known condition forindependence [ref ??], sothare independent, gaussian, with variatcerhen(9.12)
tells us thaymod? is a scaled cksquared RV wittp degrees of freedom:

2

SSA . . .

(raw) ym—ozd 122 (zero-mean gaussian noi.
s

&

We developed this result using the properties of the orthonormal basis, but ouryragdehd therefore
Ymod?, are identical inmnybasis. Therefore, the result holds for grfit-functions that span the same model
space, even if they are oblique (i.e. overlapping) and not normalized.

For the ANOVA SSQ identity, a similar analysis shows thatthe constraifit fmoves one degree of
freedom from SSA, and therefore, for zen@an noise:

<(ymod' )7)2> =(|O l)s2 (zero-mean nois..
For zereamean gaussian noise, then:

—\2
(Ymod' Y) 1 EAIC

3 E ,2)_1 (ANOVA SSQ, zero-mean gaussian noi.
s

Ifinstead of pure noise, we have a signal that correlates to some extent with the mo&(ghmeny)z

will be bigger, on average, thami(1)(2. That is, the model wilaccount fosome of the variation in the
data, and therefore the model siiasquares will (on average) be bigger than just the noise (even non
gaussian noise):

<(ymod - 7)2> YSSA (pl)s? (signal + zero-mean nois.

The Residual Sumof-Squares (SSE) in Pure Noise
We determine the distribution &SEn pure noise from the following:
I For leastsquares linear fitsSST= SSA+ S&.

1 From our analysis so far, in pure gaussian Zeean noise:
SSTs?i é&,1, SSASI %¢,.

1 From the definition of?;, the sum of independent RVs is anothee? RV, and the dof add.
These are sufficient to conclude t{&8 & must bes?i p, and must be independent®$A [1 6d Ilike to s
this separately from first principles??]:

SSHs?i é

n-p (for pure gaussian zero-mean noi.

The F-test: The Decider for Zero Mean Gaussian Noise

In the sections on linear fitting, our results are completely general, and we made no assumptions at al
about the nature of the residuals. In the more recent results under hypothesis testing, we have made the
minimum assumptions possible, to have thealtimst applicability possible. However:

To do quantitative hypothesis testing,
we must know something about the residual distribution in our data.

One common assumption isthat our noise is -peean gaussian. Then we can quantitatively test if our
data are pure noise, and establish a level of confidence (e.g., 98%) in our conclusion. Later, we show how
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to use simulations to remove the restriction to gaussian noise, and establish confidence bounds for any
distribution of residuals.

For zeremean pure gaussian noise only: we have shown thaavhtéSSA(sz)l' c,zp. We have also
indicated that for ANOVA:

sSTs*i &y 0 s2=(ssT( n4))
SSAs?i Ep_liu Y 5= ssK py)
SsSHs2i &, piL/ s*=(sSg( n- )

FurthermoreSSAandSSEare statistically independent, and each provides an estimate of the noise variance

.
[Note that thadifferencebetween twandependent® RVs has no simple distribution. This means that SST is
correlatedwith SSA in just the right way so tha8$Ti SSA = SSHs (°é distributed withpi 1 dof; similarly SST
is correlated with SSE such th&STi SSH = SSAC (°¢® with ni p dof.]

In pure noise, & can take the ratio of the timdependenéstimates of?, and we should get something
close to 1:

1 M (in pure nois.
SSH(n P

Of course, this ratio is itself @imensionlessjandom variable, and will vary from sample set to sample set.
The distribution of tlke RV fis theFisher-Snedecor Fdistribution [ref??]. Itis the distribution of the ratio

of two independenteducedc? parameters. Its closédrm is not important, but its general properties are.
First, the distribution depends on both the numerator and denominator degrees of freeffdsaswo
parameter family of distributions, denoted here=édof num, dof denomf). (Some references ugeto
denote the CDF, rather than PDF.)

If our test valuéis much larger than 1, we might suspect tHait false: we actually have a signal. We
establish this quantitatively with a os@ledF-test, at thea level of significanceKigure 9.6):
f >critial_valuegF, 1n.p:@ § Y rejecH.
If f > critical value, thenit is unlikely to be the result of pure noise. We therefore Hjedtthea level of
significance, or equivalently, at thei(la) level of confidence.

PDF forF,; np PDF forFy,y ., COTMPUted  +PDF forF,, , fomputed

critical
fvalue

— rejectH,

(@ _area =a
1 \\ .

critical
value

critical |
value:

Figure 9.6 Onesided Ftest for the null hypothesisjo. (a) Criticalf value; (b)a statistically
significant result; (c) not statistically significant result.

Large-n behavior of F: Itis oftenthe case thatis large, and therefotbe dofssen=n17 pis large. Then
the distributionF(3num3den; f) is dominated by the numerator, since the denominator distribution is very tight.
Then theF distribution is approximately that of the numerator alone, whickvigth snumdegrees of freedom.

Coefficient of Determination and Correlation Coefficient (Redux)
We defined the correlation coefficient (i@.5). Letds revisit tWeeheasalldij ect usi |
about the correlation coefficient, but(aswe showed) t 6s actually fairlyjdusel ess.

is the coefficient of determination, and is much more meaningful: it tells us the fraction of measured
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variationaccountedfor (ak@ e x p | poy anfietathde predictdi(x). This is sometimes usefulasa measure
of the effectiveness of the model.

12 comes fromaspecial casef the linear regression we studielove wherewe fit to asingle predictor
function:y = bo + baf1(x). Forn measurements, the predictors arkl fi(x). x is anindependent variable,
and may be controlled or measured. We often think of the fit functida(gs= x, but as with all linear
regression, thénearfit-function isarbitrary.

First consider a (possibly infinitgdopulationof (fi, yi) pairs. Recall the susof-squares definitions of
SSTSSAandSSHE9.8). We definethe coefficient of determination in linedit terms, asthe fraction afie
populationSST that is determined by the béisimodel which isclosely related t&SA

2, SSA 1var(ymod)
SST var(y

(population).

Now consider ssampleof n (fi, yi) pairs. Itis a straightforward application of our linear regression
principles to estimatg?. We call the estimate treample coefficient of determination r2, and define it
analogously to the population parameter:

(21 SSA
SST

(sample coefficient of determination) [Myelr886 2.20 p2€

n n
where SSA § ( Mod; -_ﬁ, SSTrY( y_)zy
i=1 i 4
Note thatthe number of fit parameterpis 2 (bo andbi). ThereforeSSAhasp i 1 = 1 degree of freedom
(dof), and SST hasi 1 dof.

The sample correlation coefficient is jugwith a sign given below):
|| P 1JSSA SST (sample correlation coefficien

For multiple regression (i p@ .3 bmitt ho nmeubb)ise gefinee ficpor resdti acn |
a |l wa y $orgngléregression to one predictor (calfjt p= 2 but still one is the constalod,r > 0 if y
increases with the predicthrandr < 0if y decreasesvith increasingf.

For simplicity, we start with a sample whefe=y . At the end, we easily extend the result to the
general case where either or both averages are nonzefo= @f, therf1is orthogonalto the constalmt and
we can findb1 by a simple correlation, including normalizationfo{seeFitting to Orthonormal Functions

(9.9)):

n

.
ho ) L)
éfz ns¢? &2

i=1

With bz now known, we can compute SSA (recalling that kyy = 0 for now):

n n n a fy) 2(3 1;y>2
s (how ¥ A 0N B af 3% a2 KU
i=1 P2 i E ¢cof - S
ns ¢ b?

SSTis, with ¥ = 0:
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n
ssT=§ ¥ =8,%
i=1

Since y was known exactly, and not estimated from the sample, SSi tiafs Then:

2 by

r21$SA_n<fY>2/sf2 (fy)? v o Av ia=.1
SST  ns? 52§ St§ @an ,08WM ,
é@lfu 8i§yi

To generalize to nonzerd andy , we notethatwe cantransforfn- f - f,andy - y -y. These

are simple shifts inf(y) position, and have no effect on the fitline slope or the residuals. These new random
variables are zermean, so our simplified derivation applies, with one small chaiygés estimated from

the sample, so that removes 1 dof from SST: SSThhiasdof. Then:

2, SSA {(f- )y -7))2

n

_ w2 1. - _
ssT - %2 where <( f f)( y ))> _n_ii:l( f f)(-y Y
52 :%l 5 (1 -f_)z, 57 similar .

i=1
Note that another common notatior{tskingx as the predictor instead &f

2, SSA _Sy’ o 0 1R o
r g_-%(—%’ where S, K x Yy W S S« _’“1.a=1( XK, - gsimilar.

Distribution of r2: Similarly to whatwe have seen with testing other fit parameters, to test the hypothesis
thatr2> 0, we first considerthe distribution &fin pure noise. For pure zemean gaussian noigéfollows
a beta distribution with 1 armd 1 degrees of freedom (dof) [ref ??]. We can use the usuadideé test at
the a significance threshold: if

Psig =1 -cdfbeta(rz) eritical_valugbeta (ln  1g] (gaussia, (9.13)

then we reject the null hypothesis, and accept thg# is probably > 0, at thpsig level of significance.

However:

The beta distribution is difficult to use, since it crams up near 1, and many computer
implementations are unstable in the critical region where we need itffref¥] Instead, we can

use an equivaleri test, which is easy to interpret, and numerically stable.

Again applying our results from linear regression, we recall that:

2
ss7= ssarsse v RS o T,
dof= ®f % dof = SSHE dof (1-r )/(n -2)

n-1 n-2

Then for pure noisd,& 1 f>>1,Ithén2is probably > 0, with significance given by the standasitied
F test @ is our threshold for rejectingo):

Psig =1 -cdfF(f) eritical_value%F (In 9@].
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Note that the significangasighere isidenticalto the significance from the beta functig13), but using the
F distribution is usually anore accurate angasier way to compute it.
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10 Uncert-Weinglybatda Anal ysi s

(Needs a summary of common equations??)

When taking data, our measurements often have varying uncertétietgroskedasti¢: some

measurementa r e fibetter o than ot hggregte estimdizom aaset ofsstich | | find
measuremenibut whatis théestaggregateand whatists uncertainty? These questions extend to almost
all of the statistics webve cover edIfgoahalesarsetofsa mpl e a

measuremenibut eachmeasurementas adifferentuncertainty, howdo you combine theeasuremenftsr
the most reliable estimate afparameter?intuitively, estimates with smallerncertaintyshould be given
more weight than estimates with largercertainty{Strutz p47m] But exactly how much?

In this chapter we cover uncertaiatyeighted average, variance, and linear regression. rtéicty
weights arsometimes a | | ed A r el jbedauskalarge weight indidatesstiiatthe measurement
of yi is more reliable (less uncertainty).

[There is a supposedly differekti nd of fAweightingd called fArepeat weightso
(worse) notation founweightedstatistics; it has no new concepi®, we do not address it here.]

In our experience, uncertaintyeighting improves results on both real data, and in simulatidrne
degree of improvement varies with the nature of the data. A narrow range of uncertainties gives little
improvement over unweighted methods; a wide range of uncertainties usually gives more improvement.

Note that the uncertainty of a measurement may or may not be influenced by the value of the
measurement itself. For example, for many systems, larger measured values have larger ungegtainty
photon counts) However, all of our results amedependenof whether the uncertainty has a statistical
dependence on the measured value or not. Al we need
(morebelow) Many statistics references are unclear on this point.

Each topic in thishaptemssumes you thoroughly understand the unweightedd=ssgibed earlier

Throughout thishapteywe consider data triples of the form, ¥, ui), wherex; (or ti) are the independent
variablesyi are the measured variables, andre the fi uncertainties of each measurement. dgénethe
uncertainty as variations thegannote modeled in detail, though their PDF or other statistics may be known.
The noise needotbe gaussian.

Formulas with uncertainties an@t simply the unweighted formulas
with weights thrown into the fAobviouso pl

Twoex amples of the failure of the #Aobwighteddataa@ttig ust ment
unbiased estimate of a populati®from a sampl€10.11), and thegdeprecated)lomb-Scargle detection
parametefl4.1).

Somewhere in the literature, thenay bea rigorous proof oall the important results we develop below,
butwe are notaware of anWe rigorously derive whatwe can, and give physical insight @rteatzes that
are forced upon usWe hopehatismore illuminating than a dry, complicated proof. Beware thac¢mof
the literatureincludes fallaciesandoversimplifications, thaimpedeunderstandingf how to properly use
theseresults. We point out some of thgsiefalls below. Blindly using formulas without understandingtheir
meaning is a recipe for mistakes.

Tipping the Scales:l n our experience, and those of colleagues
exactvalue of weights is usually not critical. Weights improve results, fmtt usually dramatically.
Therefore, estimates of weights are often sufficient to get nearly optimum re@ldtsliscuss methods for
estimating weights as the need arises.

Be Sure of Your Uncertainty

We must carefully def i neu.Wduel0ldepictsnypiaahmehsyreniesntn cer t ai n
(@) is a simple modghnd (b) is more detailed, witB sources of variation: the system variatiom(t), and
two separate sources of noise: extermad) and instrumentadr measuremer(times). For example, the
measurement could be of light intensity, with a star as the source, which hasintrinsic brightness variations;
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the external noise could be atmospheric fitwinklingo;
variation, such as photon statistidhe simplerFigure 10.1a could result from a monealisticFigure 10.1b,

where the external noisexhas been includedtia eitherthe systenvariation ina(t), or the measurement

NoiSeUmeas

instrument
system|@\] LT | Yi=a e+ noisg .
(a) measl
signala(t), including the
systemdbs inherent vagriation|.;
y Q external noise, o Instrument
o Ug) —— o
¢'exl( ) 4/, a(t) + uext(t) yl = a1 + n0|$exti
(b) System Uneas + NOISEeag

Figure 10.1 (a) A simplediscretetime measurememiodelneeds only @systenband a measuring
device. The system may include multiple signal and noise sources.A (moredetailed
measurememhodeldistinguisheswo noisesourceswhich we take asindependeakternalnoise
Uex, andmeasurementoiseumeas The noise sources aessentially the sameesin Figure13.8.

In generalthe model experiment could enything:an astronomical one, spread over millions of light
years, ora table top experiment. The external noise might be background radiation, CMB, thermal noise,
etc. Themeasuremermtoise is the inevitable variation in any measurement system. One can often calibrate
the instrument, and determiite uncertaintyumeas

For many measurementsyeasvariesfor each measurement, but is known;
then we have set {Umeas}, Which is the uncertainty for each measurement.

Sometimes, one can measueg, as well.

Note that the uncertainties describe the variance of the npise¢he 1 uncertainty othe measurement
Therefore, in the simple model Bfgure 10.1a, varfioise) =ui?. In the detailed model dfigure10.1b:

Var(10iSgneas ) = UF var(noisgy,) = Wy -
Different applications might incorporate kEorfferent «
al l our work bel ow, we draw a |ine somewhere bet ween
that of Figure10.1a.

Is Your Noise Correlated With the Signal ?

In many cases, the reai is independent of the sigraa|so the noise is uncorrelated with the signal, and
the variances of noise and signaladtie finala measurementincludes all sources of variation: the source,
external noiselex;, andumeas

var(y, )= var(source) +var(noisg; ) var( noige,s -

The termvar(oisenead requires further consideration, whiete do in the section on variance estimation.
For now,note thasincethesetq ui} varyfrom sample (set) to sampiéeu; arethemselvesandomvariables
(as are the noise instanawsise that they describe) We showlaterthat forthe best population estimates,
we need some informaticabout the statistics of the.

Dependent Noise: Sometimesit happensthathe measurement noise is dependent on the signal. For
example, when counting photoinsa time interval, the distribution is Poisson, and fora coul photons,
the uncertainty (from Poisson statisticspigproximatelydM. This means thdarger count measurements
have larger uncertainty: the measurement and its uncertaintiependent

Do the variances still simply add? Yedhis is a caswherethe distinction between correlation and
dependenceisimportant al t hough the uncertainty is dependent on |
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count can be eithgrositive or negativeandis (approximatelyuncorrelated withthe count. Variances add
when two random variabdare uncorrelatedegardlesof whether they are dependent or not.

Recall alsothat independent random variables alkwaysuncorrelated,
but the reverse is not always true.

A separate topic comens when adjacent signal (or noise) samples are correlated with each other: thatis
the study of Digital Signal ProcessinGH13+). Note thatwhen curvétting to basis functions, the misfit
means adjacent residual are almost always correlated.

Average of Uncertainty -Weighted Data : Choosing Weights

The Simple (Widely Misunderstood) Case

We give the formula for the uncertaintyeighted average of a sample, and the uncertainty of that
average.We start with awell-known [Myers 1986 p171tput widely misunderstood, cas&uppose we
have many measuremepitsf some physical constant, each with its own uncertaintr in general, we
havea sample oh measurements, say; ((i), wherey; is the measurement, adds the i uncertainty iny;
dueto all sources For example i the model oFigure10.1b:

Siz . Var(yi) =~§2 l:Extz ul:heas |2 (10'1)
How should we best estimate thieysical constarfrom this sample?

If we assumehe estimatoris a weighted average (as opposegightedRMS or something else), we
now show that we should weight eaghby G'2. The general formula for a weighted average is:

n

a wy
yria— where w are to be determine. (10.2)
aw
i=1
Note that for equal weights, this reduces to the ordinary average, as expected.

First, note that any weighted average of unbiased estimates s also an unbiased estifisaiasased
with any choice of weights.

But how should we choose our weightsfor the least uncertainty if? 1t seems clear that our weights
must (somehow) be determined from the uncertainties, such that higher uncertainties are given less weight,
and viceversa[Strutz p47m] We ask to minimize vay over the data weobdbve got.
var(y over the ensemble of noise instanceise that wemight have gottem our single given sample, with
given (fixed)measurement deviatiofi&}. Since the {vi} (somehow) come from thel{}, fixed {G} imply
fixed {wi}. Also, recall that(1) uncorrelated variances adahd(2) varkx) =k?vark). Then:

n

. R s 2
avarwy) awss §in units of yF,

var(y)= =L =2 10.3
ap % m T o fuar) overfieds) ). -
(;%1 ; g i ?W §

Note that because of the normalization factorin the denominator,Yathd its variance are independent

of any multiplicative constant in the weights (scale invariance): e.g., doubling all the weights has no effect
on ¥ orits variance Therefore, there is no requirement to normalize the weights, so we can take each

weight wk as independent of the othedow, we still needto chooseéhe individuaMmeights to givey the
minimum variance possible. Therefore the derivativevarf(y) with respect to anguchweight,w, is zero.
Using the quotient rule for derivatives:
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an 0
v 8
pvar(y) _ Ggi=1 o e, au oVvdu Udv
" & T v
i 0
Y o
9

We see by inspection theit =0 2 satisfies thifa little more algebr@an motivate this)Therefore, walefine
raw weights:

Wt si'z raw weights, in units of [s ]2 =y ]2 (10.4)

This choice alsanakes computing the® goodnes®f-fit parameter more direct.

For a leassquare®stimategover fixed {i}) of anaverage,
weight each measuremeny the inverse of thiotal variance
This holds fomnymeasirementistribution (not just gaussian).

As expected, large uncertainty points are weighted less than smalluncertainty points. Our derivation applies
to anymeasurement uncertainty distribution; in particular, uncertaintesl nobe gaussian.

[Note that we havenot proved that a weighted average, in generathésoptimum form for estimatingna
average | suspect this can be proved with J[dikdnsecl5)Uist of vari ati
proved(10.4); [Shahar]gives 3other proofs ofit, though they seem to be unaware of [Aitkevie think our proof
is simplest.

Since the weights are scale invariant, the only dependence that mattersaig théd 2, and scsome

references use scaled weigipt®portionalto (' 2. We conside other weight scalings below. Any weights
proportionaltoi’i?are also called Areliability weightso

This result is widely misunderstood and misapplied
it is often used teet weights to (measuremamtcertaintyy2. But (i is thetotal deviation,
of which the measuremenincertaintyumeas, is only a par{see(10.1)).

Some corrective practices drelow

A Note On Units

Since all our results are scale invariant over the weightswdights can have any units, which may be
unrelated toy]]. The simplest choice is to take the weights as dimensionless. But then &eissumit-
checking of weights forourformulas, sineecidentallydropping a weight factor does not leave invalid units.
So to unitcheck our algebra (as one always should), take the weights to have arbitrary unlisaoid be
sure theycheckin all equations. For examplin (10.2) and(10.3), the units[w] cancel. Next,
[uvar(y)/ w1 [31%/[ W. Inourraw weightsjt appear§w] = [Gi]'2=[y]'2, but again, for error checking,
it ds bewlasatbtrant. a ke [

Weighted Standard Error ofthe Sample Mean

Given theminimum-varianceweights(10.4) (keeping {u}, {wi} fixed), we can nowind thevaiance
(and thusuncertainty of y. Recallthat(in the model ofFigure10.1a) (2 = 0.2 + ui2. For convenience, we

define(a fairly standard notation, but not universal)
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n n

n
e a si—Z, A aW (a normalization factor), v, ! aVZ

i=1 (3 i =
scale invaiant
Wi=[¥? [V EW [ [ 9w

Note thaWis defined to be independent of weight scalidgscales with the weights, aMdscales with the
square of the weights. Then fra(10.3), we findthe variance ofy , choosingaw weightg10.4):

n n
a w’s® aw v 1
var(y) =12 — Use: 5,2 w1 : vafy) &2 32 - (105)
V12 V12 V12 Vl

The variance must baveightscale invariant, bubur result included/s, whichscales. That 6 s kBecause w
chosethe scale of raw weights for which V1 = W. ReplacingV: with W eliminates the weightscale
dependence

1 . 1
var(y)=—, and uncertaintyf{ )* dey vay) —. 106
V) ™ W ) dey( )# am) N (106)
dev@y is also calledhestandard error of the mean Note thatit dependaslyon theli, andisindependent

of they;.

Note that the weighted uncertainty §f reduces to the wellnown unweighted uncertain{y.1) when
all the uncertainties; are equal, say:

-1

an 0 g2 .
var()‘/):i @5'2 g irT Y devy) :/%

Caution about weights: At least onaeference[Lay p386], definestheir weights to be the squamaot
of ours Wineirs=8Wours=0'1. Some software packages do this, aswell. Be sure to check the weight convention
when reading the literaturer using 39-party software.

The Common Case of Measures of a Varying System

Very many situations do not meet the restrictions of the above redli$), because only the
measurementincertaintyumeag are known, but not the full. Figure 10.1aor b showssuch examplgsvhere
G > ui. The system under study has its own variafignwhich is usually unknownRecall:

ui W the measurement uncertainty alone (so excluding the sourcarandy).

Only if G & ui (i.e., other contributions are small) can we take ui'2.

In general, & cannot take the weights ag2, because that ignores other contributiong to

We wouldliketo find the set of weights that minimizes the varianca(@D.2), overthe reaWworld case
of an ensemble of samples (setgj} ith different {ui} in each sample. This turns outto be infeasible, so
we must content ourselves with finding an unbiased estimator, and a plausibility argument that it is reasonably
good.

First, whyis it infeasible talerive weights to minimize the realorld variancefx? It seems clear that
our weights must (somehow) be determined from the uncertainties, such that higher uncertainties are given
less weight, and vieceersa[Strutz p47m] As noted earlier, the uncertainties}{ are themselves random
variables (RVs), and so the weights derived from them must also be@®Nt&. simply, the variance
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Qo
]

&:

WY
—\ _ =1
var(y)= var:-r)— (10.7)
AW
C i=1
is nearly impossible to calculate in closed form, when both yi}eafid {wi} are random variablesDoing

so would require computing the PDFs of thidrom the PDF of thasi. Some progress can be made using
rules of uncertainty propagation, but those are approximations &néctftenhighly inaccurate.

B

Nonethelesswe can still make progress, and at least find a reasonatiéased estimatasf the
population averagg Instead of asking to minimize vayver the ensemble of sampleso@uldtake, we
scale back our goals, and ask to minimizear(over the data webdve actually got
vary over the ensemble of noise instannegse that wemight have gotteim our single given sample,
with given (fixed) uncertaintiesf}. This we can do. Since thew{} (somehow) come from theuf}, fixed
{ui}imply fixed {wi}. Instead of vagf) ud we use the model dfigure10.1a, wherevarfy;) = 0a? + ui2.
Thenwe can use the weights fro(h0.4) by replacingli? = (a2 + ui2:

-1

w=(ss" )

We are given thei, but we needo estimatdl.. Without it, the lowuncertainty measurements are given too
much weight (or equivalently, the higincertainty points are given too little weight). Such overconfidence
in a measurement can degrade estimates and curve fits.

Such a adjustmento the measurement uncertainties is not a besmirchment of the experimgnter;
the quoted uncertainties may be aete, but the weights ¢10.4) require the total varianag?,
which includes variation sources outside the measurement itself.

To estimatel, note thafiMany robust estimatoiteratively search fojgood]weight® Stfutz p51m].
A simple method is to estimatg.w, the sample variance without weightasingthe standard formulé&.2),
thenchoosela to make the averag@? = Gunv?:

. 1.0
an(sa2 +ui2) :%nwz Y §2 :uﬁN2 E'a q2 .
i=1
a\/g(uiz)

Anot her e sfisiostartwih theosamw wéights from4or somewhere else), then estimége
from the variance estima&0.11), and iterate that back into newweights. Usually, one iteration is sufficient
for nearlycomplete convergence.

(Smilar methodscan be used for weightexirve fitting, aelowin [ref??].)

Variance and Standard Deviation of Uncertainty  -Weighted Data

What are we estimating?

Inthe homoskedastic case, we have a population paraietgrich isthe sum of alvariancegFigure
10.1): source, externalnoise, and measurement noise. Tihie sEame foreaanember of the sample (data
set). Itis a parameterwe can estimate. But for a heteroskedastic seachlepeasuremewnthas its own
uncertaintyui, sa

I For a fixed set ofuj, there isnasingei populPatti onest i mat eI

Sowhatanwe estimate? Typically, web6re studying a fisys
own variancev a r ( s y &2t Wemwpuld like to estimate this physical properfherefore,m contrast to
theweightedaveragg10.2), whennowanalyzing variancesve must distinguish atleasttwo components of
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our variation modetigure 10.1 (as we did in the unweighted ca@et)): at minimum, a given measurement
yi has 2 components:

Y, =8 HMOiSBeasi where var() #verfixed{u;},{ Wvar( noigg,s) A.

If external noise is significant, weaninclude noisex in theai, so thavar(ai) = var(system) + van0isex).

Without loss of generality, we taleg noise, and thereforéhe population averag§to be zero, because
we can always shift a random variable by a constant amountto make its (weighted) average zero, without
affectingits varianceThis shift to zeremean saves a bunch of pointless algefraen all theyi are zere
mean, and &2>=var@) Of. Then:

var(yi)1<342> =,° 42, aftershiftingto zeremean.

Note that thesampleaveragexis not necessarily 0, even if tpepulationaverageks 0.

Also, be carefubf an unfortunate collision of notation: the sample deviagisndifferent thara signal
s(t) in other chapters

Finding the Estimator

We now find asamplevariances? that is an unbiased estimatelgf, given ourspecific uncertainties
{ui}. Thisis the best we can do with ogivendata(yi, ui). i dbiased meansthatover many samplges),
the samplerariance averagesto teesembleariance where the ensemble is taken over sampiéis our
set ofuncertaintieui}. (We consider an ensemble e@listicsampleshortly??)

We disagree with some claims forthe weighsadnplevariance, which welisprovein the next section.

Many references give incorrect formulas for the weighted sample variance;
in particular, it isnotjust (1/V;) & w (y - 7)°, northeoft-claimed formula(10.12).

As in someorevious discussions,eastart with thguesshat the sampleariance comes from a weighted
sum of squaredeviations fran the samplaverage:

n
s _\2
aw(y-v
2 _i=1
T |
aw
i=1
We alsoguessthat the weights are the same asforaveraies check for bias, |letds

<g2> over an ensemble of samysets with the givenyfj}. First, use the weighted sumfisquareedeviations
identity (10.14) to simplify:

;_Awy -y _awy
q v v Y

(Recall\j an W) (10.8)

i=1

Now (using our statistical algebragyerage over the ensemble of all possible sas{pfng the same
weights), i.e., the weights, and therefoigandV2) are constant overthe ensemble average. The first term
in (10.8) averages to:

n
a wy’

- 1.0 1 _ :
= V=23 w(s,2 n?) x2 =+ wu? ensemble w/fixed {1 .
V! ((sa” ?) v a ()

$i2
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Choosingaw weights(10.4), each term in the final sum is 1, awdreplaceVi =W for a scalefree result:

n

awy’

i=1 _.2 ,Nn

= \-g 2 109
\ a w (109)

The second term ig? averages to:

a5 e/ n .
<y2>: M _—.ig<a W2Y2> +aww yy
e

J-o:0:of

2
(? Vi Vi i=1 i

Thenthesummand of théast term is proportional toyy;>, which is zero fomny twoindependentero
meanvaluessuch agyi andy;. Thus:

_2_]_-r;I 2 2 _1 r!. 2 2 2 1 oo oo
() =gz@ wily’) 5z awls® o) Hat or &
1= i

Again choosing raw weight€0.4), andusingwiui2=1,andV1Y W, leaves

n
2\_ Vo 2 1 . Vo, 2
=_<g — == o B
) w2 % w2 ia;lw w2 ow
Finaly, combinethis with the first tern{10.9):
2\ _ 3 _VZ 6 2 n- 1
<q >—% w2 o W (10.10)

Finally, the unbiased estimate @f simply solvesthisequationfor (ia?:

a'r;l ( )2 6
&g WY -y 0 o
5,70 W2 o St s %w(x 3 (0 1)
W2- Ve W W gV V2 I &S (10.11)
& 6
g -
usingW - V.

Thus we argue that there is no meaningful sampléances?, since it depends on ooneset of uncertainties
{ui}. The best we can hope foris an unbiased estimate of our system valata&ing into account our
one given set ofij}.

I Thels? estimate above can be negative!

Given an atypically small set of noise sangpieise, the (i 1) term can dominate, and make the variance
estimatela? negative. This is unphysical, and suggests €gais small.

As noted earlier, all this holds even for nonzero maeandy;.

Note thatwe have shown thé&€ is unbiased, but we havetshown tha(10.11) isits best(minimum
variance) unbiased estimatofle are not aware of any such proof.

As an important check on our estimate fofi? (10.11), we confirm that it reduce® the unweighted
form (7.4) in the case where ali are the sameSo we take all thaii = umead U, andthen allwi = u'2,W =
Vi=nu'?2, andVz2 =nu'4
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Y 5,
s T Ty Y g Ay W Eeny
(n - n) Gi=1 T ie
a-vy’
== n-1 _'u—z' '

As required, lis is the unweighted forrfv.4).

Also, as always, thetandard deviatios 5 * ,/ s? is biased because the square root of an average is
notthe average of the square roots. Since we are concerned most often with bias in the variance, and rarely
with bias in the standard deviation, e donét bother

Distribution of weighted estimate of(l,2: If the uncertainties are exact, and the residuals are gaussian,
thenthe first term in(10.11) is ?(ni 1) distributed. Realistically, the uncertainties are only estimates, and the
residuals are rarely gaussian, but we egproximateit as having ac?(ni 1) distribution (as with the
unweightedvariance estimat€’ .4)).

What the Weighted Sample Variance Is Not

There are some claims thamh unbiasedyeighteds? is given by:

n
. \2
aw(y-v)
N weighted sample-varian, in units of §]2. Flawed! (10.12)
V-V, 1V,

' This claim is flawedandit obscures what such a formula estimates. '

We saw in(7.4) that theunweighteds? includes the measurement uncertainty, whi€tkknown) could be

fibacked out o. B weach maasutement hasdts ogvh tneedainty aTshee,r e i s no Apopu
variancdP, per sethere are only themanygiven{’}. Recallthatwhen taking ensemble averages, we must

keep the uncertainties (and therefore weights) fixed over the ensemble. The derivation of the above formula

fails to do spas we now show

A typical (flawed)derivation goes like this: wstart withg? from (10.8):

Ay

V. (Recally, g w.)

i=1

q

As above,whoutloss of generality, we take the population average to be zero, because we can always shift
a random variable by a constantamountto make its (weighted) average zero, without affectingits variance.
This simplifies the algebraThen the population variance becomes:

s?=(Y?) {v)°

& <-Y2> . (Flawed)

This is flawed becausthere is no (2, only the set {i?}, since eachy; has its own u., ie.
5i2 = var(system +é!<t2 +Hea$i2. There is no generit? for a sample ofjiven{u}.

The flawed derivation goes oWe start by guessing (as we did for unweighted data) thatefghted
average squaredeviation is an estimate féf. Note that thesampleaveragekis not necessarily 0, even if

thepopulationaverage<Y>= 0. For a single given sample set, the simple weighted average of the squared
deviations fromYy is (again using10.14)):
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n

. 2
, MO Sy Awy

- 2. (10.13)
aw Vi \%

q

Is this unbiased? To see, we average overthe ensemble of all possible sample sets (using the same weights),
i.e., the weights, and therefdrgandV., are constant overthe ensemble average. The first tefhd.13)
averages to:

n
a wy?
i=1

Vl

<yiz> :|<Y2>1 s2. Flawed.

Again, (? is ill-defined and for a sample of giveii}, <yiz>1 Y& (see(10.9)).

The derivation continues straightforwardly, but the flaws encountered so farrender it moot, and invalid.

Population of Weighted Samples, Each With Its Own {ui}

We just considered an ensemble of samples, each with the same set ofintieefts}. Anothervery
practicalquestion we can askis: if | take a bunch of samples (sets), eadis witm seof {u;}, whatcan|
estimate about this population of samples?

Average of Population of Sanples With Distinct {u;}

We can estimatéhe average of the populatiofisamplesvith distinct ui, by treating eackamplexas
aninstance of a random variafgayz, with uncertainty fron{10.6): Usamp =W /2 These instances coiwge
the population of samples, so we use the formulas already fdtomdncertaintyweighted average£t0.2),
andfor its standarekerror: (10.6). This gives the following: dfineN[ of z instances

N

- 1 1
Z :V a W.sampZs var(2) =
Lsamp j=1 samp
N N
-2 s s 2
where W,sampl L{ samp Y samp 1a Wi samp W sampla u i samp
i=1 i 2

Statistics of a Single Measurement Instanc#/ith Uncertainty

We might also ask, whatis the average and variance of a single measuygtalegr with oucomplete
systemFigure 10.1a? Our previous resultfrom our definition ofu;, and for a given measuremejit

var(y)* 5% =% 47,

is not sufficient, becausééu; are themselves random variables

I For arbitrary measuremesy, varfy) must take into account tlistribution of theu;.

[You can quickly see that the are random variable when you write code to simulate the system. For each
measuremeny;, you must first randomly generate an uncertaintythen you generate the noise instamcise
based on the generated]

In principle, we could derive vay) from <g2>(10.10), where the distribution afi implies the distributions
of W, W2, andV-. In practice, such a calculationlikely infeasible. Empirical measuremeat simulations,
may be your best bgt
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Handy Numerical Identity

I The following identities are essential for efficient computer programs.

When computinginweighted standard deviations, we sometimes simplify the calculation using the
handy identity:

n n (.. _)2
a(v-y =ay’ _any. -
i=1 i %

This is essential forcomputer calculations because it allows one to cothpwigriance one instangeat a
time, without storing the whole list of instanceg}{ The code simply keeps two sums:

sum=3 y su =J.5.

Then the variance can be computed at any time from just these, using the above identity.

What is the equivalent identity fereightedsums of squared deviations? We derive it here:

awx-v =aw(y 2yv ¥ Use: gwy ey

i=1 i 4 i E
=4 Wy’ 24Y ¥V (10.14)
. ., (Bwy)
=a Wy’ YUY AWy

The code then keeps the two sunsani= a Wy, suf = a iV\4§/.

While there seem to be some patterns in going from unweighted to weighted forwrieytion against
usinganysucluncritical rules t o WA gavessavdsushguegshstae dnrefabla. mul a s .

Normalized weights
Some references normalize the weights so that they sum to 1, in which case they are dimensionless:

n -2 n
e } S: ‘e
Wi g s? and w2,y o1\ HyW
n w .
i=1 I i3
normalized,
as always dimensionless as always

anormalized,
g?iimensionless weights’

SinceVi W 1 (dimensionless)Vi does not appearin any formula¥z fnust still be computed from thleese
weights.) Both normalizations are found in the literature, so it is helpful to be able to switch between the
two.

As an example of how formulas are changed, consider-sgefsired goodness-fit parameterwhich
is dimensionless Its form is, in both raw and normalized weights:

n

(raw) czzé_w,(y, “ Yo )2 - é wré'w(y ynod,)z (normalized.

i=1 i3

Other similar modifications appear in other formulas. In general, we can say:
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togofromraw tonormalized: ~ wa  wyo™ | W W gAY g o
Wraw
1

Vlraw

V2I'aW

-, 1 \/J-I'aW -, Vznorm — >
()

to go from normalized toraw: ~ w™™

The r ¥IVEiA Ineans i n Veasheededta rmadke tise uoin§ fancel.

As another example, we transform the raw formulastpeq.(10.11), to normalized:

n n n
aw(y-v° waw(y -y aly Y
(raw) 2L — . & =12 LE (normalized.
V-V, !V W- W2\s/ W 1-Vv,

To go back (from the normalizedito raw), we tak&V- Vi (if Wwere there)wi - wi/Vi, andVa- Va/Vi2

For now,the rawdimensionful weightsare often convenienso we continue to use them in most places.

Numerically Convenient Weights

Itis often convenientto perform preliminary calculations by ignoring the measurement uncenrinties
and using unweighted formulas. We might even do such estimates mentally. Later, more accurate
calculations may be done which include the uncertainties. It is often convenientto compare the preliminary
unweighted values with the weighted values, esdigcfor intermediate steps in the analysis, e.g. during
debugging of analysis code. However, unnormalized weights,ui’ 2, have arbitrary magnitudes that lead
to intermediate values with no simple interpretation, and that are not directly comparable to the unweighted
estimates. Therefore, it is often convenient to scale the weights so that intermediate results have the same
scale as unweighted results. The unweighted caseis equivalentto all weights being 1, with a.sWve of
can scale our uncertainty weights to the same sunn, i&.equivalently, we scale our weights toaserage
of 1:

n n
q 1=n (unweighted) Y (weighted) Qw =n  and thereforey V-n\;lij'z.
i=1 P4

With this weight scaling, Afguick and dirtweightedal cul at.
intermediate (debug) results.

In general, for arbitrary weight scaling, we have:

n n
W o .
Wirawzwwnorm _Varb VIVarb where W a iu2, 1\7rb a iﬁb-
1 . i=1 i 2 .
as alvays

Uncertainty Weighted Straight -Line Fit
The common case of an uncertaivgighted straightine fit is worth noting for reference [Strutz 7.16
pl77]:
Ymod(X) = by +Hyx

n

Vit g w, Stawx o rtamy 8 tankx s A

i=1 i 2 i E i 1= 1=
bo:m, by V- Py
ViSw- &2 VS - &
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These are scalee (i.e., they work with all weight scalingspecause all term§n numerator and
denominatorscale as the square of the weights, so the scaling cdaseaisshould) This is a special case
of uncertaintyweighted linear regression, discussed more below.

Transformation to Equivalent Homoskedastic Measurements

We expect thatthe homoskedastic case (all measurements have the same unditegihpler, and
possibly more powerful than the heteroskedastic case (each measurement has its own uncgrtainty,
Furthermore, many computerregression libraries cannot handle heteroskedastic data(!). Fortunately, for the
purpose of linear regression, there is a simple transformation from heteroskedastic measurements to an
equivalent set of homoskedastic measieatn. This not only provides theoretical insighiut is very useful
in practice: it allows us to use many (but not all) of the homoskedastic libraries by transforming to the
equivalent homoskedastic measurements, and operating on the transformed data.

To perform the transformation, we choose an arbitrary uncertainty to act as our new, equivalent
homoskedastigncertaintyl. As a convenient choice, we might choose the smallest of all the measurement
uncertaintiesiminto be our equivalent homoskedastic uncertaintyr perhapsthe RM&(. (Recall thati
is defined asall of the measurement error, both internaland external.) Then we define a new set of equivalent
fimeasur enyeu)t && ya,(0) according to:

y =2 Xini i —
=X mi i -

Ui Yy
We can now use all of the homoskedastic procedures and calculations for linear regression on the new,
equivalent fAimeasurements. o N o t xgi, ahditha measueemérysshye scal ed
the ratio of our choselto the original uncertaintyi. Measurementswith smaller uncertainties tBaet
scaled Aupd (bigger), and meadgerte smemtl £ dwifitdho wnaor glesrmaulnl

If the original noise added into each sample was independent (as we usually assume), then multiplying
theyi by constants also yields independent noise samples, so the property of independent noise is preserved
in the transformation.

Figure 10.2 shows an example transformation graphically, and helps us understand why it works.
Consider 3 heteroskedastic measurements:

(2.0,05,0.1), (1.6,0.8,0.2), (2.0,1.0,0.3) (original measurements).

We choose ourworst uncertainty, 0.3, as our equivalent homoskeid aihien our equivalent measurements
become:

(3.0,15,03), (2.4,1.2,0.3), (2.0,1.0,0.3) (equivalent measurements).

Figure 10.2 ilustrates that an uncertainty of 0.3xé@t= 3.0 is equivalentto an uncertainty of 0.Xxat 1.0,
because the x0 point #ftugs ono t he? thésguaeolyhkii t he 1| ine
yi)lui. In terms of sums of squares, the transformation eqeatgterm of the sum:

Vo)~ ¥ _ Ymod %) =¥y égewzg S RN T RS
Ui o i=1¢ 4 i aC o -

The transformation coefficients are dimensionless, so the units of the transformed quantities are the same as
the originals. Note that:

The regression coefficienbs, and their covariances, awvachangedy the transformation to
equivalent homoskedastic measurements, but the nvatledsyGnod,i = ymod(XG) change
because the predictox§ are transformed from the original

Equivalently, theoredictionsof the transformed model adéferentthan the predictions of the originalmodel.
The uncertainties in thiem are given by the standard homoskedastic formulasvils the measurement
uncertainties, and the covariance matrix baig also preserved by the transformation. These considerations
show thatSSTSSAandSSEarenot preserved in the transformation.
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Figure 10.2 The modeymodVs. the original and the equivalent homoskedastic measurements.

In matrix form, the transformation is:

¢s o
é u
et N
é S u
Tlg U, ,llj y' Ty, X' EX
[ - Y [ L
n3n é u nsp ny
é u
é S
g u, H

The transformed data aomly equivalent for the purpose of linear regression,
and its associated capabilities, such as prediction, correlation coefficients, etc.

To illustrate tke equivalencgecall thathe standard sample average is a linear fit to a constant function
fo(t) = 1. Therefore, the weighted sample avelaggven by the unweighted average of the transformed
measurements. Proof TBS??. Note that the transformed funfctifthis not constant.

In contrast, note that the heteroskedastic population variance es{ih@dit#),

n
. \2
aw(y-v)
21 izl
V- VoV

isnota linear fit. T h a t-ldoking ionmula, iand isrrotegiyen iby thes cominfon s o d d
homoskedastic variance estimate applied to the transformed sagad (' -v)°/(n 3.

As anothecounterexample,theleprecatetiombScar gl e algorithm doesndét work
Although deprecatetlomb-Scargleis essentiallya simultaneoulnearfit to a cosine and a sine, it relies on

a nonlinear computation of the orthogonalizing time offgetssentially, it relies on the fitinctions being
cos and sin, and satisfying trigonometric identiti@dese properties dootholdfor the transformed data.

Orthogonality is preserved: Iftwo predictors are orthogonal w.rthe weights, then the transformed
predictors are also orthogona®roof: with predictorsik andxim:

n n n ' ' n
aWxom=0 Y B Xm 32 AXIm 2 @y O
i=1 i 2 iedoU i 1=

0

Linear Regression with Individual Uncertainties

We have seen thatfor data withnstanuncertainties, we fit it to a model using the criterion of least
squared residual.But for individual uncertaintiesy(, ui), we insteadcommonly usea leastchisquared
criterion. That is, we fit the model coefficients to minimize:
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n 2
SSE ¢? 1ae'— where g fesidual A i -
i=1 U

For gaussian residualsach term in the sum is the square of a gaussian RMeastthisquared fits yields
(so-called) maximumtlikelihood fit coefficients But residuals are rarely gaussjafior nongaussian
residuals, leasthisquared isisuallyas good a criterion as any.

However, there are many statisticalformulas that need updating for uncemeigtyted data. Often,
we need an exact closédrm formula for a weightediata statistical parameter. For example, computingan
iterative approximate fit to data canbe phutively slow, but a closedlorm formula may be acceptable (e.g.,
periodgrams). Finding such exact formulas in the literature is surprisingly hard.

Even though webdve described the transformgtion to |
convenient to compute results directly from the original measurements and uncertainties.

We discuss and analyze some direct weighegglession computations here. As in the earlier unweighted
analysis, we clearly identify the scope of applicability for each formula. And asalways, understandingthe
methods of analyzing and deriving thesdistis is essential to developing your own methods forprocessing
new situations.

This section assumes a thorough understanding of the similar unweighted sections. Many of our
derivations follow the unweighted ones, but may be briefer here.

The first step ofihearregression wittindividualuncertaintiess summarized in [Bev p11¥18], oddly
in the ch8gpuaredlLERtstto a Pol ynonllétfunadionefotgust t hough i
polynomials). We summatrize here the results. The linear modelis the same as the unweigt{fet):case
from p predictors(variables)we wish topredict a modeymod. In the basidunction formulation(9.2), the
modelis:

p
Ymod(X =@ K k() Ff() B LY .4 f,(D [Bev 7.3p117.
k=1
Each measurementisa triple of independent variable, dependent variable,and measurement ungertainty, (

i, Ui). As before, the predictors do not have to be functions of an independent vgriablaise such
functions only to simplify the presentation. We find thdy minimizing thes? parameter:

a o G
: . OR-TOK:
SSE! ¢® - y?""“)) |~ = = [Bev 7.5 p117.
i=1 Ui P4 y

Foreactkfromltop, we set t he @ d=10,itcageta deeafsinuiaheiows tinear gyuations
in thebx:

a p 0

, o - a () @-(x)
Ky 5 &2 . = , k £2,..p.
b i=1 Ui

Dividing out thei 2:
a p 0

i A im0 &(%)
e R e E— k =,2,..p.

i=1 Uj

Moving the constants to the LHS, we get a linear systemeafuations in the sougfatfterby:
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éM fk‘(x,)_ a gm fm(X) f(x) = ﬁ ‘gffk(x) k 52,..F

iiam E ml—|1—

Linear Regression With Uncertainties and the Sum  -of-Squares Identity

As with unweighted data, the weighted swfasquares (SSQ) identity is the crucial underpinning of
weighted linear regressiofl a ka figeneralized I|linear regressiono).
ourunweightedsum-of-squares identity9.5), in vector form:

(raw, unweighted) SST =SSA 4SSE o y2 y=2 P

where y1 (y, y.... ¥)'. U tresidual vector, etc. (10.16)
p
Y21 vy, ete, Yo @ bific-
k=1

Recall thatthe dot products are real numbers. Also, by construdi®nsthogonal tdy, Ufk = 0, and the
SSQ identity hinges on this.

We derive the weighted theory almostidentically to the unweighted case. All of our vectors remain the
same as before, and we need only redefine our dot product. The weighprddiott weights each term in
the sum bywi:

n
abt Q wah, w2 a’ ®a (weighted dot-produc.
i=1

(All the caveats surrounding the weighd(10.4) apply here, aswell.)Such generalized inner products are
common in mathematics and science. They retain all the familiar, useful properties; in particular, they are
bilinear, and in this case, commutative. Then the weighted SSQ identity has exactly the same form as the
unwephted caséproved shortly)

(raw) SST= SSA+ SSE y? w2 (% SS@ntity. (10.17)
mod

RecallthatSSHs thec? parameter we minimize when fitting. Written explicitly as summations, the weighted
SSQ identity is:

raw) J wy2= Aw[RE O + &y b £(0° [Schwa 1998, eq 4 p83,

i=1 i % i E
1 T 1L ]

SST SSA SSE

If this identity still holds in the weighted case, then most of our previous (unweighted) work remains valid.
We nowshow thatiloeshold. We start by noting that even in the weighted d&@%es 0. The proof comes
from the fact thaB8SHs a minimum w.r.t. all théx:

&SE:O _—._u.r.] 2 _r!.2 . . 2— %/ M f.
UbK h(i:lwlq EWIQEI e a‘ll i ljarf'n

The only term surviving the derivative is wherr k:

n
0= wef; 0, k 1..p.
i=1

Therefore, pef9.6), theweightedawsum-of-squares identity holdsThe identity is a little simpler in terms
of Ymod:
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p n n n
Ymod(X)* @ Bafm(® Y (raw) wy = av( ¥nodi)2 * R

m=1 i3 i E i 1=
Also asbefore, if we include a consténfit parameter, then theeightedANOVA SSQ identity holds:

ANOVA: awl(y- 7)2 = aVV( ¥nodi 7))2 ae’.

i=1 i3 i E

Recallthaty is theweightedaveragg10.2). With abo fit parameter, we have:

n
0 §=0 = we where § 1 i
i=1
Thus the weighted sum of residuals is zefichen theANOVA SSQ proof is only slightly more involved
than the unweighted case:

Awli-9 =aw((dos 3 &)
i=1 i 2
0 o, N o
=8 W (Ymoui -Y)” *AWE® 2+ Bfmos i€ 2Y &
i 3

i=1 Ii E i 1=

0

o

Theweightedraw sumof-squares identity holds.
If we include a constaril fit parameter, then the weighted ANOVA SSQ identity holds

Misfit
When curvefitting to basis functions, any significant misfit means adjacent residualare almost always
strongly correlatedThe study of correlated residuals is tlod Digital Signal Processing (CtB+).

Hypothesis Testing a Model in Linear Regression with Uncertainties

As in the unweighted case, hypothesis testing requires we understatistitbationsof SST,SSA, and
SSE in the case of pure noise. We here derives these needed properties.

Distribution of Weighted Orthogonal-Fit Coefficients in Pure Noise

As in the unweighted case, in hopes of hypothesis testing, we need the distributiobxaf {here noise
(no signal). Here again, if a fit function is orthogonal (w.r.t the weights) to all other fit functions, then its
(leastchi-squared) fit coefficient is given by a simple correlation. Il.e., fora dgwen

n
f a v fic )y
fif  =0forall j k v oop =) .
aw )’

k
i=1

For convenience, we now further restrict ourselves to a normalized (ovexiphét{function, though this
imposes no real restriction, since any function is easily normalized by a scale factor. Then:

awhio)®=1 Y kK =dwkxv. (10.18)

i=1 i 2
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Now consider an ensemble of samples (sets) of noise, each with the same getug},{&nd each
producing a randorbk. Inotherwords, thiexare RVs over the set of possible samples. We now findyar(
and dbi>. Recallthatthe variance of a sum (of uncorrelated RVs)is the sum of the variances, and the variance
ofktimes an RV %2var(RV). All the values ofvi andf«(xi) are constants, and vg)W ui2=w;'L; therefore
taking the variance dfL0.18):

var )=8 W’ f(x)Y var(y) =qw f (x¥ % (10.19)
i=1 wl i3

This is different than the unweighted case, becausgedpelation = noisevariancel has been incorporated
into the weights, and therefore into the normalization offthe

In pure noise, for a normalized-fiinction orthogonal to all others, using raw weights, the variapce
of its leastchi-squared linear fit coefficiertik = 1, regardless of theoisePDF.

We now find the averagebe. Taking the ensemble average(bd.18):

o

an 0 ! 0

<Q<>:g§§ W fix @W = a&v i <n%15¢ where f 1 (X

(;|:]_ - i g -

Since the sum has no simple interpretation, this equation is most useful for showing thandfisene
(measured ityj) is zeromean, therbk is also zeremean: f>=0.

[However, if the summation happens to be Zem, the predictor is zemmean) then even for nozero mean
noise, we again havebg> = 0]

Furthermore, any weighted sum of gaussian RVs is a gaussian; thereforeyjiitb@aussian (zero
mean or not), thehkis also gaussian.

Non-Correlation of Weighted Orthogonal-Fit Coefficients in Uncorrelated Noise

We now consider the correlation between two fit coefficiends,ndbm (again, over multiple samples
(sets) of noise), when thefiinctionsfk andfm are orthogonalto each other, and to all othefuiitctions.
(From the homoskedast@quivalentdiscussion afte10.15), we already know thabx and bm are
uncorrelated. However, for completeness, we now show this fact directly from the weighted data.) For
convenience, we takigandfmto be normalizedfi? =fm? = 1 (recall that our dgtroducts are weighted).

As in the unweighted case, we derive the covariand® aindbmfrom the bilinearity of the cov()
operator. We start with the formula for advefficient of a normalized ftunction thatis orthogonalto all
others(10.18), and use our algebra of statistics:

an n
covly ,by) = cof ey f ey ) WO\@ wifiYi s @w fim Y
(;|=l j 2
Again, all thew;, wj, fx, andfm are constants, so they can be pulled out of the cov() operator:
A
covl .bn)=a aw fik W fim CO\'( Y, )ﬁ)-
i=1j %

Itis quite comnon that the noise between any two samplesis uncorrelated (and usually indepeSment).
theyi here are pure noise, thameni | j, covfi,yj) = 0, so only theé =j terms survive, and the double sum
collapses to a single sum:

cov(bK,nn)=éi W fi fim COV(Y Y )-

i=1 Wl—l
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Now cov(yi, yi) = varfi) =ui2 =wi' %, so:

n
covly by)=& W fy fn Fyefm 6 (10.20)
i=1

This is true for arbitrary distributions gf [even if theyi are nonzeranear.

In pure noise of arbitrary distribution, even feeightedfit-functions orthogonal to all others,
thefitted { b} are uncorrelated

The Weighted Total Sumof-Squares (SST) in Pure Noise

The weighted total sum of squares is:

n
raw: SST=ysy 9 wy
i=1
n 2 1 n
ANOVA: ssT=(y -y* & M vy V. where‘yvlé. Wy
i=1 Y

For gaussian noisé,the uncertainties were perfect,then each term inSthesums above would b€ c21.

Butreal uncertainties are just estimatesnsmntrast to the unweighted caseealisticweightedSST(taken
over an ensemble of sampleshistexactlyac® RV. Ithas no general PDF. Howevérthe uncertainties
are fairly reliablewe can often approxima&S™ distribution as? with n dof (raw), om 1 1 dof (ANOVA),
especially whem is large.

The Weighted Model Sumof-Squares (SSA) in Pure Noise

Recallthatthe modelcan be thought of as a vegtes= {ymodi}, and the basis functions for that vector
are the fitfunctions evaluated at the sample poif¢sW {fmi}. Then:

p
ymod = a bmfm-

m=1
Thefm may be oblique (nowrthogonal), and of arbitrary normalization. However, as in the unweighted
case, there exists an orthonormal basis in whigda may be written (just like ed9.11)):

p
Ymod = @ CmIm Where g, *orthonormal basis, ¢, ! coefficientsin tiie ba.

m=1

We 6 v e s h o wnharetutcarrelatatseef10.20)), with varCm) = 1 (using raw weightssee(10.19)).
Then (recall that the dgroducts are weighted):

, ap %
SSA Y mod ? f9m E
(;m=1 =

Since thegm are orthogonal, all the cross terms in the square are Zéregm are normalized, so:

p p p
s 2 e s
ymod2 =a (Cmgm) = aCm2 g m2 = am2 (10.21)
m=1 mZ 1 m 1=

Thereforeymod is the sum op uncorrelated RVs (then?). We find SSAW ymod using the general formula
for the average of the square of an {\8):
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<cm2>:<cm>2 var(c,) o’ 1+ Y SSA <yrlnod2> %3.:( 6

¢m=1

|-O:0: Ot

where varm)= 1 comesfrom(10.19). This is true forany distribution efcorrelatechoise, even nozero
mean. In general, there is no simple formula forwadid).

If the noise is zeranean, then eachcs> =0, and the above reduces to:
<ym0d2> =p (zero-mean noist.

If the noise is zeraneanandgaussian, then the, are zeremean uncorrelated gaussian RVs. Thisis a
wel-known condition for independence [ref ??], so theare independent, gaussian, with variance 1 (see
(10.19)). Then(10.21)tells us thaymod is a chisquared RV withp degrees of freedom:

(raw) Yoo~ * SSAlc) (zero-mean gaussian noi.

We developed this result using the properties of the orthonormathabist our modeymog, and therefore
Ymod?, are identical inmnybasis. Therefore, the result holds for gfit-functions that span the same model
space, even if they are oblique (i.e. overlapping) and not normalized.

The Residual Sumof-Squares (SSE) in Pure Noise

Forzeremean gaussian noise, i n t I5S8As eedistgbitedeiSSdia s e, we 0V e
(realistically) not exactly c>. Therefore SSEis not, either. However, for largen, SSTandSSEare
approximatelys? distributed, with the usual (i.e. equal uncertainty case) degrees of freedom assigned

n n n
. ) 2 _ ) 2 n
raw: A WY = AW nodi© t A€
i=1 , Q= . i=1 I
SST doP n SSAdof p SSE flof- n p

2 (zero-mean gaussiar

n n n
ANOVA: Aw(y-v)° = aw( Ynoa, ?5)2 & we?  (zero-mean gaussian
l SST doPn 41 b SSAdf p-1 I SISE dof nl— p

Hypothesis Testing a Model in Linear Regression with Uncertainties

The approximation th&STandSSEare almost? distributed allows the usualtést as ampproximate
test for detection of a signal, i.e. testing whether the fit actually matches the presence of the modelin the
data. However, the F critical values will be approximate, and therefore so wii-th&ie. In fact, the
approximation is usually worst in the tails of the distribution, riga&drwhereyourp-value is, so precisp-
valuesusuallycannot be determined from artést.

In many cases, numerical simulations (shuffle simulations) can provide more reliable critical values than
the theoretical gaussian F critical values, for 2 reasons: evergahesiamoise F-values are only
approximate (apistdescribed), and because the noise itself is often significanthgaassian.

We recommend numerical simulations (e.g., shuffling) to determine critical values,
instead of the approximate (and often inapplicable) gaussian theory.
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11 Practical Considerations flor Da
Rules of Thumb

We present here some facts and theory, and also some suggestions, for processing data. Some of these
suggestions might be called Arules of thumb. o They wi

Rules of thumb can often help avoid pitfabut in the end, there is no substitute forunderstandingthe details
of your own system.

This chapter is more subjective than most others. Generally, there are narast rules for

Afoptimumodo data processing. The better you understand
make.
Note that:

Data analysiss signal processing. Much of signal processing theory and practice
applies to data analysis, as well.

Signal to Noise Ratio (SNR)

Many systems |l end themselves to a simple parameter
signal) are, or equivalently, how Anoisy. o For examp
with additive noise can often ldharacterizethy a Signato-Noise Ratio (SNR). System performance can
often be well determined from SNR alon@&.contrast, some other systems cannot be reasonably reduced to
such a single parameter (examplesThis section also prepares for the later section on subsampling.

The term fisignal to noise ratiod is widely wused, an

ASNRO has many definitions, so SNR quotels, by then
meaningfulonlywhen it include a precisemathematical definition.

A simple example of an SNR is a radio receiver: say it receives a signal such thatat some point in the
circuit, the signal has a real, physical, electrical power of 100 pW. Say that mixed in with that signalis 1 pW
of random noise. Then under those conditions, the receiver has a signal to noise ratio of 100.

SNR is often quoted in decibels (dB), where:
SNRg =10logg SNR.ction- (11.2)

Then the example receiver has SNRO logo 100 = 20 dB. An increment of 3 dB corresponds to a factor
of 2 change in SNR.

Decibels are notalways appropriate foran SNR. For example, if your SNR istatisfic(see below)
decibels are not used.

SNR (almost always) |ies between 0 and b: 0 means n
noise). SNR isalso @lmost alwaysdimensionless(We describe a rarexeeptionshortly.)

We consider here systems witdditivenoise. We define noise as random,though it may have a wide

variety of statistical properties, e.g. gaussian, unifetmtn o i s e . I f t he-mBamadhersted was no
average component would nbe random: it would be deterministic (constagrand easily removed
Therefore, by our definitionzeomeahnnoi sed being random,

In addition to (random)noise, measurements are often distorted by deterministic effects, such as
nonlinearities in the systemlf you know the distortion operation, you can sometimes correct fariiy
residual (uncorrected) distortion usually ends up being treated as if it were floisece consulted for a
communication company that was working to correct deterministic nonlinear distortion that had
previously beemisinterpretedas noise By correcting forthe deterministic part, we were able tageigher
signatto-noise ratio, and therefoleetter performancgehan other systenis.
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Given some data, yoean never perfectly separate signal and noi§gou could, you would recover
the signal perfectly, and atthatpoint, you have eliminated allnoise, and your SNR is infiméefore, any
SNR estimate from data has some uncertainty.

Analog Signals and Noise

Consider again the receiver example from above, with 100 pW of signal, and 1 pW of noise. In practice,

the relevant part of an electrical signal is usually its voltsager than its power (We arendét intere
how much physical work a signal can do, we are interested in its information content.) The electrical power

delivered by a voltagei®®/R,whereRl[ | oad resistmoste cases of signal pr oc
RR and don6t need to, because we work in terms of vol!

2 2
SNR= Vsignal IR _Vsignal

2 27
Vhoise IR Vhoise

The resistance cancels. In practice the resistance is always ignored, andvbe ¢ak fi p ower 0.

For both signal and noise, the instantaneous voltage varies over time, which means the
instantaneouspower varies wtnelavetagetyer<?>. Tig magapstheeer 6 we m
voltagev is a rootmeansquare, or RMS voltageAlso, the amplitude need not be voltage; it could be any
analog quantity, current, displacement, etc.

From here on,avergogd @wenpd i me a e sphypicabpoverdsin(J/s)n o t|

Note that andealamplifier produces an output with the same SNR asthe input, because it amplifies the
signal and noise by the same factor. Real amplifiers always add some additionalnoise to the output, which
may or may not be significant.

The SNR in dB is often written in terms of voltage ratios, which is simply:

V .
SNR= 20log 9"

Vhoise

Spectral View of SNR

To fully understand SNR, one must understand the spectral (frequakemagin) view of signals. A given
signal can be viewed adomafl ogroweicanpk atits Fouriengangfamh e At i me
(thefifrequencydomaird view). This section assumes you are fluent in the frequeloeyain.

Al noise has statistical properties, and often, t
change overtime. We can view noise as a value varying randomly over time, or view it by itspueer
spectal density(PSD) in W/Hz (Figure 11.1a). Noise powerat different frequencies simply adds, $et
total noise power im band fromfy to f2 is:

f
N= ﬁz No(f) df (in W) where N ipower spectral density in W/
1

White noise(over some band of frequencies) is defined as constant noise density vs. fredtigurey (
11.1b). In practice, much noise is very nearly whitBlo noise can be white over all frequencies, because
that would be infinite power.For white noise, noise power is simpBoise= NoB, whereB [ bandwidth
[ f2( fo).
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No( ) No(f)
noise white noise
spectrum spectrum
| S
‘ ; i bandi
£, f, f,  f, f

(@) (b)

Figure 11.1 (a) Example noise spectrun{b) Noise that is white (constant over frequency) over
some band of interest.

ANarbawdod signals or noise occupy a narrow frequenc
i.e., the bandwidth is a small fraction of the center frequency:

define "narrow band”; -1 fo- <.

center f center

The noise in a fAnarrow bandodo is often white, because
density changeslittle for a small fractionalchange in frequency. For example, consider a 1 MHz wide band
centered in the GHz range. The raBificenter~.001, S0 the noise PSD is very nearly constantoverthe 1 MHz

band.

When transmitting digital data overan analogchannel, the relevant SNR turns out tdraaghmstted
energyperbit divided by the noiseensity:
SNR= Ni (dimensionless.
0

Of course, this is usually given in dB accordingt@.1): SNRg =1010gg SNRction-

Anotherdefinition of SNR suppose you are to design a communication system to transmitinformation
by radio. You are given the RF (radio frequency) poReand youcchannehas some givewhite noise
densityNo. You have notyet choséhe datarateso we cannot compul/No. But we can still characterize
the communication channel SNR as a catwenoisedensity ratio (sometimes called CNR):

CNR? - inHzors®.
No

Note the units aataefrequaneyrCNRIDoftenfgivenindBh i s i s

CNRyp.n2 =10 IogloNi in dB-Hz.
0

But now these units are very stranghis is the only case we know where one (legitimately) takes the
logarithm of a dimensionful quantityThis has questionable meaning, but we are saved by the factthatwe

will eventually need to choose a datiairateRyit, in units of &%, which restoresa dimensionless logarithm:
the Eo/No becomes:

E, = v B P/Ri CNR v
Roit No No Rit
a 0 CNR
a=TI\El—b 6 =10logo—— <TNRyy, 10logo Rt
¢No g8 it
Subtracting two Ail | elepallbgarithmo ga(rArmndc msh gy veasy utswo nver on g s

right.)
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Square Root Hurts?

Sometimes, one sees a n ¢fsomefampliude /t §HEgsentidy thims v ol t s/
gives a kindof noiseamplitudedensity(rather than noispowerdensity). Thismakes it convenient to
compare signaamplitudeto noiseamplitude(rather than signal power to noise powefince noise power
varies with bandwidthand amplitude varies as the squeret of power, noise amplitude varies as the square
root of bandwidth. Recallo can be in units of vol#Hz. For white noise:

Ri=w’ =B Yy FNVE

RMS

Thus weélpthe BMSI noiseamplitudedensity in voltsperd H z For example, it can be shown [ref??]
that the noise voltage density of a 1 q restistor at
frequencies < THz). Therefore, a 100 Hz band has about 1.3 nV RMS noise voltage.

I f we double the bandwidth, our noise RMS voltage i

Digital Signals and Noise

This section assumes familiarity with digital signals and some samplingtheory (463.ctMe call our
samplesgj,j= 1 n. Téese samples are signal + noise, so we define signal and noise separately as:

]

Define: y; = Ymodj *€
| L
signal noise

In digital time-series databy far the most widely used definition of SN@nd we think the most
appropriatgi s signal fAenergyo dAbviwdeéed ByadwmigsesyBemaenrsgy Gener

are just (amplitud@), and not physical energy or poweFor a dataset iener gy o simply means
squar esthen( SSQ)

n

s 2
SSQ- a(ymodj)
SNRt el i=l 112)
SSQoise e 2
ae
i=1
Forzeromeandata t he sum of squares is proportional to the v
as the ratio of two variances.
Definng SNRcan be harder than it looks because there is
Ainoise. o However, in many common cases, there are g

engineers should adhere to. We describe some of those ek®egs b

SNR is fundamentally a dimensionless quantity, fastwith analog systems) SNR often quotedn
decibels (dB), a logarithmic scale for dimensionless quantities:

SSQignal 20 |0g0 RIV|§1gnal .
SSQoise RM%oise

An increment of 3 dB corresponds to a factor of 2 change in SNR.

SNRg * 10log,y SNR=10log,

Any computation of SNRrom datais necessarily aastimatebecause noida the data is a
statistical sampleA single datasetcannot describe the entire noise population.

Computing SNR From Data

To directly apply the definitiof11.2), we needtwo spience® f dat a: one we call Asign
and another we call fAnoiseo0o or Amrmeasurdneaty,s5=10.n. I n all ¢
We mustsomehow separate the data into two sequences, model and noise
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One simple way to estimate a fAsignaldo is to filter
equivalent thereof . Digitally, one can also use more
one takes the fitered outputa®th isi gnal . 0 Anot her way to estimate a !

SNR for Linear Fits

When we fit a model to data withlimear leastsquaredit (i.e., minimume?), the total SSQ in thdata

partitions cleanly into fimod el-of-squared iddntityo(Seeche.fob This i:
details of linear fitting):

SSQ Y = SSQdj) + SH) for a linear least-squares .
ThenSNRisweld e f i ned, and simple. However, note that any |

For linear leassquares fits, we can use the SSQ identity to write SNR in other ways:

SNR SS@ signal _ SSQ signal
SS@ noise SSQ data  SSQ sig

SNR for Nonlinear Fits

As shown elsewhere, for a nonlinear fit, the model values are not orthogonalto the residuals, and the
SSQ identity does not hold:

SSQ Y. SSQRudi) +* S (nonlinear fit).
However, the above definition for SNR is still useful as an approximation (remember: all estimates of SNR
are corrupted by noise). A Aireasonabled fitting proc:

have less SSQ than the original datdei the SNR still lies between 0 aBbd

Other Definitions of SNR
We discourage any other uses of the term SNRowever,somemorespecialized definitionsare

sometimes usedFor exampl e, many det e detectionnparanie@o wihti fcims i gr av i
measure of how confident we ar e-swmtisticaavaridnaeiccoenttd fdet ect i
for fraction, or many other things. To avoid confusi
parametero, Howmsveread of SNR.

I SNRshould i e in the int er avaysdmeénsioness., andl is al most

Again, any SNR is meaningfohlywhen accompanied by a precise mathematical definition.

Rarely, SNR is defined as the ratio of RMS values (or standard deviations), rather than SSQ (or
variances). We highly discourage this, siineour experiencel is contrary tacheoverwhelmingly standard
definition as a ratio opower, notamplitude

Graphical Method of Estimating SNR

From a spectral graph (as from a spectrum analyzer, or from digital data), you can sometimes eyeball
estimate the SNR without emnopd Yocu td o n Gte pnaereaskthénhge ap Mas @
Fourier spectrumjust the power (or equivalently, amplitude).
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f

Figure 11.2 Estimating SNR from an amplitude spectrufa) Measuredgpectrum, on a log scale

(say, dB) (b)Eyeball estimates of signal, signal band, and noise.

Figure 11.2a shows an example ofgpectrum, as you might see on a spectrum analyzer, or compute
from a discrete Fourier transform (DFT) of data. The spectrum looks like white noise on the right half, so

we might estimate our noise density at that lekFgjure 11.2b).

The frequency at which the measured spectrum becomes flat (assumed to be white noise) is about where
the signal level becomes insignificant compared to the noise. So we takethencyas the high sidéign

of the useful signal band.

The signal power is the area under the sigP@D when the vertical axis is linear (not log). We can

approximate the signal power as

from peak power to hafbower ¢3dB) (Figure 11.2b). Wh at i s

the peak power de
missing fr-3dB)is he 0

made up for in the tail of the PSE o r baadlinitedd s p e ¢ t r BHigure Kl@c;the 3aB bandwidth

is just the FulWidth-Half-Max (FWHM) frequency band.

Fitting Models To Histograms (Binned Data)

Data analysis often requires fitting a function to binned dédaexample fitting a probability
distribution (PDF) to a histogram of measured values. While such fitting is very commonly done, it is much
less commonly understootinportant subtletieareoften overlooked. This section assumes you are familiar

with the binomiahnd Poissoristributiors, thec?figoodne s s

basic statistics.

The general method for fitting a model to a histogram of data is this:

fitdo parameter

1 Start withndata points (measurements), and a parameterized model for the PDF of those data.

I Bin the data into a histogram.

T Find the model parameters

.which fibest fito th

For examplesuppose we hawemeasurements thate believe should follow a gaussian distributiol
gaussian distribution is a@arameter modethe averageg, and standard deviatiod, To find theg and(

t hat fbestwefmightdin tbeudata thta & héstogram, ahdnfit the gaussian PDF to {Figure
11.3). (Of course, for a gaussian distribution, there are better ways to estimatk, but the examplke
illustrates the point of fitting to a histogram. Oftenrealisticmodelis more complicated, and theneno
simple formulasto computehemodelparametersWe uselthe gaussiaas an example because itis familiar

to many.)
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_i_\ model PDF
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// O ! measured bin count,
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Figure 11.3 Sample histogram with a2arameter model PDE @ndd). The fit modelis gaussian
in this example, but could be aPpPFwith any parameters.

The number of counts in each histogram binseparategandom variable. |

Definitions: A sampleis a set oh measurementsdata pointsorinstance®fa random variabje In
principle, we couldnakemany samples of data. For each sample, there is one histogram, i.e., there is an
infinite population of samples, each with its own histogram. But we havear#gsample the one we
measured The question is, how well does aurehistogramagree witha givenpopulation (PDF) of data
measurements.

Forii b e sot  fuduallyuse thei2(chis qu ar e d) fgoodness of fitod parame:
(FOM). The smallee?, the better the fit. Fitting to a histogram is a special case of geerefitting.
Therefore, we need to know two things for each bin: (1) the predicted (model) count,and (2) the uncertainty
to use in the?. Wenow find thesetwo quantities

Chi-squared For Histograms

Chi-squared For Histograms Theory

We developherethe & figure of merit for fitting to a histogramBut first, we must understand the
statistics of aingle histogrambin, from the population of all histograms that we might have produced from
different samples.Wh a t is the distribution of a single Dbinbés
measurements, the two most common distributions are Poisson and binomial.

Poisson distribution: The Poi sson distribution describes the nur
time interval, when those events can occuratany (continuous) values of time in the inita¢nts must
be independent of the othefSor example, in astrometry, one might count the number of photons that arrive
in some energy bin over some measurementtime interval. The arrival of each photonis oftenindependent
of any others, and there is some unknown average arrivalanmidis satisfies the conditions for a Poisson
distribution. Each bimis independent of the others, so each bin coustPoisson distributed with its own
. Ingeneral, when counting independenteventsin a fixed time interval, one gets a Poisson distribution of
counts.The Poisson has a variance equal to the mean:

Poissonsi2= { °G where ¢ 'bin cour. (113)

However, as shown below:

When wusing aoufittc ofnistt,r atibneedbi n count distlribution ©b
even if the original data was Poisson.

Binomial distribution:  In contrast, some experiments consisihafiscrete measurements.ivén a
sample ofn data points, and a particular histogram bin numbgEreadch data point in the sample is either in
the bin (with probabiltyp)) , or it 0s n otip))wTheréforeptheocbuatim ith¥ histogran( 1
bin is binomially distributed, with some probabilipy, andn flattempts 0 (See standard refer
binomial distribution if this is not clear.Each bin has its own probabilitp;, but all bins share the same
number ofattemptsn.
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Recall that a binomialdistribution is a discrete distribution, i.e. it gives the probability of finding values
of awhole-number random variabfa count of something)n this case, it gives the probability for finding
a given number of counts in a given histogram bin. The binomial distribution has two parameters:

p W the probability of a given data point being in the bin

nWt he number of data points in tatteraptéss aimmp lteh,e and t h
binomial distribution.

The binomial distribution hasnexactaveragea, and variancey given by:
a=np, s? =nfl P (binomial distribution. (11.4)
If pis small, then the binomidkf approximately agrees with the Poissi#(11.3). This allows many fits to
be done reasonably well without distinguishing between binomial and Poissoaurin distributions.
Chi-squared For Histograms Practice
Computingthe & figure of merit for the fitypically comprises these steps:
1 Given the trial fit parameters, compute a (usually unnormalized) PDF for the parameters.

1 Normalize the model PDF to the data: compute the deador required to match the number
of measured data point8¢e call this a fAconstrained counto fi

1 Compute the model variance of each bin (using the above two results).
1 Compute the finad?.
We now consider each of these steps.

Compute the unnormalized model PDF: We find the model averadsn-count for a bin from the
model PDF typically, the bins are narrow, and tAbsolutgrobability ofa single measuremebgingin a
bin is just

Pr(being in bin)* p; °S 'pdf & ) P,
where x?* bin-center (narrow bins)
S't possibly unknown normalization factor

pdfy (x,)* unnormalized model pdf at bin cen

If the approximatiorpdfx(X) ¥is too crudeone can use any more sophisticated methdxetterintegrate
thePDF over the bin widtho findpi. Note thatwe do not need to know the PDF normalization, so our model
PDF can be an arbitrary, even niotegrable, function.

Thenthe model averaden-countfor n measurementis Pr(being in bin) times, so we define a scale
factorSto include both the (possibly unknown) normalization factor for the PDF, as well asthe scaling for
the number of measurememts

model © Sodfy () O (narrow bins)
where St as-yet unknown scale factor
X 1 bincenter, B !bin width

pdfy (x,)* unnormalized model pdf at bin cen

Not e Xnheaetd qmot be constant across t he xwderforsmalam; in f
values of the PDF, so the baount is bigger (more on this later).

Normalize the model PDF: The PDF computed above is often unnormalized, for two reasons: First,
some models are hard to analytically normalize, but easy to calculegkatge, probability densities, and
therefore we use an unnormalized PDF. Second, most histograms of measured data cover only a subset of
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all possible measured values, and so even a normalized PDF is not normalized over the restricted range of
the histogram.

Normalizing the model PDF is trivial: scale the unnormalized PDF such thatthe sum of the medel bin
counts equals the actual number of data points in the histogram:

Nbins Nbin:;
. . . n
n=g9 model = g Spdf(} ix D Y SmeS—
= ' a pdfx(x) ®
i=1
(Note that for this step, we dondét need to know the

model value for each bin is then:
mode) = S pdf( ¥

A common mistake is to include the scale param®aerafit parameter, instead of computing it exactly,
asjustdescribedSfvoul d be a fnuiThiaimeasesghe dirmemsion afffibraiddter space
by 1, andm general:

Fitting forSmakes your fits less stable, less accurate, and slower.
The fewer the number of fit parameters, the more stable, accurate, and faster your fits wil| be.

When | worked on APOLLO, | found that unconstrained fits sometimes led to wildly inaccurate fits
(Figure 11.4). Sometimes, the wildly inaccurate fits were just local minima, sometimes they were global.
But all of them were avoided by using a constraiedntfit.

inaccurate
model
NN
coness N
\,—Sﬁﬁ. measurement

i x O
Figure 11.4 Wildly inaccurate fit(red) allowed by fitting for the amplitudalong with other
parameters(Blue) A constraineagtount forces anuchbetter fit.

A slight change happens to the bin distributions with a constradoedt fit: they become binomial,
even if the original dataasPoisson. This is becaudeetpopulation of sample histograrnssno longer of
arbitrary hypothetical experiments, but the subset of hypothetical experiments witbnisteainechumber
of datapointsn. Now each measured value (or each detection) is
binomial distribution for each0G¥model, tlHewoiutdbrekoasmnatg
because that is the same for both the Poisson and binomial distributions.

Compute the model variance for each bin: When computing?, we are considering how likely are
the data to appear for the given triahodel For some applications af, one uses the measurement
uncertainties in the denominators of ti¢éerms. However, when fitting PDFs to histograms, the modelitself
tells you the uncertainty (variance) in the bin count
G? terms is that of thenodel The exact variance of bicomes from the binomial distributiqd1.4):

sf=np (1l -p) where p =model
For a large number of histogram biyins, the probability of being in a given bin is of ord@r~ 1/MNbins
whichis smallTher ef ore (t hough peepledtermpproximatghre emedelvairignteofi t ) ,
the bincount as:

sf=ng(l -p) tp model (N 1> yp 1.
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However, conceptually, and for quick estimates, it is important to knowﬂﬁd’t mode| .

Compute the finalg® We nowhavefor each histogram bin, (1) the modelaverage cauatiel, and
(2) themodelvariance of the measured cour®t We compute? for the modePDF (given a set of model
parameters) in the usual way:

N, 2 ' o .
021 gS(q - mode]) where ¢ * the measured count in th8  bin,
2
i=1 Si modell,si2 1 the model average & variance in tHé |

If your model predicts my varianceof zero happens whemodel = 0 for somad), thene? blows up. This is
addressed below.

Reducing the Effect of Noise

To find the besfit parameters, we take our given sample histogram, and try different values of e pdf(
parameters (iurgaussiarexampleabovee andl) to find the combination which producesthe minimum
G2

Notice that the low count bins carry more weight than the higher countddimsights the terms by
1/G2 & 1/model. This reveals common misunderstandirdout fits to histograms

An uncertaintyweightedfit to a histogram is driven by the tails, not by the central peak.
This is usually bad.

Tails are often the worst part of the model (theory), and often the most contaminated (percseEpgy
noise: background levels, crosstalk, etc. Three methods help reduce these problems:

1 Limiting the weight of lowcount bins
1 Truncating the histogram
1 Rebinning

Limiting the weight: The tails of the modelbuntsare often less than 1, aedmetimesipproach zero.
This gives them extremely high weights compared to other bins. Since the modelis probably inadequate at
these low bin counts (due to noise, etc.), one can limit the denominatodhdinm to atleagisay)1; this
also avoids divisiotby-zero:

Nars (¢ - model)?

c?r r where ¢ ithe measured countin th &
i=1 i
- .
S| if >1
g5t S
(! otherwise.
Thisisanachoc approach, and the minimum weight can be anyt

thateachmodifiedc?termis still acontinuougunction ofmodel. This means?is a continuous function of
the fit parametersyhich is critical for stable f& (it avoids local minima; see other consideratioelow).

Note that even if the be$it model hasreasonable values for all the-tdiunts, during the optimization
algorithm, the optimizer may explosmreasonablenodel parameters on its way to the best fit. Therefore:

Even if the besfit model has reasonable values for all the-&xiunts,
limiting the bin weight is often necessary for the optimizer to find the-fitest

If you have a known noisHoor (e.g., known background noise), this will naturally adds a minimum
value to each bin. Include as much of this kind of information as you can into your model. Such a noise
floor naturally puts a lower limit on the model kdounts.
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Truncating the histogram: In addition to limiting the bin weightwe can truncate the histogram on the
left and right sides tmclude justthose bins with a reasonable numbemefsurement@ot model counts)
substantially above the noidéidure 11.5a). [Bev p110] recommendsa minim bin countof 10, based on a
desire for gaussian err or,since thef pachroatedviorks rdasomdbly wel, a t
even with norgaussian errors In truth, the minimum count completely depends on the noise levdle
meaningful, the bircount must be dominated by the model over the noise

model PDF model PDF

|/ v

S,

711 D 711 Y

\

@ Xs X 0P| OG5 1 0%y | O 1 K

Figure 11.5 Avoiding noisy tails by ) truncating the histogram, ds)(rebinning. The left 3 bins
are combined into a single bin, as are the right 3 bins.

Truncation requires renormalizin@djusting the number of measuremenjswe normalize the model
within the truncated limits to thmeasurediata count within those same limit¥hat is, we redefine:

f
Nnorm * a G where sistartbin#; f endbin# ¢ measuredin col..

i=s

You might think thatwe should use the model, not the data histogram, to choose our truncation limits.
After all, why should we let sampling noise affect our choice of bilé@wever, using the modé&hils
miserably, because our bin choices changaaeptimizer variesur parametersin the hunt forthe optimum
62. Changing which bins are included in the F@Mring the searchauses unphysicaimpsin 6% as we
vary our parameters, making many local minima.esEhminima makehe fit unstable, and generaly
unusable. For stability: truncate your histogram based on the data, anthkdepindgixed during the
parameter search.

Rebinning: Instead of truncatinggou can rebin yourdata. Bns donot have to be
[Bev p175], so combining adjacent bins into a single, wider bin with higher count can help improve signal
to-noise ratio (SNR) in that birfFigure 11.5b). Note thatwhen rebinning, we evaluate the theoretical count
asthe sum of the original (narrow) bin theoretical counts. Inthe examigitguoé 11.5b, the theoreticaland
measured counts for the new (wider) bin 1:are

modd; =1.2 3.9 0.8 159 and =38 & 14

Other Histogram Fit Considerations

Slightly correlated bin counts: Bin counts are binomially distributed (a measurementis either in a bin,
or it ds n dorgonstrainedooungfitsghere is a small negative correlation between any two bins,
because the factthata measurementlies in one bin meahiosé dienirbany other bin. Recall that theg
parameterrelies auncorrelatederrors between bins, so a histogram slightly violates thatassumption. With
a moderate number of bins (> ~15 ?7?), this is usually negligible.

Overestimating the low count model: If there are a lot of loveount bins in your histogram, you may
find that the fit tends to overestimate theloaunt bins, and underestimate the higlunt binsFigure 11.6).
When normalizedy a constrainegount the sum of overestimates and underestimates must be zero: the
sum of the model predicted courgdixed atn. But since lowcount bins weigh more than higlount bins,
and since an overestimated modelred@dthe model valuenode] appearsin the denominator of eath
term), the overalk?is reduced if lowcount bins are overestimated, and highunt bins are underestimated.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 1950f 373

mat t

of L


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

underestimated

/| \

model PDH—
/ N overestimated

/ h—

Figure 116 &?is artificially reduced by overestimating lesount bins, and underestimating high
count bins.

This effect can only happen if your model has the for
a little high in the lowcount regions, and simultaneously a little low in the kiglunt regions. Most realistic
models have this freedonThis effect biases yourmodel parametéfshe modelis reasonably goddcan
causethereducedé? to be consistently less than 1 (which should be impossible).

I donét know of a simple fix -doanthinstb(sasy)l,asdescribede| ps t o
above. However once agaia,betterapproach is to minimize the number of l@ount bins in your
histogram.

Noise not zero mean:In histogramsall bin counts are zero or positive. Any noise will add positive
counts, and therefore noise cannot be 2eean. If you know th®DF of the noise, then you can put it in
the model, and everything should work out fine. However, if you have a lot of unmodeled noise, you should
see thatyourreducestis significantly greater than 1, indicating a poorfit. Some people have tried playing
with the denominatorinthe¢sum t o try to get more fAaccurateo fit pa
there is little theoretical justification for this, andahds itselfto adhoc tweaking to get the answers you
want Better to model your noise, and be objective about it.

Non-c? figure of merit: One does not have to uskasthe fit figure of merit. Ifthe modelis not very
good, or if there are problems as mentioned above, other FOMs might work better. The most common
alternative sguprelsabl whiitbeame-agnagedesidual mi zi ng the sum

Nbins
SSEL q (¢ - modga)2 (sum-squared-residu:.
i=1

This is like GZwhere the denominatorin eachtermin the sumis alwayik. avoids the bias noted above
of over/lundetestimating the low/high bi#gount bins, but it oveweights the higkcount bins in general,
which have larger uncertainties than loweunt bins.

Data With a Hard Cutoff: When Zero Just | sné
:"i/model

% t, ps

0125150175 100
12.5 37.5 625

Figure 11.7 Binning data with a lower bound of zero creates a-bémaf only half width

Consider a measured quantity with zero as an absolute lower bound. For example, the parameter might
be the delay time from cause to effect. Suppose we measureit in ps, and (for some reason) we wantto bin
the measurementsinto 25 ps bins. Following gérerally good advice of centering binson zerowe 6 d p u't
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our bin centers at 0 ps, 25 ps, 50 ps, etc., so our bin boundaries are 12.5 ps, 37.5 ps, 62.Figsreetc. (
11.7). However, in this case, the zdm is really only 12.5 pswide. Therefore, when computingthe model
bin-count for the zero bin from the model PDF, you must use only half the standaxd biht h . That

0s
there is to it. Despite this slight accomchat i on, we t hi nk it édeenteadditieto. wort h
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12 Bayesian Met hods

Statistical analysis methods for parameter estimation are roughly divided into two categer@ifedo
ifrequentisto met hods BothaaredviddlyRise¢ @&cessacountiessbelddh cad s .
summarize the approaches as follows:

Frequentist methods estimate a parameter (including its uncertainty) from a set of data. To refine an
estimate by combining it with other sets of data, fre

Bayesian methods start with an estimated PDF forthe parameter, and then refine the entire PDF with the
newdatasetThe #Aprior o e s tinformatiordaiwa e ffofn praoraexpeimerss o the new
result.

fireligious waro about

Sadly, there is an ir nal
I choice of mefshwithd i s best

subjective, and an ana
software coding

I Be a scientist, not a zealot. |

Bayesd Rul e

Bayes6 Rule is an important formula to relBate a conoc¢
relate to Pr(B | A)? This relationship underlibe Bayesiamethod foparameter estimatiahat is widely
used allthrough science and engineering. This section assumes a basic understanding of conditional
probability (seeConditional Probabilityp97).

sample space sample space
— 3 red circle
O 7/'\47 | _triangle n B

red | ] b T
00 friangld | | piue
AAA other shapes | triangle
and colors
(a) (b) ©

Figure 12.1 (a) Colored shapesin a bag. (b) Sample space diagram where areas are proportionalto
probabilities. (c) Area% probabilities; properties A and B are dependent.

To illustrate Bayesd r ulFgyreldk) Eawhmobjecthasaskapeaad@a of 8 o
color. If we pull an object at random from the bag, we can consider the probabilities of it having various
properties. A priori (i.e., before we pull the shape), it hasa 5/8 chance of being red. We write thisias Pr(re
= 5/8. If we pull a shapevithout lookingat it, we can feel that ités a triangl
chance of beingred. Thisis a conditionalprobability: whatis the chance the objectis red, given the condition
thatitis a triangle? We write this as Pr(red | triangle) = 2/3. In cstpifrave pull an objectand see thatit
is red, what is the chance itis a triangle? By inspection, Pr(triangle | red) =2/5. Clearly:

Pr(red |trianglg, Fr triangle | ré.

Figure121b il lustrates these relationships:. o0 (The wett eaf sa
possible outcomes of tria{gecall Figure 7.1). In this example,&ch point in the sample space represents

two attributes: shape and color. Areas in the sample space diagram are relative probabilties. The

Pr(red| triangle) is the fraction of the triangle region that is red: 2/3.

In general Figure 12.1c), Pr(A | B) is the ratio of thenagentaarea (A & B) to the bluandmagentaB-
regon We see that most of the Bodsiwotal eo ¥idadlgFighré=21c but most
shows that Pr(A | B) > %, but (reversing the conditional) PAB< %. Thus, in general:
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Pr(A|B), P(B|A,
as before. Writing the above quantitative relations between areas, Bayseerule
Pr(A&B)=Pr(B|A P( A =P( A|B Pr@) Y

Pr(A|B) Pr@) _Pr(A&B) 12.1)
Pr(A) PrA)

Pr(B|A) =

This shows t hat Biaryagosrdda conditionakprobadbilitysif Aarl B ar@binary events,
thengivenPr(A), Pr(B), and Pr(A | B), we can find Pr(B | A).

We can extend this rule to entire PDFs, by considering the probability that a random variable A will be
in the ranged, a + da) (this constitutes an event, as in the preceding paragraph), and the probability that a
random variable B will simultaneously be betwdeandb + db.

As a first step in extending Bayes6 rule to PDFs, |
conditional PDFs on A and B are different than the fio

pdfg®), pdfg(@la), and  pdf &), pdk & b), A and depend.
Then Ba ylal ldecomes: e

pdf, (a|b)da pdfg (b) db or pdiz(b| 3 _Pdfa (2] B pdi (0_ (12.2)

dfg (b|a) db=
pdfe (b]2) pdf, (a)da pdf, (a)

In other words:

I B ay e s @21y woikefor PDFs as well as discrete probabilities. |

Bayesian Analysis

Bayesian parameter estimation doesnodt just estimat
estimates a full PDF for the parameter. From the PDF, one can readily calculate comm@astoates,
such as modikely value (maximum likelihood), averagralue, and standard deviation (uncertainty).

Bayesian vs. Frequentist

There armottwo kinds of statistics; there is only onkn all of science and engineering, we frequently
use legitimate approximation8othfrequentistand Bayesianethods are approximation3here isoften
no significant difference between thesults of théwo. In particular, when the prior information is weak,
there is no significant benefitto including it in a statisticalanalyg& discuss the Bayesian approximation
below.

Bayesian analysisis often abused, astypified by this comriehth e i nt ent here is that
so sharply peaked that it dominates the shape of the pofjerather than the priofdominating the
posterior] cttpf//astrobites.org/2011/11/26/yegatewayto-the-bayesiarrealm]. In effect, this statement

says, AWe dondt have makesomethinguphosereXp@ss puaposeisto haes o0 we

effecton our results. o Why bother, then, with Bayesian :
this yields a point estimate and its uncertainty, which can be used as prior informatifut{oeaxperiment
In otherwords, justusethesoa |l | ed Afrequentisto approximation; that

Refining an Estimate

One majopurpose of Bayesian analysis is to refine estimates of previously estimated parameters. We
wish to incorporate new measurementsinto our body of knowledge, i.e. incorporate new measurements along
with our #Aprior inf or ma stimataofsomepgrareteldd réfipememmethadk e a b et
is an approximatioffa fact that | have never seen acknowledged in any reference on the subject
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Our prior estimate foa parametefis not a single value, but a whole PDF dopdfprio(d). We introduce
here a simplified notation, where we no longer use a subscript on the PDF to indicate which random variable
it describes; instead, the argument to the PDF defines the applicable RV: tix(9 pdfy xjp drér pur
parameted( whi ch is an RV), we have to manage t wew PDFO&s: t
data, and the posterior PDF, that is our new estimat®é af P DF . T h wris(d) anel pdfiee(d).t e pdf

What has Bayes6é Rule got to do with estimating a pail
comparatively easy to compute the miistly values to bemeasured given sometrial values of the
parameter(s),i.egiven amodel, t 6 s f ai r | y pdé§data pparancetesBunthatistthe reverse of
what we wantwe want pdf(parameters | data), and from this PDF, we can compute the parameter and its
uncertainty (using our choice of criterion).

It is often fairly easy to compute pdf(data | parameters), but that is the reverse of what we ant:
we want pdf(parameters | data), and from this PDF,
we canestimateeachparameter and its uncertainty.

We use BaydiRule to go from pdf(data | parameters) to pdf(parameters | data).

Consider anewdataseD = {x1, X2, ... Xn}, from which we wish to refine our prior estimate o$iagle
parameted( we 6 | | extend to mul.tromptheneywdata,anidpee PDs, wawill needed)
compute a new (one hopes betfkteriorPDF: pdfos{d). We usean approximation: the negposterior)
PDF of our parameter i s appr onewtatado theyriordPPFpof gur ng Bayes
parametersFrom (12.2), we could say

conditional- pdf(data ) pdfor (4)
overall- pdf(data) '

pdf post () ©

More precisely:

(Pdf ({ Xl"")%} |(7) pdfprior (9
pdf({xl,...xn})

° pdf(D |q) pdfprior (9
pdf (D)

(This is reminiscent of the Born approximation, whereuseone approximation of a function iterate tca

better approximation of the functiorNote thatthe two PDFs for the data as@imensional PDFsand the

arguments ame, ... xn. We will see thatthe above equation is harderto evaluate than it lne¢suse of the
denominator

Pdf pose (@ {20 ---x}) or

12.3)

pdfpost(7 | D) where D Y x,... %} .

We make a brief aside to consider the estimatiop ®fl parameterst.et our hypothesi$i [ dif ...d)
be a set op parameters we wish tefineestimates of, using the@ measurements. Typicallg> p, otherwise
we have insufficient measurements to findarametersThen to explicitly label the dimensions, we use the
form of the first equality if(12.2):

pdf(D [H)d"D pdfye (H)dPH
pdf(D) d"D

pdfposi(H [D)dPg° where H Y g.. §.

From now on, we uskl to represent one or more parameters to be estimHtisd(rhypothesiy

Letds return t q23) faed(1d?)n loisthem-dimensionall probability (density) of
getting the specific data values measuxed..x,, averagedmarginalized) over all the possible parameters.
For the givenx;, it is a constantThis averageis weighted by the probabilities (PDF) of the parameters, so
more likely parameter values carry more weight than less likely drmsa single parametdrit is:

pdf(D)* pdfie,.. %) =f Pdf(% % B) pdfior (@) -

parameter
space
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For p parametersl, ... tp, theoverall (i.e., marginalized) PDF of the data pdf(D) (temominator in
(12.3)) is simply a p-dimensional integral:

pdf(D)? pdfGe...%,) =f Pdi{(%...% B @) Pdhior (Gp H 1 @ -

parameter
space

In practice, this integral usually cannot be evaluated analytically, and so must be numerically estimated. But
directnumericalintegration of even a few dimensioms{ 4) is difficult and time consuming. One common
method forfeasibly estimatingsuch integrations is Markov Chain Monte Carlo (MCMC), using the
MetropolisHastings algorithm for importanegeighting.

Substituting pdfid) above into(12.3), we see that the pgHor(d) appears in both the numerator and
denominator of pdbst In a slightly more compact notation:

pdf(D |H) pdfprior (H )
ﬁ pdf(D |H) pdfprior (H)dpq

parameter
space

pdfest(H |D)© where H {ql,.%. qg} .

This form shows explicitly thatthe denominatoris simply a normalization constant f@kpdihportantly,
pdfurior can be unnormalized (i.erglative probability), because any constant factor cancélss is helpful
becausanalytically normalizing pdiior(d) is sometimesnfeasible. Conveniently, an unnormalized PDF
also works for the Metropolislastings numerical integration algorithm.

More TBS. In particulardiscusghe approximation in computing the posterior distribution.
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13 Fourier Transforms and Digital

Signals, noise, and Fourier Transforms are an essential part of much data analysis. Itis a deep and broad
subject,so we can here establish only some foundational principles. The subject is, however, rife with
misunderstandings and folklore. Therefore, we disoe dispel some myths. For more specialized
information, one must consult more specialized texts.

You may be familiar with Fourier Transforms as a method of analysis applied to functions, where the
transform takes one function into another. Discrete Fourier Transformsare very different: they are used in
numerical data analysis and signal processimg, there usually are no symbolic functions, just data.

NB: Fourier transforms do not take account of uncertainties in your data. They weight all data the same,
in effectaassumin@ll the data have equaluncertainties. If yourdata points have widely varying uncertainties
(or nonuniform sampling), other methods of periodicity analysis may be more appropriate-o(8es
Transforms, Periodograms, and (Deprecated) Lebadarglebelow.)

This section assumes you are familiar with complex arithmetic and expongatswith basic
sampling and Fourier Transform principles. In particular, you must be familiarwith decomposinga function
into an orthonormalbasis of functions. Understandireg a Fourier Transform is a phas@lued function
of frequencyis very helpful, but not essential (s€éeinky Electromagnetic Concepftsr a discussion of
phasors).

We start with the most general (and simplest) case, then proceed through more specialized cases. We
includesomeimportant (often overlooked) properties of Discrete Fourier Transforms. Topics:

T Complex sequences, and complex Fourier Transform |
case, and specialize to real numbers later)

1 Sampling and the Model of Digitization
1 Even number of points vs. odd number of points
1 Basis Functions and Orthogonality
T Normalization and Parsevalds Theorem
1 Realsequences: even and odd # points
1 Continuous vs. discrete time and frequency; finite vs. infinite time and frequency
1 Non-uniformly spaced samples
For definiteness, we <caltd. t hButi nidte pceonudledn tb ev aproisai it li e nf, t

Brief Definitio ns

Fourier Series represents geriodic continuousfunction as an infinite sum of sinusoids at discrete

frequencies:
n . &S, are complex (phasors)?! time
s()=8q S &, where FS(
k=0 1 f; =1/ period (in cycle/s or Hz),w; * 2pf; (inrad/s

f1 = 1/period, the lowest nonzero frequency, is calledftindamental frequency. fo =0, always.
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periodic analog ComplexFrequenc
signal,s(t) 1S C%mpongnts /

EAN 53
i : fundamental

1 ' f
S Ty

0 f,

Figure13.1 A (continuousfFouri er series represethaoamaancohunotbar,
as an infinite sum of discrete frequencies.

Fourier Transform (FT)
represents aonperiodiccontinuous function as an integral of sinusoids over continuous
frequencies:

s(t)—n S2p f)éprt df =— rj(; W ' dw  where ($16 compley.

We do not discuss this here. The funcs(m is not periodic, so there is no fundamentalfrequeis(y) is
a phasowalued function of angular frequencys(t) must be welbehaved enough for the integral to
converge. Otherwisext) does not have a Fourier Transform.

Discrete Fourier Transform (DFT)
represents a finite sequence of numbers as a finite sum of sinusoids:

ek * frequency index
7
T S are complex (phasors),

N-
gepkiN) where |
a= X 0,...N -1 %*he sample index,

—_——) —) —

=
i f, =1/ period (in cycle/s), wy =2pf; (in rad/s

The sequencg may be thought of as either periodic, or undefined outside the sampling interval. As in the
Fourier Series, the fundamental frequeficis 1/period, or equivalently 1/(sampdeiratior), andfo = 0
always. The equation above defines the Inverse Discrete Fourier Transform, which implies the DFT
definition (13.3).

[Since a DFT essentially treats the input as periodic, it might be better called a Discrete Fourier Series (rather
than Transform), but Discrete Fourier Transform is completely standard.]

Contrary to common belief, a DFT can have an arbitrary number of samples
(It doesnothave to have a power of two number of samples.)

Fast Fourier Transform (FFT)
an algorithm for implementing special cases of DFT.

Computerlibrary functions for FFTs are widely available. Contrary to common belief, an FFT does not
have to have a power of two number of samplesan haveiny number of samplé§ though it is fasterto
computeiNhas many small factors. Modern FFT functions ac
get a new onethatdoes (we recommend KFSST ) . As described in the fASignal
pad your data; with modern libraries, there is no reaspand good reasamotto.

Inverse Discrete Fourier Transform (IDFT)
gives the sequence of numbgriom the DFT component..

The general digital Fourier Transform is a Discrete Fourier Transform (DFT).
An FFT is an algorithm foefficiently computing eDFT.
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Model of Digitization and Sampling
All realistic systems which digitize analogsignals must comprise atleastthe compioréguse 13.2.

— measurement, aka
oo A
/IV\W Low Pass Anal Diaital 012345T6789

Filter (LPF) ,| Analogto-Digita - . L
analog filtered analog' Converter (ADC) quantized digital
signal D_. signal sampless

sometimes

omitted sample clock,

fsamp

Figure 13.2 Commoncomponents of aimplified Digital Signal Processing system, with uniformly
spaced samplesThe digital samples are also quantized in amplitude (finite precisiohg anti
alias LPF is sometimes omittedut every ADC has some higrequency cutoff Figure 13.8is
more detailed.

In this example, the output of the digitizer is a sequence of real nungheantized to some precision.

Other systems (such as coherent quadrature downconverters) produce a sequence of complex nhumbers.

Sampling DoesNot Produce Impulses

It is often saidhat sampling a signalis like setting it to zero
everywhere excemtthe sample time®r like creating a series of impulsel is not.

These notions are not true, and can be misleading [O&S Ptk that a single impulse (in time) has
infinite energy Therefore, assum(sequencedf such impulses has infinite power. In contralsg, original
signalmay have finite or zerpower, and the sequence of samples definibelg finiteenergy This suggests
immediately thasamples araotequivalent to a series of impulses.

Nonetheless, theilis an identity thatinvolves impulse functions, which we discuss afterintroducing the
DFT.
Complex Sequences and Complex Discrete Fourier Transform

ltds actually easier to start with the compl ex
of ncomplex numbers, we can write the sequence as a sum of sinusoids, i.e. complex exponentials:

Inverse Discrete Fourier Transform:

N-1

si=a S PN where j=0,... N 1is the sample index
k=0

%1 the frequency of th&” component, in cycle/saer (13.1)

St the complex frequency component (phasor)

Note that there amoriginal complex numbers, amicomplex frequency components, so no information is
lost.

TheDiscrete Fourier fansform is exact, unique, aird/ettible.

In other words, this inota i fThetDFTOmay be thought of as a phasgafued function of frequency.

The above equation forces all normalization conventions. We use the simple scheme whefein a
function equals the sum of its components (with no factors afranything else).
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Often, the indexis a measure of time or distance, and the sequence comprises samples of a signal taken

at equalintervals. Without loss of generality, we wil refejtos a measure of Atime,

anything. Note thatthe equation above actually definesntharse Discrete Fourier Transform (IDFT),

because it gives the original sequence from the Fourier components. [Mathematicians often reverse the
definitions of DFT and IDFT, by putting a minus sign in the exponent of the IDFT equation above. Engineers

and physicists usually use the contien given here.]

The sample indek and the frequency indéx are dimensionless. Then the frequency amplitudes have

the same units as the sampl&] £ [s]. The sample period &samp= 1ffsamp If the sample indexis time,
thenthe physicafrequenciedpnysk = k/(NTsamp are incyc/sec

Each numberin the sequence is callesdiaple because such sequences are often generated by sampling

a continuous signadt). Forn samples, there arefrequency componentS, at normalized frequelesfk =
k/n (defined soon)seeFigure 13.3.

k=0 |
basis ‘
> k=9
frequencies by \W]\m /;\ Complex Frequency
v \/ fundamentaf Components
k= | ——— frequency
S f,= 1T
complex g
samples| ‘ ‘ {
N=10
j | [1e .,
0123456789 01234567 8 9
' 01.2.3.456.7.8.%

sampleduration T

Figure 13.3 Samples in timewith their frequenciesind componentg-or simplicity, the samples,

sinusoids, and component amplitudes are shown asreal, butin general, they are allcomplex valued.

Note that there are a flNlsample times in the sampleiration not (N7 1).

The above representation is used by many DFT functions in computer libraries.
We use it for some of our analyses, as well.

Also, there is no need for any other frequencies, becaasH) has exactly the same values at all the

sample points as= 0. If the samplesare from a continuous signal that had a frequency compdrehOat
then that component will baliaseddown tok = 0, and added to the actlkst O component. Itis forever
lost, and cannotbe recovered from the samples, nor distinguished fram th@C) component. The same
aliasing occurs for any two frequencleandk + N.

The above definition isthenlyc or r ect meaning f or fAiali
Many people misuse this word to mean ottither

To avoid a dependence anwe usually labelthe frequencies as fractions. rrsamples, there ame
frequencies, measured in units of cycles/sample, and runningffro@ntof = (17 1/n) cycles/sample. The
N dimensionlessiormalized frequenciesare

k

o=y k 20,1,..N 4, thatis { f} f”: N-1

2 3 [

— = e L 132
NN TN (132)
There is nd= 1,justasthere is l= N, becausé=1is an alias of= 0. Fourier components asemetimes
written asS(f), a function off, so weoftenlabelspectra such asgurel13.3 with normalized frequencies

z‘PH

f
fi =25 Lf e (sample-duratioh <
samp
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and frequencies in cycles/sample.

Normalized frequencies are equivalent to measuring time in units of the sampl&stirpe, 1fsamp

For theoretical analysis, it is often more convenient to have the frequency ramg&kd O 0. 5 ,
0 f@1. Since any frequendys equivalentto (an alias ofj 1, we cansimply move the frequencies in
the range 0.5 €< 1 down toi 0.5 <f < 0 (Figure 13.4). In this example, the lowest frequencyi®.4, and
the highest is +0.5.For an even number of samples (and frequencies), the resulting frequency set is

necessarily asymmetric, because there iss0.5, but there is ah= +0.5.

Sf) Complex Frequency S(f) Complex Frequency
Components

Components
l
f

MThf JTTtI |

| 4-2 0 2 45

(a) (b) asymmetric

Figure 13.4 Even number of samples: two choices for the frequencyaed to justunder 1(used
in most computeralgorithm;sand (b)the set including negative frequencigdichis asymmetric.

For an odd number of pointBigure 13.5), the frequency ses symmetric, and there is neithier i 0.5

nor f=+0.5
S f) Complex Frequency Sf) Complex Frequenc
Components
=)
-4 -2 0 2 4 6 8 -4 -2 0 2 4

L= 1
(@) '\_/ (b) symmetric

Components

Figure 13.5 Odd number of samples: two choices for the frequencyag0 to justunder 1(used
in most computer algorithmsand (b)the set including negative frequenciedichis symmetric.

Non-Equivalence of DFT and FT of Series of TimeéDomain Impulses(Again)

instead

As noted earlier, it is often said that samplingis like setting the function to zero between samples, or
creating a series of impulse functionEhis is a common misconception.idtwell refuted by [@penheim
and Schafep8b, and dozens of othersignal processing experts]. Itis easy to show thatthat claim is not true,
in severalways. One simple way is this: For a blimded signal, | can reconstruct the signal between the
sample times from just the samplesalone. Thakes no sense if sampling amounted to zeroing the signal
between samplebecause that would be a new funct{ow longer bandimited), which loses information
about the original. There would then be no way to recreate the original function from its DFT

Furthermore, it is often said thttte FT of a series of tim@omain impulses is identical to the DFT of
samples atthose timesrom the previous paragraph, this cannot be true, either. Howkedplibowingis

true only at thdintegerk defined DFT frequencies &f ¥

1'\.1.'1 - kgt 1.z eNl a. t
S(m)=S(ky) =8 s TRSAsEt U «
' € © u :

i=0
w =2 pf; =2 pT fundamental frequency.
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For frequencies in between they, the DFT is formally undefined, but can be taken as zero for the purpose
of reconstructing the original samples. However, at thobefween frequencies the FT has some-nem
values which are usually of little interest. So we see thatthe FT déa séweighted impulses (representing
the samplevalues val uat ed at t h eis PrepbrtiohaltetheuDET bui teedish&ctrum

of the FTof such impulsess differentfrom the spectrum of the DFT. Hence, tingulsesarenotequivalent

to sampling

Basis Functions and Orthogonality

The basis functions of the DFT are the discté#tee exponentials, which are equivalent to sines and
cosines:
b (i) = (2pkIN)
where j! sampleindex=0,1,.N -1,
_ sNeven: - N /2+1,... -1,0,1.N /2
k! frequencyindex=0,1,.N -1 o? ) )
{Nodd: -int(N/2),... -1,0,1,...int(N /2)

Note that:

The DFT and FT are simply decompositions of functions into basis functions,
just like in ordinary quantum mechanics. The transform equations are just
the inner products of the given functions with the basis functions.

The basis functions are orthogonal, normalized (in our convention) sucl(ulmm]) =nd,,, Proof:

-1

N N 1- ;
1 A * — Zk/N 2 /N 2 ,[N m k _ a2 /N m ]
(el B BDb( ) = Be A g aé( o mm g

j=0 i® i o=

N-1 i
Fork = m, we have <t?<|bn> :agg 18
i=0

N-1 _ N .
Fork, muse § AT where 1 &d%MN)m-K) S Then:
=0 1-r e
1- &d(2PIN)(m K g, i(20)(m- K)
g 1-¢ 1-1 .
(b ) = —2 - =—— - & V| (bt N
- &d(2o/N)(m- k) . d@AN)(m-K (2 &N(m 4
L § 18 e g §

The orthogonality condition allows us to imnmediately write the DFT from the definition of the (C81):

Discrete Fourier Transform:

where S the R complex frequency component,
N0 (13.3)

% =normalized frequency of thih component, in @gtkample

In this definition, §J2° thepoweratfrequenck; N|SJ2° theenergy(more later). Note thatthere areN?

independent real numbersin the complex sequgnead there are alsd\dndependentreal numbersin the
complex spectrurf, asthere must be (same number of degrees of freedmmaclk, Scis the correlation

of the data with the sampled sinusoid at frequetblcycles/sample, e@9.9).
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Continuous and Discrete, Finite and Infinite

TBS: Finite length implies discrete frequencies; infinite length implies continuous frequencies. Discrete
time implies finite frequencies; continuous time implies infinite frequencies. Finite length is equivalent to
periodic.

Energy, Power, Spectral Density, and All That

Normalization and Parseval & Theorem

The original sequencaftenrepresents something akin to samples over tima sfstem with energy
proportional to amplitudsquared (e.g., voltage). Theve sometimes pea k o f fenergyo in t
defined aghe sum of the energies of each sample:

2 2
Ele|sj| :|t§| where G "conductance", chosen to be
N1 (134)
ot1a|sj|'
i=0
When the Aconductanceodo is chosen to be 1, omot some ot h

correspondto any physicalenergy (say,injouldé¢ use the term fienergyo figurat.
of a sample amplitude.

AEnergyo [ ampdl?thes mhaey stil mpcomplexd = | |

For example, modulation theory gaskEl|ges the fAenergyo o

How does this look in the frequency domaihiPst, we evaluate the energy of a single sinusoid:

Ek—|3<| a ‘éZ"k/N ‘ =N $|2 where kfrequencyindex 6,1,...N . (135)

o) —
= =1

The energies of the sinusoidal components in the DFT add as well, because the sinusoids are orthogonal
(show why??)so the total energy:is

Eot = Na |S<|

P a r s €Thesrend equatesthe energy of the original sequence to the energy of the sinusoidal components
For any data sequencgomplex or real)

k=0

C _Kee A
tot = a|5k| —alﬁ| . (13.6)
)

For real data, thisuses sRled spectruntk=0toNT 1). See t he section below for Par
real sequences andsided spectra.

[Other normalizations: Besides our normalization choice above, there are several other choices in common
us e. I'n general, bet ween the DFT, | DFT, and Parseval 6s T
then fixes the normalization for the other two. For exampenes choose to make the DFT and IDFT more
symmetric by defining:
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IDFT: s, =—— 5 § &2V

J J_ % N N1
a sl agz (alternate normalization:]
i(20k/IN) j )

DFT: § = \/_a €

< — = o R Y

Energy, Power, and Spectral Density

We introduce the concept of spectraldensity, which is needed forunderstanding noise, and other spectral
analysis. Spectral densitis essential for spectral estimation, a detailed and subtle art which we enter later.
For ease of analysis, wedre stilldl consifWheling compl ex

A continuous system produces output of continuous power. This power is spread aspectsuan of
frequencies. Inery limited cases, the spectrum could consist of a finite set of discrete frequencies, and the

total power is just the sum of all the frequency components:

Nfreq
P=8 R in units of [amplitudef [time]! , or A F [T]?
k=1
But in most cases, the power is continuously distributed across a continuous infinity of freq(fégaies
13.6a). We define thepower spectral density(PSD) asenergy per unit tinper unit frequencyn units of
[A]%, the same as energyas a function of . Then the total power is an integral, in the usual manner of
taking a discrete sum into a continuous integral:

= F(] PSS f) df.
In practice, the spectrum is usually limited to some finite upperfrequencwn be filtered to be essentially

so (Figure 13.6a). Then the upper integration limit can be replaced by the highest frequency in the signal
fmax Similarly, the power in ay finite frequencyband is:

f
Pin (f,to f,)= ﬁb PSO f) df.

A Astationaryodo sttisticevertimeg s theignalpowesin am extendetime intervalis
(essentially) independent of time, andtbé intervaburation.

Thepower spectral densitfPED characterizea stationansystem for all time
even for stochastic (random) systems

The PSDis a property of the system, and therefore independent of our saniglisgN, andT.

Noise level is often given as a PSD, and may vary with frequényhite noise (in some band)is
defined as noise whose PSD is constant over that band.
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S(f) S(f) Complex Frequency

Components
/\/\ i 2 nax
E of

bandlimited\;
1 | | f T | f

fnax minim‘umfSamp realistic 0 2 4 6 8
(a) = Znax fsamp™ Zmax () cyc/sample

Figure 13.6 (a)A continuous spectrum from a continudwsndlimited system minimumfsamp=
2fmax Real systems sample well abahe minimumfsamp (b) A DFT can be thought of as
Afrequency bfil fub ONcyctsdmplei d t h

Now consider the DFT of a sample set from the continuous systéomv does it relate to the system
PSDf)? As expected, the DFT gives an approximation to the PSD, as follows.

When we takaDFT,we can think of each frequency component a
with bandwidthgd [ fi [ TL(Figure 13.3, Figure 13.6b, and eq.(13.2)). The (1N) factorin the DFT
componentk (13.3) converts the frequency componenfptower averageDFT energy(13.5) per sample
pointat frequency:
R = E./ N.
Thenthis poweris approximatelthe PSD timeshe binwidth:
R.° PSO {) O.
We say that each biacontaingpowerpPx.
What happens as we vaN? First, :1ce the number of DFT frequenciBs® N, alarger number of
samplesN means finer frequency resolutiofi the PSD estimateAnd what happens tBg?
Suppose we take twice as many samples, at the same samfplgrai®e get twice as many frequency
bins Nris doubled a fnischahpd So thepowerper binis abouthalved because the system PSD is the
same, but the birsre half as wideln general, théx varies withN as
:_1 -1 Y R PéSD( t<)
T NTsamp NTsamp
Pxvary inversely withN. We can estimateSOf) from the DFT asany of
PS o A T N
D()° o =RT R NTamy
Other conventions to be aware of:The system output overany finite time hasfinite energy. Itis then
possible to speak afnergy spectral density( E S D) [ ener gy (nenits aof Alff)tasd requency

function off . Hence, esme sources define the DFT without th&l$taling 0f(13.3). Then each frequency
bin contains fenereyescommend simhpdy aocshveing to pawvRSDf) = ESOf)/T.
You can define youDFT power aPx = EW/N. For example, in terms dfx, PSOfx) = PxT = (EW/T)T = Ex.

Real Sequences

An important case of sequengés a realvalued sequence, which is a special case of a convalized
sequence Aimost all actualdata are realln this section, we use the positive and negative frequency DFT
N i20(k/N)
form, wherek takes on both negative and positive integer values. Thes;f= @ & & p(k/IN)] to be
ke -N/2
real, theScmust occur in complex conjugate pairs, i.e., the specBumust beconjugate symmetric
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S = Sy for 5 real, and k ¢int(N/2) .

This implies thats is always real, which is also clear singegis just the average of the real sequence.

We now discuss the lower limit fde. (As discussed earliethere is nok = 1N/2). There areN
independent real numbers in the real sequgnc@/e now consider two subcasésis even, andN is odd.

For N even we use the asymmetric frequency ranigg5 <f O 0. 5, whi ch correspo
TN/2+ 1Ok ON/2 (Figure 13.7a):
N2 )]
= a % pkiN)j Neven.
k= -N/2

For an even number samplepoints, since there are no conjugates$o0 ork = N/2, we must have th&
andSvz are reafactually, Sobeing real still satisfies conjugate symmetm)l otherScmay be complex, and
are conjugate symmetri§ k= S¢".

N = 10| Complex Frequency N=9, Complex Frequency

sreal| gf) Components § real S f) Components
& Sreal S real
N
{ { f [ | f
-|.4—.3-.2 1I 0I 1 .23 I4 5 -.|44 -.33 -.22 —.11I 0 | A1 .22 .33 I.44
— ~_
@ conjugate symmetric (b) conjugate symmetric

Figure 13.7 (a) Sequence with even numberof samplés, 10. p) Sequence with odd number,
N=09.

Therefore the spectruhmas(N/27 1) independent complex frequency components, plus two realcomponents,
totaling N independent real numbers in the spectrum, matchind\tirelependent real numbers in the
sequencs.

In terms of sine and cosine components (rather than the complex components), théli ard )
independent cosine components, aN2(1 1) independent sine components. Ak frequencies are
nonnegative:

an/z-1 ) ) , 0 ‘
sp=h ®a {/'kCOS@??(k/N) jg® sin 2 k/N J} & A2 COS A
¢ k=1 2 (13.7)
Neven,s; realN; = N /2+1.
Note thatin the last term, cOsjs just an alternating sequence of #1, +1, ... . In our phasorconvention:

sinusoid ) = Acos@vt) +Bsin(wt) |=cos(ut 4 R{e é@} , Scomple

where |$=v A +B, arg S£ atan? B full 4-quadrant arctangen

The phasor for sin() isi. Thus, our complex DFT componer8srelate to the cos/sin components as:

Sc=2(A -iB) and S, (A i8). (138)

For an odd number of pointBigure13.7b):
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(N- 1)/2

s= a S

k= {N /2

&2 (kIN)] Nodd,

there is ndk= N/2 component,and again there is no conjugaket®. Therefore, we must have tigais
real. All otherScare conjugate symmetric. Therefore the specthas(N 7 1)/2 independent complex
frequency components, plus one real compor@jttotalingN independent real numbers, matchingkhe
independent real numbers in the sequesce

In terms of sine and cosine components (rather than the complex components), théte a)& (
independent cosine components, aNdi( 1)/2 independent sine componentall Nf frequencies are
nonnegative:

(N1)/2 L 5 e A

e, ak 0 @ e ki . a

S = + CoSgp sin 2p [
& kal ,'Lk ETEN d u & ENE % (13.9)

N odd,s; real,N; =( N +) /2

Note that there is no final lorepsine term, and no alternating sequence.

These examples illustrate how tkesine/sinenotation is slightly more involved than the complex
exponential form.

Energy For Real Sequences

We derive Parseval 6s Theor eThesfire nrealso eatbhke thekidade nc e s
DFT form of (13.7) and(13.9). We again consider separately the casd¢@fen, andN odd.

(@) For Nevenkruns from 0 toN/2). Recallthat has no conjugate term, nor dd&g. Therefore:

Ep = NAY, Burz =N( '%/2)2-

We can deduce t he r est(138)fbyeRmoiting ¢he eohjuigate syrhneetryroetBe f r o m
Fork=1,..(N/27 1), note that$d?> = |Sk|>. Then the energy atdided frequenckis:

=N(|Sk| +sk|) r\ég—zﬂig v h—;ﬂz{:@z B) k1..=N2

We can derive this anotherway directly frahre definition(13.7). SinceAo is a constantadded to each
5, the energy contributed from this termBs= NAo?. Since cos js just alternating +1i,1 , . . . it
ateach sampleis 1, akfli2= N(An2)?. Finally, the average value of éawer a full penod is ¥2, as |s the
average of sih Therefore, fok=1, ...N/2, Ex= (N/2)(AZ + Bid).

o
(2]

(b) For N odd,k runs from O toll i 1)/2. The above argumentsstill apply, but there is no-tmsine
term at the end. Therefore the result is the same, without thetsiree term.

Summarizing:

N even: Eo = NAZ +n '%/2) ‘I;I" a (&2 Ekz)
k=1
N (V172
N odd: E, = N'%Z +— (&2 '3<2)
2 =

For complex sequences, 488.6).
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White Noise , Correlation , and Gaussianity

White noisehas, on average, all frequency componehejualamplitude(orequivalently power). [It
is named by incorrect analogy with white lighthich actuallyhasunequapower across the visible bahd.
Samples of white noise are uncorrelated. Ndrite noise has unequalfrequency components (on average);,
samples of notwhite noise are necessarily correlated. (Show this??).

I White noise may or may not be gaussian. Gaussian noise may or may not be white. |

For example, shot noise (aka fAimpul se (stramgesatlow i s whi't
frequenciesinay be gaussian, but is not white. Gaussian noise, after being sent through a linear filter, is still

gaussian (the weighted sum of any number of gaussian RVs is still gaudBiairihe noise after filtering

has the frequency transfer function of the filter impressed on it, and is not white.

Does Oversampling Improve Signal -to-Noise Ratio ?

Not usually, butit depends on the source of noksgure 13.8 expands our system modelto include two
sources of noisechannel noiseis included with the signal, and originatégforeour antialias LPF and
measuremenfka Analogto-Digital-Converter (ADC). Measurement noiseoriginatesafter the LPF,
mostlyin the ADC. We take the noismurcego beindependentNote thatthe measurement noise comes
afterthe antialias lowpass filter (LPF) so that filter has no effect on measurementnoise. Subsequent digital
filters, however, can sometimes redueasurement noise.

I measurement, aka o\ e N
Anti-alias Analogto-Digital { T H T 1 W I
W Fli_lgg\r/ E_?DSIE) /UW Converter (ADG L RV STJ =5 Lﬂ
, R . 9
analogsignal filtered analog measuremeh% quggrt]lquelgsglgltal
+ i I: ignal noise : : '
channel noise . chglr?r?gl noise T including channel and

measurement noise
sample clock,

fsamp

Figure 13.8 A Digital Signal Processing systewith channel noise and measuremeaise and

uniformly spaced samplesThe digital samples are also quantized in amplitude (finite pregision)

which contributes to measurement noiée noise sources aessentially the samasin Figure

10.1: here, fichannel noiseo0 Figweldlhe same as fAexternal

Does oversampling improve SNR? If the noise is in the channel, then oversampling buys you nothing
(see below), and makes more work for you. If the noise is in the measurement device (ADC), then
oversampling (with digital processing) can reduce the noisé. t her ed6s noise in both

h
ADC, oversampling can reduce the ADC part, but not h

t
t

Oversampling can reduceeasurementoise.
Oversamplingcannotreducechannelnoise.

Oversampling (+ Processing) Can Reduce Measurement Noise

In most ADCs, the measurement noise is independent from sample to saig@fwve quickly see that
repeated measurements of #aaneinput value can be averaged to reduce naisggesting (correctly) that
a higher sample rate can also reduce measurement Adigeis importanin itself, but thederivationis a
good exercise imuantitativedigital signal analysis.
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filtered spectrum

amplitude
amplitude

amplitude

UMM, I ...... .,

. 50  100=f,, 50  100=f,,

50
(@) fsamp= 100 samples/s (b) fsamp= 200 samples/s (€) fsamp=200 samples/s

Figure 13.9 (a) Spectra ofignal (blue, shown as a continuum for visibilitghdmeasurememtoise
in a system withfsamp= 100 Hz, sdfhyqg= 50 Hz. (b) Doubling the sample ratlubles both the
signal andneasurememtoise powerbut the noise is spread over twice the bandwidt) Filtering
out the highfrequency noiséeaves us with twice th8NR as in case (a)

Consider a system of signalnoise, asirFigure 13.9a; the signal is shown asa continuum for visibility,
butfora finite length sample sét s discretejust asthe noise idJsually, measurement noiseilsdependent
from sample to sampleshich insures thatit is whit@uniform, on average, over all frequencjes$ shown
We now calculat¢he signal and noise powers under various conditions.

=13
(0]

Recall that in digital signal processing (DSP), n e

matter. Weidd, ih sec, aseour axarhple éinhe utitefine:
S = § *1
L L L

data  desired noise
sanple  signal sampe

Then theaveragalesiredsignalfipowebist h e f e n e r, gnd&amie for tHe nase ¢
P, =RMI 3) famp R =RME B &y

If we doublethe sample rate, the RMS values do not change: they are properties of the desirea aighal
measurement noisg. With twice as many samples per second, there is twice as much energy per second,
so both desired signal power and noise power do(Hideire 13.9b). However, at the higher rasample

rate, the nyquistrequency is doubled, so the noise is spread over twiceaheéwidth. In other words, the
noisepower spectral densiffpSD), in power peunit of bandwidti(P/HZ), is unchanged. Inthe bandaifr

signal 07 50 Hz, the SNR is doubled!

This is spectral analysis version of fiaveraging red:

Going forward, ti is usually helpful to elminate the higHrequency noise, as iRigure 13.9c, with a
digital LPF, so subsequent processing is not degraded bt ithis point, we can drop every'®sample
value, whichhalvesour signal powedown to the originalfsamp=100 Hzlevel, and halves our noise power
compared to theriginal. It restores our original sample rate, so subsequent pingésao more expensive.

| used this kind of filtering for SNR improvement in research on T&&8llite lightcurves to search
for exoplanets.

Oversampling Does Not Improve Signal -to-Channel -Noise Ratio

It might seem thatif | oversample a signal (i.e., sample above the Nyquist raté)atireshoise power
stays constant (= noise variance is constant), but | have more samples of th@sigeahich | can average.
Therefore, by oversamplinig,seems likel should be able to improve my SNR by averaging out mbegnel
noise, but keeping all the signal.

We can se¢his reasoning is wrondpecause it implies that by sampling arbitrarily fast, | can filter out
arbitrarily large amounts of noise, and ultimately re
with this reasoning? Letd6s take an example.

Suppose | sample a signaith white channehoiseat 100 samples(§igure 13.10a). Then my Nyquist
frequency is 50 Hz, and | must use a 50 Hz Low Pass Filter (LPF) feaberding before sampling. This
LPF leaves me with 50 Hz worth of noise power (= variance).
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Now suppose | double the sampling frequency to 200 samples/s. To maihtegfuncorrelatedhoise,
I mustopen my antlias filter cutoff to the new Nyquist frequency, 100 (Figure 13.10b). This doubles
thechannehoise powethrough the LPF Now | have twice as many samples of dlesiredsignala;. But |
alsohavetwice asmany samples of tise asmuch noise powerso 4x the digital noise powel can run a
digital LPF toremovenoiseabove 50 H{say, by averaging adjacent sampleA) best,then || cut thetotal
noise by half, reducing ito a 50 Hz bandwidthvalue (Figure 13.10c). The SNR is unchanged by
oversampling.

In fact,| cannowdiscard every other samptyiding my sample rate by @ack to 100 samp/sjs
well ashalving thedesiredsignal and noise powers Hence, 1 6m right back where |
at 100 samples/sec in the first plgEgure 13.10a).

But wait! Why opertheantialias LPF?

Q Q ()
=) =) °
2 2 2
= = =
§ § §

Hz —Hz +—Hz

50=f,yq 50 100=fq 50 100=f 4

(@) fsamp= 100 samples/s (b) fsamp= 200 samples/s (€) fsamp=200 samples/s

Figure 13.10 (a)Noise in a system witfsamp= 100 Hz, sdfnyg= 50 Hz (b) Doubling the sample
rate, and widening the ardilias LPF doubles the noise bandwidth, and total noise powe}.
Filtering out the higHrequency noise brings us back to tbéginal case (a), with no net

improvement.

Letds try keeping the LPF at 50 Hz, and sampling at
% of the sampling bandwidth: it occupies only 50 Hz of the 100 Hz Nyquist band. Hence, the noise is
white, which means adjacent noise samplescareslated Hence, when | average adjacent samples, the
noise variance doastdecrease by a factor of 2. The factor of 2 gaity occurs with uncorrelated noise.

In the end, oversampling buys me nothing.

However, beware that many sampling systems omit an exaliditalias filter. For example, taking
measurements (say, a light cunirgensity vs. timg at a fixed sample rate usually has no aiitis filter on
the light intensity. This allowsneedlesghannelnoisinto the samplesThenrunning a detection algorithm
(say Phase Dispersion Minimizatiooh the data includes a lot of noise that may be faioddtand forthe
desired signal.In such a casdyefore running the algorithna, digital filter on the dataan remove the out
of-band noise, and make a big improveme®ee the section on Phase Dispersion MinimizaiRidM) for

more details
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What Happens to a Sine Wave Deferred?

. .. Maybe it just sags, |ike a heavy |l oad. Or doecs
You ma YQ: Zinsekhe DHT hasonly éinite set ofbasisfrequenciescan | use a DFT to estimate the

frequency of an unknown signalqA: notvery well.) iwhat happensif | sample a sinusoid of a frequency

in betweernhechoserDFThasid r equenci es ? What is its spectrum?o Go
The results here are important for generalizing the DieF,spectral analysis in generadnd fornon

uniformly sampled signals.

We choosé\ = 40 samples, which means thesifrequencies ark(1/N),k=1719,... 0, ... 20, measured
in cycles per sample (or equivalently, in units of the sampling fadgy. The frequency spacingisNL.E
0.025 cycle/sample. No o¢hfrequencies exist in the DFT

First, we showthe result of samplingnexistingfrequency sinusoid of = 10N = 0.25 cycle/sample(
= 10). Since the signal is real, the spectrum is conjugate symn&eiric &’); therefore, | show only the
positive frequencies, and double their magnitudeside spectrum)

a2pk j

_ 0 k
Sj —Cosaew é fi N cycle/sampl.
(; -

05 Honffienn i f il o [ i e f o

AN Y O U O 06

Py I A A O O 0 A O O

A Y O 0 O O (O 04

I TR | R 02

PN I N S SN A A B O A A

5 10 15 20 25 30 35 40 O'%.D 0.1 0.2 0.3 0.4 0.5 0.6

Figure 13.11 (Left) A sampled sinusoid of = 0.25,N = 40. (Right) As expected, its magnitude
spectrum (DFT) has exactly one componenit=0.25 with magnitude 1.0

[Notice that when the sample points are connected by steightents t he sinusoid doesn6t Al oo
but recall that connecting with straighggenentsis notthe proper way to interpolate between samples.]

The fienergydo of the sample set is exactly (1/72)40 =
the sample set, and the average energy of a sinusoid is .

Now wetake our signaoff-frequency by half the frequency spacifg:10.5N= 0.2625 cycle/sample,
halfway between twahosen basifequencies:
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(Left) A sampled sinusoid off = 0.2625,N = 40. (Right) Its magnitude spectrum (DFT) has
components everywhere, but is peaked arotin®.2625.

Not too surprisingly, the components are peaked atwhoebasisfrequencies closest to the sinusoid
frequency, but there are also componen@lhother frequencies. This ignartifact of sampling a pure
sinusoid of a nosbasisfrequency for a finite time Note also that the total energy in tbeempledf = 0.26
signal is slightly largerthan that of thé = 0.25 signaleven though both signals ate sameamplitude.

This is due to a few more of the samples being neara peak of the signal. This shift in totalenergy is another
artifact of samplinga nebasis frequency. Forother signal frequencies, orothertime shifts, the energy could
just aswell béowerin the sampled signal. This energy shift also explainswhy the two largest components
of the spectrum are not exactly equal, even though they are equally distant from the true signal frequency of
f=0.2625.

Finally, instead of being halvay bet ween all owed frequencifees, suppos

10.2h = 0.255 cycle/sample:

10

\ | L
\ TEAR A os
R o R

‘\\H“\\H“\\ 04

‘
‘ |
| \ \ / / | 0.2
TR TEA | I ¥ T |

‘ /

-1.0

5 10 15 20 25 30 35 40 0.%_0 0.1 0.2 0.3
f=0.255 f=0.255

(Left) A sampled sinusoid off = 0.255,n = 40. (Right) Its magnitude spectrum (DFT) has
components everywhere, is asymmetric, and peakdd&t25.

The two largest components are still those surrounding the signal frequency, with the larger of the two being
the one closer to the signal frequency.

These examples show thata DFT, with its fibedisfrequencies, can give only a rough estimate of an
unknown sinusoiddés frequency. The estimate gets
because¢henit has an even smaller spectral peak, with more components spread around the spectrum.

Other methods exist for estimating the frequency of an unknown gigweh one thatis neaniformly
sampledin timg If the signal is fairly sinusoidal, one can correlate with a sinusoidal basis frequency, and
numerically search for the frequency with maximum correlation. This avoids the difegtency
limitation of a DFT (see discussion arourkigure 13.12). Other methods usually require many periods of
data, e.gphase dispersion minimization (PDM), epoch foldindLeahy, Ap J, 1983, vol 266, p164d.
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We discuss nonuniform sampParodginding. more detail in th

Donot Pad Your Dat a, Even for FFTs

Old fashioned FFT implementations required you to hdv@ power of 2 number of samples (64,1024,
etc.). Modern FFT implementations are general to any number of samples, and use the prime decompaosition
of N to providea fastandaccurate DFT The worst case is whe¥is prime, and no FFT optimization is
possible: the DFT is evaluated directly from the defining summatieqsiring compute timé&(n?). But
with modern computers, thisisualys o f ast that we dondt care.

In the old days, if people had a npowerof-2 number of data points, they us
typically (and horribly) by just adding zeros to the end until they reached a power of 2. This introduced
artifacts into the spectrum, which often obsmlior destroyed the very information they soughti Pa ddi n g
with zeros to cover the missin¢{ad®Ri8al. will not give yo

Recall the nature of a samgdet: mosbften, it is a finite sampiset that wénopeis representative of a
longer sequence. When you insert zeros into your sasgplehey aren no way representativef the longer
sequence. They simptorrupt your samplset.

Dondét pad your dat a. I't screws| up the sp
With a modern FFT implementation, there is no need for it, anyway.

If for some reason, you absolutely must constikhio some preferred values, it is much betterto throw
away some data points than to add fake ones.

Donét Pad Your Dat a, Even for Finer Frequency

Sometimes, people try to get finer frequency resolution by padding their data with zeros, since the
number of frequencies (for remalued data) is abolW/2 (seg(13.7) and(13.9)). We show here why this is
usuallya bad idea (We show atthe end a very limited case where padding with zemdea useful
calculation trick, but yoewannotthink of your padded data as equivalémthe original)

To see the problem with zepadding, sppose we have 64 samples of an exact frequérc$/32
cyc/ sampl e. Figure18.&2a:exaetly the omerfreusncy.

Now | etds pad t MNe 8@ iaamisguided aditempbto getdigher$reqency resolution.
The resulting spectrum Bigure 13.12b. The zeros havemeared out the true component, artcoduce
many spurious componentsthat highly misrepresent the original data. Ifinstead we add 3% ze963, (
we get another bad spectrufigurel13.12c.

Donodt pad your dat a! |t c or r Uf ydusvant fimer frequeemcy cont ent
resolution, just use a periodograffigure 13.12d). This plots the fraction of the data variation that is
accounted for by a sinusoid at each trial frequency. In thisaige example, the fraction approaches 1 as
the trial frequency approaches the true signal frequeh&B125 cps The resulting frequency estimaite
dramatically more accurafeithin 1.4%)than what you get fronfrigure 13.12b or (c). (See Fourier
Transforms, Periodograms, and (Deprecated) Lebadarglebelow.)
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Figure 13.12 (a) Amplitude pectrum of f = 1/32 cyc/samp with 64 samples. Amplitude
spectrum with same data padded with 16 zeros.Afplitude gpectrum with same data padded
with 32 zeros. (d) Original 64 samples, dense periodogram with 300 frequencies. Note that the
cps) is unmistakable,
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We can compute exactly how thadded DFTspectrum is distortedAssuming a real sequensegit is

convenientto use the complex notation, amésided DFT.1 t 6 s

from 0 toNi 1 (normalized frequencies®f < 1.0)

many theoreticalanalyses are easiest with this convention, though in practical applications, | find that using

and

probably easiest

t hen WNiBevdnoonodld (I fiodahate

frequencies only up tbO0.5 is easiest. Then the correct DFT is:

_—a ge'Z”k’N)', k=0,.. N 1
j=0

If we pad with zeros, so there dvkdata points, the new spectrum (suchgsire13.12b) is:

sz—a'_ S N N VI

To see directly how the true spectrum is scrambled into the new spectrum, we write the spagibe
inverse transform of their true spectrum:

1 Moran g gi2p(kIN) 24 M)j
I
s=-8z245%¢" ‘ge
=0k *

[0, ...

M

1

We can combine the exponents, and then we can perform the sujregpticitly, since it forms a geometric
series. You can think of this as changing the order of summation:
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Notice thatk/N i I/M)is just the frequency difference between the original frequérci/N and the new
frequencyfi =I/M. Finally:

1 N:1
S :Mkaz_ ] sum,.

Also note thaeven if the frequency difference is zdm., even iff =f|, the amplitude fofi is still distorted,
because the summation includes a bunch of zeros thatarin the original data (In this case, the
ilgeomet ri cM,asduhmgebmetrig forsidla above does not apply.)

The Limited Case Where ZeraPadding Is Useful

Compared to DFTs, @hse periodograms have the advarsagegl) allowing individual uncertainties,
(2) allowing nonuniform sampling3) alowing nonuniform frequencies (e.g., uniform periodahd (4) a
variety of detection algorithmsThe complexity of most algorithms ®&NAr), whereNI # s a mpNres, and
[ #frequencies in the periodogr &)avéryl@rgedymberoftata t he r ar
points (millions), (2) uniform sampling(3) uniform uncertaintieg4) uniform frequency spacings) want
sinusoidal correlation detectior@s)d(6) computing time igritical, you can pad your datato a numier N
where the FFT algorithm is very efficienM should be a product of many small primes (2, 3, and 5), and
often a power of 2. The complexity of the FFTO&N log N), which beats a periodogram hyfactor of
~Nt/(log N), which is about a factor ¢f5,000for M = 1,000,000and about a factor &0 forn=1,000Q

Note that sinusoidal correlationasten an undesirablkéetection algorithm
if so, eventhis limited caseloesnot provide a reason for padding.

To see thatthe FF®dn M pointsis equivalentto a simple periodogram based on sinusoidal correlation
with M points considerthe simpledetection statisticf for a periodogranthatis just correlation againstthe
arbitrarytrial frequency cosine and sine:

2 2
&N-1 5 N& o
? sjcos( WT) O+ &g sin yr) ©  where  wAtrial frequency,T sample peri.
J 9 0
GJ =0 | L J | -
A By

This is exactlyproportional toa DFT/FFT power parametef? + Bi. If we pad our datg with M7 N
zeros, then we can extend the summations fixoiml to M 7 1 with no effect. Thenew sum isexactly a
DFT/FFT (13.3) on the padded daf#o within the normalization constant).

High Resolution FIR Frequency Response

Recall that the frequency response (transfer function) of an FIR filter is a continuous function of
frequency:H(f) = FT{FIR tap§ . With just a few taps, the DFT will have justa few frequencies, and the
resolution ofH(f) from thatwill be terrible. The FIR taps are exactand complete (they are not a sample of
some larger process), and theyalreadyexactlyzero fortimes outside their span. Therefadrss, perfectly
fine to zerepad the FIR taps, and then take the DFT of the padded sequence to get a high resolution measure

of H(f)]. If youwant the phase &f, you must be careful to set the tirnggin for the DFT atthe center of
the taps. This usually requires adjustingthe phabkedter computingthe DFTbut you can also do (tvith
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mtaps)by putting the tapsfrom 0 .m(i 1)/2 atthe beginning, and fron{mi 1)/2 toi 1 atthe end This
takes advantage of the periodic nature of the fitnmain sequence.

Filtering and Data Processing for Equally Spaced Samples

Equally spaced samples (e.g., in time or space,
some way as part of data reduction or processing. We present here some general guidelines that usually give
good results. We recommend that before dénvigfrom these guidelines, you clearly justify the need to do
so, and discuss the justification in any presentation of yourdata analysis (e.g., in your paperor presentation).

Finite Impulse Response Filters (aka Rolling Filters), and (Bad) Boxcars

Finite Impulse Response (FIR) filters take a sequence of input data, and produce a (sometimes slightly

ak

shorter) sequence of output data which is #Afilteredod

are:

1 In reakime processing (or a simulation of indefinite length), where an indefinitely long
sequence of data must be continuously processed.

1 To crudely smooth data for a visual graph, where the smoothed data are not to be used for
further analysis.

FIR filters require uniformly sampled data, or at least, segmented uniformly sampled. (See PDM example
later for their application to segmented uniformly sampled data.)

We do not (yet) discuss Infinite Impulse Response (IIR) filters.

Correction to prior editions: In some cases, filtering your data before fittingdegrades your results, but
in others, prefiltering your data before fitting a model to it can significantly improve your results. Although
most fitting procedures inherently fiter some noise, such ifigemay not be optimal. For example, for
correlation against a basis function (also known
filter, because the correlation automatically gives the optimum fit. However, in PDM fits, the basiafunct
amplitudes are not the desired result, and you can achieve majorimprovements by prefiltering before the
PDM algorithm. (We discuss the PDM example in much more detalil later.)

FIR Example: Consider a sequence of dakg = 1 ...n. In an FIR filter, the output sample at index
is a weighted sum of nearby input samgleigure13.13). A simple, widely used filter is:

Ly 4y 3
Vi1 54 7Y e

The coefficients, otaps, are the three weights %4, %2, and %. This istafiter. Most FIR filters will be
symmetric in their coefficients (same backwards as forwards), because asymmetric filters not only give an
erratic spectrum, but also introduce phase shifts that fudiktrt the data.

input
sarﬁples' - | ll 2| l 1| 4 | UL+1| U£+2| - |
taps, or
weights | W2 | Wi | Wo | Wy | Wa |
sum
output
sam%les |...|yj|yj+1|yj+2|...| |

Figure 13.13 Example of a Bap FIR filter

Definition of FIR filter: We defind to be distance to the farthest sample included in the weighted sum.
In the 3tap filter example abové= 1. By definition, an FIR filter produces outpytsccording to:

|
yj = a W U where w weights, or"taps.
k=4
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The numberoftapsisl2 1. The weights are usually normalized so they sum to 1. We can think of an FIR
as sequencing through the indexAlmost all FIR filters require input samples both ahead of and behind the
current sample. Therefore, in re¢@he processing, and FIR filter introduces a delays€mples before it
produces its output. This is usually benign.

I FIR (and IIR) filters are linear, so Fourier analysis is appropriate. |

Frequency Response of FIR Filter

Consider asequencef sampleguj} fed into a digital filter, producing an output set of dayg{ There
is a simple relationship between the spectrum of the
spectrum of the output. Since the filter is linear, each input frequency componentis filtered independently
of allother components. Asith analog filtering, we define thteansfer function of a filter as:

Y(f)=U(F)H(T) where Y Uand Hare generally compl.

In other words, we can say a filter takes each frequén€yhe input, multiplies it by a complex number
(H(f), dependent on the frequenflyto produce that frequency component of the output.

We now show that,écause theamplesequencecan be any size, and arbitrarily large:

I The transfer functioi(f) of an FIR(or IIR) is a continuoudunction of frequency

To see this, ansider somé&IR filter. We must carefully distinguish between the filter in general, which can

be applied tmnydata squencdwith anyn), and thefilter asapplied e particuladata set. Any given

sequencéasonly discrete frequencies; if we apply the filter tosgguencethes e q u efreguen@iss will

be multiplied by the filterds tr an afyszesefuenteotheé on at t h
filter, with frequency components= k/n, anywhere in the Nyquist interval. For evesgquencgthe filter

has a transfer function atdllh e s e dreqeemaies. 6Therefore, the filtém generalhas acontinuous

transfer functior(Figure13.14).

H(f) H(f) H(f)

f f f
0.5 0.5 0.5

Figure 13.14 Data sets with different sample the transferfunctid(f) at different points.H(f)
is a continuous curve, defined @t points in the Nyquist intervdll [0, 1) or €0.5, +0.5].

Use Smooth Filters , or Triangular, but Not Boxcars

AfBoxcaro filters are a special case oWedescrRe filters
their problems shortly.

Boxcar filters are rarely appropriate, and we discourage their use.
Far better filters are given here, so you can use them effortlessly.

Anice set of smooth filter coefficients turns out to
binomial coefficientsFigure13.15sho ws, as examples, the nice quality of
In the table below, the normalization factors are in parentheses before the integer coefficients:

I=3: ) 121

| =5: (1/16) (1 4 6 4 1)

1=7: (1/64) (1 6 15 20 15 6 1)
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l=9: (1/256) (1 8 28 56 70 56 28 8 1)
=11 (1/1024) {1045 120 210 252 210120 4510 1
l=13: (1/4096) { 12 66 220 495 792 924 792 495 220 66 1.2 1

Figure 13.15a shows theamplituderesponse, and (b) the power response of these filters.

H(f) H**2(0)

1.0 1.0 7

0.8 0.8

0.6 1 0.6

0.4 - 0.4 -

0.2 4 0.2 4

0.0 T T T T 0.0 T T T T

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
(a‘ frequency (cyc/t) (d) frequency (cycft)

7

Figure 13.15 (a) Amplitude responses of 3 (black), 5 (red), 7 (yellow), 9 (green), 11 (blue), 13
(magenta)and 63tap (red)smooth FIRs. (b) Power response.

(To be supplied) Be careful to reproduce t-he tap co
call od afcied filters. Seemingly small changes to a fil
behavior.

Problems With Boxcar Filters

Boxcar fiters suffer from an erratic frequency resporfSgufe 13.16), which passes a significant
amount of highefrequency noise. This also colors the noise, which is sometimes harmful, and almost never
useful. Furthermore, some frequenciesiaverted so they come out theegativeof how they went in (for
the 9tap boxcar: betwee= 0.117 0.21,and0.380 . 4 4 ) . Al so, itéds easy to mista
of tapsin a boxcar, which makes the result even worse by introducing phase distortion. Compare to the
smooth response of thet8p filter (green) irFigure 13.15a.

H(f)

0.8

0.6

0.4

0.2

Figure 13.16 Amplitude response of a boxcar filter is erratic, and sometimes negative. This
exampleisa9@ ap fAiboxcaro FI R. Co mp a r etaptfilter (dreem)in s moot h r es
Figure 13.15a.
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Triangular FIR Filters : A Good 2 "@ Choice

ATrieaendll R filters ar e very simpl e appr-goadi mati ons
performanceand lower computation cost and delalriangle filters have weights that drop linearly from
the central peak (symmetric, of courssgeFigure 13.17a. The smallest triangle filter is exactly the smallest
smooth filter, with (unnormalized) taps (1, 2, Figure 13.17b compareshe amplitude transfer @f smooth
filters to 4 triangle filters. Note that the 19ap triangle filter has nearly the same response as tha@i8
smooth filter. The triangle actually hasa steeper cutoff, at the cost of a small amount of ripple in-the stop
band.

FFT self-gen, N = 1024 nf=513 ns/2*pulse(i)

weights

€ W; Wow € 0.0 0.1 0.2 0.3 0.4 0.5
(a) (b) frequency (cyc/t)

Figure 13.17 (a) Structure of a triangle filter. (Bmplitude response of smoogblue)and triangle
(red)FIRs. The triangle filters have nearly as good performance, with shorter lengths.

The widerresponse Qap triangle filter has maximum amplitude ripple of only 0.0625 (.004 power
transfer) at f =0.29, which is usually negligible.

I Triangles: they have their good points. |

High Pass FIR Filters

Roughly, there are two kinds of higlass filters: (a) symmetric, and (b) derivatlike. Symmetric
high-pass filters have zero phase at all frequencies (afteraccounting for thediay, just like symmetric
low-pass filters. Derivativike filters have 90° phase shifts at all frequencies.

Symmetric High-Pass FIR Filters

We can trivially make a higpass filter from a lowpass one, by noting that higtass = T (low-pass).
In terms of weights:

Vi = W

] 00 oo 1= vy where y high-passfilter taps;yw  low-pass filtept.

In other words, the-1ap filter with wo = 1 is the identity filter, with (complex) transfer functiéttf) = 1.
Then (identity)i lowpass) is a high pass filter. ltds transfer

Hhigh(f) =1 -Hgu ().

Normalization of HPFs: For lowpass FIRs, we usually normalize the weights soltf@x= 1, i.e. the
DC response of the filter is 1. HPFs usually have H(0) = 0, so must be normalized anotherway. Commonly,
we normalize so that(0.5) = 1, i.e. the Nyquist frequency is passed unmodified.

Derivative filters TBS?
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Assorted Topics in Spectral Analysis

Two Dimensional Fourier Transforms

One dimensional Fourier transforms often have time or space as the independent variable. Two
dimensionaltransforms almost always have spacexsgyds the independent variables. The most common
2D transform is of pictures.
In the continuous world of light, lenses can physically project a Fourier transform of an image based on optics,
with no computations. This allows for filtering the image with opaque masks, drahséorming back to the

originatbutfiltered image, alat the speed of light with no computer. But digitized images store the image as pixels,
each with some light intensity. These are computationally processed by computer.

Basis Functions

TBS. Not sines and cosines, or products of sines and cosines. Products of complex exponentials. Wave
fronts at various angles, discrééeandky.

Note on Continuous Fourier Series and Uniform Convergence

The continuous Fourier Series is defined for a periodic sigftabver a continuous range of times,

ti [0, T):

(=8 S &Y, where g is the frequency of the' component
k=0
S is the complex amplitude of the compon,

Note that the time interval is continuous, but the frequency components are discrete. In general, periodic
signals lead to discrete frequency components.

The continuous Fourier Seriésr discontinuous functionis notuniformly convergent.
Therefore, the order of integrations and summations cannot always be interchanged.

Non-uniform convergence is illustrated by the fam@ibbs phenomenon frequently observed in
digital electronics when we start with a (discontinuous)square waveand filter out high frequency
componentghenthe square wavacquireovershoot wiggles that are large near the discontinuifigure
13.18).

o --~30vershoot hoof IX
original square overshoof N\ A _¢

wave reconstructed wave
t t

(@) (b)

Figure 13.18 Gibbs phenomenora)] Afterlosing high frequenciethesquare wave has overshoot
and wiggles. i) Retaining more frequencies reduces wiggle time, but not amplitude.

As we include more and more frequency components, the wiggles get naanosamp fastetut do
not get lower in amplitude. This meansthatthere are always some time points forwhich the inverse transfomm
does not converge to the original square wave. Such wiggles are commonly observed in many electronic
systems, which must necessadkpphigh frequency components above somedffifrequency.

However:

Continuous signals have Fourier Series that converge uniformly. This applies to most physical
phenomena, so interchanging integration and summation is valid [F&W p217+].

This is true even if the derivative of the signalis discontinuous.
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Nonuniform Sampling and Arbitrary Basis Functions

So far, we have used a signal sampled uniformly in time. We now show that one can find a Fourier
transform of a signal withany set of N samples, uniform or not. This has many applications: some
experiments (such as lunar laser ranging) cannot sample the signal uniformly for practical, economic, or
political reasons. Magnetic Resonance Imaging (MRI) often usesiniborm sampling to redice imaging
time, which can be an hour or more for a patient.

We write the required transform as a set of simultaneous equationg,astthe arbitrary sample times,
and keeping (for now) the uniformly spaced frequencies:

N-1
s(h) =& Sexp(i(2k/N p)
k=0
N-1
s(t)=Q Sexp(i(2k/NY)
k=0
N-1
S(ty-1) =& Sexp(( 2K/ Nt 4) -
k=0
Or:
S S R-1
es() o&.0 exdPfty) .. exp Ly to) 3%
S s(t) ‘égl.o exg( ) . exb Uy i) g s
e . ue: : : ué
e u
gs(tN-l) HéL.O exl Phity.1) .. exb Ay 4y 1) erg-l

How can we find the required coefficieng?

The exponential functions are no longer orthogonal over the sample times;
they are only orthogonal over uniformly spaced samples.

Nonetheless, we hawunknowns %o, ... Sni1), andN equations. So long as the basis functions are
linearly independemnver the sample times, we can (in principle) solve for the needed coeffiGenisle
have now greatly expanded our ability to decompose arbitrary samples into basis functions:

We can decompose a signal over any set of sample times into any set of linearly indepenfent
(not necessarily orthogonal) basis functions.

Note that Par s eotapphdtsthd cheffioents, sincel tbecbasis functions (evaluated at
the nonuniform sample points) are no longer orthogonal. ASeis no longer the average of the signal
values, since the sinusoids may have nonzero average over the sample points.

There is one more subtlety: what is the fundamental frequifcyEquivalently, what is the signal
period? The two are related, becafise 1/period. There is no unique answer to this. However, since a
finite-time signal transforms asif it is periodic, the period cannotei( to), since the first and last samples
would then have to be identical. The period must be longer than that. A convenient choice is to simply

mimic what happens when the sam@esuniform. In that case,
period = (ty_, Q,)Nll f, ¥ period.

This choice for period reproduces the traditional DFT when the samples are uniform, and is usually adequate
for nonuniform samples, as well.
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Example: DFT of a real, norruniformly sampled sequence: We can set up the matrix equationto be
solved by recalling the frequency layout for even andmdchd applying the above. We set 0, andor
ilustration of the last twanatrix columns, we take odd:

(N-1)/2
S(h)=A +a 8&Acos(kry) B sin k) g where Nodd, w 2 gl |
k=1
(N-1)/2
s()=A +a sAcos(krt) §sikw) g
k=1
(N-1/2
S(y-)=A + A BAcos(kry 5) Bosin( kng 1) @
k=1
Or:
A A B AN- 112 Bn -1)/2
es(ty) &0 L0 00 .. 1.0 0.0 s A
Ss() S0 cofwy) sifw) .. cl{N /Rw)  s{N N2uy § A

gs(tl\.l-l) HgLO COS(V;iN-l) sirf l;VN 1) codN ‘/)ZYKI ) SN '/)ZtW1) gB(N-l)/zu

This gives us the sine and cosine components separately.even, the highest frequency componeit is
=N/2,ory =2° IN=2"(1/2) =" rad/sample, and the final column of sin(:) is not present.

Note thatthis is1ot a fit it is an exactinvertible transformation. The matrix is the set of all the basis
functions (across each row), evaluated at the sample points (down each column). The matrix has no
summations in it, and depends on the sample points, but not on the sample values.

Example: powers ofx asbasis functions: Inthe continuous world, a Taylor series is a decomposition
of a function into powers ofx(i a), which are a set of linearly independent (but not orthogonal) basis
functions. Despite this lack of orthogonality, Taylor devised a clever way to evaluate théupasm
coefficients without solving simultaneous equations.

Example: sampled standard basis functions:We could choose a standard (continuous) mathematical
basis set, such as Bessel functiai@). For N sample pointsto, ... tni 1, the Bessel functions af@lmost
certainly)linearly independent, and we can solve for the coefficigatsWe need a scale factarfor the
time (equivalent to 2 KN in the Fourier transform). For example, we might ase the @ i 1)" zero of
Jni1(t). Then:

N-1 o

S(0)=8 Adab— o
k=0 ¢ N-1 =

N-T g «
)= 8 Akt 6
k=0 ¢ N-1 -+

N-t a a
sth-)=a Ackadna—
k=0 ¢ N-1

We haveN equations an®N unknownsAo, ...Ani 1, SO we can solve for thi.
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Segmented Uniform Sampling

Many data sets comprise multiple fAisegmentso of wunif
some TrappisiL exoplanet data that was uniformly sampled at 20 s intervals, in each of 5 segments. The
space between segments was many minutes to some ddysis out that we can still use an FIR (Finite
Impulse Response) filter on this data to improve performance. We discuss this more fu(ly2&a@grafter
describing some periodicitiinding algorithms.
Analytic Signals and Hilbert Transforms

Given some realtalued signals(t) , it is often convenjie istcompex write it
val ued fianaSughtuses arisé ig diversedsignal processing applications from communication
systems to neuroscience. We describe here the mear

computation considerations. This section relies heavily on phasorconceptsywhican learn frorRunky
Electromagnetic ConceptdVe proceed along these lines:

Mathematical definitions and review.
The meaning of the analytic signAlf).
Instantaneous values.

Finding A(t) from the signa#(t), theoretically.

= =4 =4 -4 =

The special case of zero reference frequemeys O; Hilbert Transform.
1 A simple and reliable numerical computationAff) without Hilbert Transforms.

Definitions, conventions, and review: There are many different conventions in the literature for
normalization and sign of the Fourier Transform (FT). We define the Fourier Transform such that our basis
functionsared ¥ and our original (possibly complex) sign#f) is composed from them; this fully defines
all the normalization and sign conventions:

. ~ int v 1ot iw
For z(t) complex: zZt) nDZW)é dw Y Z(W—Zz _mz(t) d% ¢
where Zw)* F{ £} is the Fourier Transform ofz ¢ ).

Note thatwe canthink of the FT asa phasalued function of frequency, and that we use the positive time
dependencet !

For realvalued signals we usgt) instead ofz(t). For reak(t), the FT isconjugate symmetric

S(-w) =S(w for §}real.

This conjugate symmetry for real signals allows us to usesided FT, where we consider only positive
frequencies, so that:

s(t):zRefﬁ Sw)¥* dwll whichisequivalentto s ()= ﬁS(yv')éV dw  s(tre,
| Yy -

Note that acomplexsignal with no negative frequencies is very different fromeal signal which we
choose to write as adided FT. We rely on this distinction in the following discussion.

Analytic signals: Given a realalued signalg(t), its phasor form is:
S(t) = Re{ A(t)éWOt} + At codup t £(t)

where A )| A} E® isa (complex) phasor function of tin (13.10)

up t somewhat arbitrary reference frequency .
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Recall that as a phas@\t) is complex. The phasorform sft) may be convenient whes(t) is band-
limited (exists only in a wellefined range of frequencidsgure 13.19a), or where we are only concerned
with the components &ft) in some weldefined range of frequencieszigure 13.19 shows two isided
Fourier Transform (FT) examples 8fr), the FT of a hypothetical (real) sigret).

IS(%) IS(¥)

(@) ¥ (b)

Figure 13.19 Example 1sided FTs of a real signaft): (a) bandlimited. (b) Wideband. Ther
axis points only to the right, because we need consider only positive frequenciesdioea ET.

In communication systemspis the carrier frequency. Note thateven in the bimied caseyo may
be different than the band center frequency. [For example, in vestigial sideband modulatioms(/SB),
close to one edge of the signal band.] Keep in mind throughout this discussian ihatten chosen to be
zero, i.e. the spectrumesft) i s kept #Ain placeo.

We start by considering the badithited case, because it is somewhat simpler. Hrigure 13.19a, we
seethatoursignalt)isfic |l o ae @ utre sinusoi d a b nearthreeiddderobthredand.f r e q u e n ¢
S(t) and cosfot) might look like Figure 13.20a. s(t) is a modulation of the pure sinusoid, varying somewhat
(i.e. perturbing) the amplitude and phase ateach instantin time. We define these variations asthe complex
functionA(t). When a signa#(t) is real, and\(t) satisfies eq(13.10), A(t) is called thenalytic signalfor

1)

S(t) |A®H)] £(t)
cos(r ot) ‘
.t 0 t

(@

012345(b)012345(c)|012345

Figure 13.20 (a) s(t) (dotted), and the reference sinusoic) Magnitude of the analytic signal
|[A(t)]. ) Phase of the analytic signal.

We can visualizé\(t) by considering-igure 13.20a. Att= 0,(t) is a little bigger than 1, but it is4n
phase with the reference cosine; this is reflected in the ampl&@leing slightly greaterthan 1, and the
phasef(0) = 0. Att =1, the amplituderemains > 1, ah@ still 0. Att =2, the amplitude has dropped to
1, andthe phasf2)is now positive (early, or leading). This continuesthrotugl3. Att= 4, the amplitude
drops further toA(4)| < 1, and the phase is now negative (late, or lagging)/#.< 0 . Att =5, the
amplitude remains < 1, while the phase has returned to Zé&p= 0. Figure 13.20b andc showthese
amplitudes and phases.

Instantaneous values: When a signal has a clear oscillatory behavior, one can meaningfully define
instantaneous values of phase, frequency, and amplitude. Note that the frequency of a sinusoid (in rad/s) is
the rate of change of the phase (in rad) with time. A generallsifahas a varying phaggt), aka an
instantaneous phase Therefore, we can define amstantaneous frequencyas well:

d( phasg _, 9,

hase=ug t + Y )
p o t+A ) at S

Such aninstantaneous frequency is more meaningful wk®hi$ fairly constant overone or more periods.
For example,in FM radio (frequency modulatioA}t)| is constant forall time, aral of the information is
encoded in the instantaneous frequency.
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Finally, we similarly define thénstantaneous amplitude of a signals(t) as|A(t)]. This is more
meaningfulwhenrA(t)| is fairly constant overone ormore cycles of oscillation. The instantaneous amplitude
i s envadopéi which bounds st)hrgureols.20b)l B donsouction,gp|f< A
everywhere.

Finding A(t) from s(t): Given an arbitrans(t), how do we find its (complex) analytic signa(t)?
First, we see thatthe defining €43.10), s(t) = Re{ A(t)é"’@} , is underdetermined, sin@gt) hastwo real

components, but is constrained by only the one equation. Therefa®,i#f to be unique, we must further
constrain it.

As a simple starting point, suppox® is a pure cosine (we will generalize shortly). Then:
s(t) = cosmg t =R<{ ]é"'@} where At =
If instead s(t) has a phase offsdtthen:
s(t) =cogmpt +g R({ dv é%‘} where A) '@ cesqg isin.

(Note thatd= 0 reproduces the pumsine example above.) Thus, in the case of a pure sinUsBA(t)

is the (constant) phasorfor the sinuss(j, and the imaginary part @is the same sinusoid delayed by ¥4
cycle (90°):

Re{ A} = cogy , I§ A} =cof g - plp.

In Fourier space, the real and imaginary parta afe simply related. Recall thatdelaying a sinusoid by ¥4
cycle multiplies its Fourier component by (for ¥ >0). Therefore:

F{im(AD)} = iF{Re(AQ)} . 1-sided FTw >.

We now generalize our pure sinusoid example to an arbitrary signal, which can be thoughtofas a linear
combination sinusoids. The above relationis linear, so it holds for any linear combination of sinusoids, i.e.
it holds for any real signad(t). This meansthat, by construction, the imaginary pas#(fthas exactly the
samemagnitudespectrum as the real part Aft). Also, the imaginary part has a phase spectrum which is
everywhere % cycle delayed from the phase spectrum of the real part. Thisis the relationship that uniquely
defines the analytic sign@\(t) that corresponds to a given real sigs@) and a given reference frequency
¥o. From this relation, we can solve for IA({)} explicitly as a functional of Re4(t)}:

Im{ AW} = 71 iF{Re(A))}} . 1-sided FTw >. (13.12)

This relation defines thiilbert Transform (HT) from RefA(t)} to Im{A(t)}.

The Hilbert Transform o$(t) is a functionH(t) that has all the Fourier componentss(t},
with the same amplitudeut delayed in phase by ¥ cycle (90°).

Note thatthe Hilbert transform takes a function of time into another function of time (in contrast to the Fourier
Transform that takes a function of time into a function of frequency). Since the FT is lineflr3.&4)
shows thatthe HTis also linear. The Hilbert Transform can be shown to be given by tdetraé form:

H{s()} * H(D ipvﬁ dt'% where PV Principal Value.
pHat

(The integrand blows up a® t=which is why we need the Principal Value to make the integra} well
defined.) We now easily show that the inverse Hilbert transform is the negative of the forward transform:

HYH®O} s() = lPVﬁ? dt‘:'—(? where PV Principal Value,
p et
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We see this because the Hilbert Transform shifts the phase of every sinusoid by 90°. Therefore, two Hilbert
transforms shifts the phase by 180°, equivalent to negating every sinusoid, which is equivalent to negating
the original signal. Putting in a miswign then restores the original signal.

Equivalently, the HT multiplies each Fourier component(0) byii. Then={=( )} multiplies each
component byi(i)2=71. Thus={=[s(t) ]} = T (t), and therefore 11 =7=

Anal yti c si gna0: Soneelanalystspeefertnot toxemove a reference frequé%y
from the signal, and instead include all of the pha &t this is equivalent to choosing = 0:

s(t) =Re{ At} FA(t]cogs ¢).
Sinces(t) = Re[A(t)} is given, we can now find ImA(t)} explicitly from (13.11):
Im{ A} =7 H iF{s()}} H{¢)}  1-sided FT,w O.

In other words:

I For¥o= 0,A(t) is just the complex phasor factors ), without taking any real part.

If st) is dominated by a single frequemcythenf(t) contains a fairly steady phase ramp thatis close to

f(t) ~at(Figure 13.21). We can use the phase functiff) to estimate the frequenayby simply taking
the average phasate over our sample interval:

— f(tend) B (0)
tend .

est

¥o="radls

01 2 3 4 5 1001 2 3 4 H

Figure 13.21 Phase ramp of a perturbed sinusoid, and the estimate of

Efficient numerical computation of A(t): The traditionalway to find\(t) is to use a discrete Hilbert
Transform to evaluate the defining integral. (This is a standard function in scientific software packages.)
The discrete Hilbert Transform (DHT) is often implemented by taking a DFT, manipulating it, and then
inverse FT bakto the time domain. This can be seen by recasting our abeiged DFT) description of
the Hilbert Transform (HT) into a-8ided DFT form.

Recall thatin the sided DFT fora real signat), the frequencies are always positiwe> 0, andS(¥)
is just a phasevalued function of frequency. To recover the real signal from phasors, we must take a real
part,Re{}. Inthe 2sided DFT, we instead arrive atthe real part by addingthe complex conjugate of all the
phasor factors:

s(t):zfj dw Re| S(1) ") : <) :Ouﬁug $ W&V IY e

However, to achieve a-&ided FT, we rewrite the second term as a negative frequency. Then the integral
spans both positive and negative frequencies:

sH=p S dw  where &I <% ).

For a complex signaf(t), only a 2sided FT exists (a-sided FT is not generally possible). Then there
is no symmetry or relation between positive and negative frequencies.
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We now describe a simple, efficient, and stable, purely-tim@ain algorithm for findingA(t) from a
bandlimited s(t). This algorithm is sometimes more efficient than the DEFed approach. Itis especially
useful when the data must be downsampled (converted to a lower sampling rate by keeping oni every
sample, callediecimating). Even thougts(t) is real, the algorithm uses complex arithmetic throughout.

IS(¥)| passban 1S(¥)I 1S(¥)
| | A | |
; ! [N ! !
| | R | :
| | TARE, | |
' YImid Y TWi'mid 0 Y:mid ¥ 0 Ximid

Figure 13.22 (Left) 1-sided FT of(t), and (middle) its Zided equivalent. (Right)-&ided FT of
A(t).

Figure 13.22shows a isided FT for a read(t), along with its 2sided FT equivalent, and theskled FT
of the desired complex(t). We definermigasthe midpoint of the signal band (thisst¥ o, which we take
to be zero for illustration). The question is: how do we efficiently go from the middle diagram to the right
diagram? In other words, how do we keep just the positive frequency half ofsiied2spectrumFigure
13.23Illustrates the simple steps to achieve this:

1 Rotate the spectrum down hbrynid (downconvert).

1 Low-pass fiter(LPF) around the downconverted signal band.
1 (Optional) Decimate (downsample).

1 Rotate the spectrum back up Byid (upconvert).

This results in a complex function of time whossi@ed spectrum has only positive frequencies; in other
words, it is the analytic sign&|(t). The numerical error in this algorithm comes from the leakage through
the LPF of the undesired part of the spectrum, which you can make arbitrarily small.

ISC¥) IS6)

2 low . 1.downconvert 4. upconvert
pass filter, - 7

Figure 13.23 (Left) To find A(t): 1. downconvert; 2. lowass filter; (Right) 4. upconvert.

Step 1: Downconvert: Numerically, we downconvert in the time domain by multiplying by
exp(i idt). This simply subtractsmid from the frequency of each component in the spectrum:

Foreveryw: S (wa" &iat = g Wiéw' i)t

Note that both positive and negative frequencies are shifted to the left (more negative) in frequency. In the
time domain, we construct the complex downconverted signal for each sampteaine

Zdown(tj)zs(tj)exp( 'inidtj) S(tj)COi‘( %idtj) i5"6 H{idtj)-

Step 2: Lowpass filter: Low pass filters are easily implemented as Finite Impulse Response (FIR)
filters, with symmetric filter coefficients [Ham chap. 6, 7]. In the time domain:
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m
Adgown(t ) =2 a CkZdowd tj W~ Where 2 m+  the number of filter coefficien
k= m

¢ ! filter coefficients

The leading factor of 2 is to restore the full amplitudA{dafterfiltering out half the frequency components.

Step 3: (Optional) DecimateWe now have a (complex) lopass signal whose full {gded) bandwidth
is just that of our desired signal band. If desired, we can now downsample (decimate), by simply keeping
everynthsample. In otherwords, our lepass filter acts as both a passnd filter for the desired signal, and
an antialiasing filter for downsamplingTwo for the price of one.

Step 4: UpconvertWe now restore our complex anabyObyc signal
putting the spectrum back where it came from. The key distinction is thatafterupconverting, there will be
no components of negative frequency because we filtered them out in Step 2. This provides our desired
complex analytic signal:

Alt)) = Adown(tj)eXp( Wit j)'

Note that the multiplications above are fullcomplex multiplies, becauseMaethand the expnential factor
are complex. Also, if we want some nonzew we would simply upconvert bysia T ¥o) instead of
upconverting by mid.

Summary
The analytic signal for a real functic(t) is A(t), and is the complex phasform of §(t) such that:

s(t) = Re{ A(t) exd im,@t)} where 1 ! reference frequen.

¥ois often chosen to be zero, so tis@i} = Re{fA(t)}. This definition doesiotuniquely defineA(t), sinceA(t)

hasreal andimaginary components, butis constrained by only one equation. The Hilbert Transform of a real
functions(t) is H(t), and comprises all the Fourier components(jfphasedelayed by /4 radians (90°).

We uniquely definé\(t) by saying thatits imaginary part is the Hilbert Transform of its real part. This gives
the imaginary part the exact same magnitude spectrum as the real part, but a shifted phase spectrum.

Analytic signals allow defining instantaneous values of frequency, phase, and amplitude for almost
sinusoidal signals. Instantaneous values are useful in many applications, including communication and
neuron behavior.

[Ham] Hamming, R. W.Digital Filters, 3ed,Dover Publicationsl(998, ISBN 0-486-65088X.
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14 Period Finding

A common experimentaltaskis to examine a data sequence fora periodic component, or several of them.
For example, in astronomy, periodic signala st ar s brightness point to physi
icit

orbiting the star. I n model c ospanttopossitleimprovememte r i o d
to the model.
Of ten, such a fAperiodicityo is obscured by noise an

vastly different period than the one(s) of interest. Usually, the experimenterdoes not know the frequency of
the soughaftercomponent, but has an#@ef some range of possible frequencies, which may span several
orders of magnitude. The experimenters job is then at leadiotdo

1 Determine a statistically valid likelihood that a periodic component exists in the data; and
1 Ifit exists, estimate the frequency of the component.

Other goals may include estimating the shape and the amplitude of such a component (or components). In
this chapter, we consider some algorithms for making such determinations. We focus here on a single
periodic component, with a few suggestions for fipldtcomponents at the end.

We discuss and compareriodogram algorithms: Discrete Fourier Transform (DEEprecatetlomb-
Scargle(deprecated, but unfortunately still populd®hase Dispersion Minimization (PDM), Epoch Folding
(ToBeSupplied)what | call DCS (DC, cosine, sineggnd briefly note whyDiscrete Fourier Transformare
often ineffectivewith nonruniformly sampleddata(such asnuch astronomicatlata)

The literature is rife with conflicting definitions, and even misuse of terms.

Precise definitions are essential to understanding the data,
which point to physical mechanisms underlying them.

Therefore, we strictly follow these definitions:

alias an artifact of uniform sampling. An aliasis specificallgta sideband, though it can be
considered a limiting case of a correlate.

amplitude is the usualreal amplitude of a basis function: fora sinusoid, it is simply the real amplitude
of the sinusoid.

correlate a sinusoidal frequency component that is correlated with another given sinusoidal
frequency component. The spectral window function describes how different sinusoidal
components are correlated fora given set of sample times (more [alerpppearance of
a true sinusoid at otheeriodogranfrequencies is callegpectral leakaggScargle 1982
p837]

detection parameter  astatisticfrom the datathatcanbe used to estimate the significance (or confidence
level) of a potential detection of a signal.

DFT Discrete Fourier Transform: a unique and invertible transform from the (typically) time
domain to the frequency domain: a DFT gives the frequency components comprising a
signal.

FFT Fast Fourier Transform: an algorithm for computing some DFTs. Not all DFTs benefit
from an FFT.

periodogram  a set of detection statistics as a function of frequency. There are several ways to make a
periodogram, with some choice in which detection statistic to use. Because of these
choices, and unlike a DFT, a periodogram is neither unique nor invertible.

poweror energy is proportional to (@amplitudé)with normalization varying throughout the literature.
probability of false alarm (PFA) the probability that pure noise will create an artifactlooking like a signal.

sideband a frequency component resulting from modulating (multiplying) a carrier sinusoid by a
modulating function of time, such as a slowly changing envelope function.
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spectral window functionFor sinusoidal detections, a functidff ®) thatapproximateshe correlation of
an amplitude atfrequenayto the amplitude at frequenay+ gqx. W( ) dependsonly on
the sample times, and not the measured valugs

Sinusoids, Fourier, Nyquist, and All That

Many people are familiar with the basics of uniform sampling, DFTs, the Nyquist limit, and frequency
resolution. This is described in more detaith 13. However

Much period finding is done on neaniformly sampled datds notbased on a DFT,
and the limitations of frequency resolution and Nyquist limit do not apply.

For example, with a DFT, the fundamental frequendy s 1/T, and all frequencies in the transform are

multiples of thatThus we say t he @f rTeBuuvwetmeaperiodograno, the frequentyd i s 1/
spacing is arbitrary, and the resolution is limited only by the sigmabise ratio (SNR). Frequencies are

often determined with uncertainty <<T1/

Also, with uniform sampling, there isNyquist limit on the maximum frequency that can be detected:
fmax= fsamd 2 . Higher frequencies are fAaliasedod down to |Ic
frequencies are irretrievably lost. With naniform sampling, there is no sharp cutoff on the highest
frequency, anéimaxis on the order of the inverse of the minimum santjpte-intervals [Pressind Rybicki
1989 p27T.

Be aware osegmented uniform sampling, which allows many methods from uniform sampling to be
used(see 1250).

Overview of Period Finding Algorithms

All the periodfinding algorithms here rely on the statistical method of choosimgability of false
alarm U(say, 5%), and finding a critical value of the detection parameter such that pure noise wil exceed
the critical value only a fractiodof the time. Therefore, if a peak exceeds the criticalvalue, we are confident
atthe (1i U level that the peak is a signal, amoit a fluke of pure noise. Finding the critical value is
complicated by the presence of many trial frequencies, and correlations between thos€héagisesence
of background signals, other than pure noise, complicates the detection probabilities. Ultimately, shuffle
simulations can overcome these complications to provide a valid critical detection value for almost any
background signal.

It is crucial to distinguish a periedi ndi ng detection parameter from a
fi p o we detection pArameteris astatisticfrom the data that can be used to estimate the significance (or
confidence level) of potential detection of a signal. All detection parameters of allalgorithms are necessarily
dimensionless and invariant to constant scale factors of the data. Instpatdetected signamplitude is
the usual(real) amplitude of a basis function: fora sinusoid, it is simply the amplitude of the sinusoid. There
is much confusion in the I|literature on this distinctd.i
fdetection parameter. o

We can make a periodogram graph of the detection parameter vs. frequency, or of amplitude vs.
frequency.

References
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Fourier Transforms, Periodograms, and  (Deprecated) Lomb -Scargle

I n some <circles, one hears the termsSdidmaglrddera TIratn.s
Each of these is distinct, butthey are related. Understanding the differences can help you analyze yourdata.
We provide here an overview of some comns@mal processing algorithms. Be warned:

Because spectral analysis can be tricky, its practice is rife with misunderstanding and myth*)logy.

Throughout the text, | will occasionally note common misunderstandings, but there are too many for me to
correct them all. We address tfaeprecatedlomb-Scargle algorithm in particular, since it is widely
misunderstood.

Correspondingly, the terminology is also highly confused and abused. We define here some common
terms in ways that are consistent with the majority of our (limited) experience in the literature. However,
there appears to be little universal agreemenpm@eise definitions, especially across different disciplines.
(Words are the tools of communication; it is impossible to make fine points with dull tools.) In this work,
we adhere to the following definitions:

1 Spectral analysisis the examination gberiodiccomponents of a data sequence.

1 Theenergyof a single data point is ite s$geuamrédenmagnodt
derives from early applications where the squared magnitude was proportional to physical energy).
The fienergydetofi a tslaenpsiluem of t he squares of the sa

component is the sum of takereovditaensemptgneas o of t hat fr
1 Thepower in a frequency component is its squared magnitude, and is often normalized in some
specified way. I n some referend@dss,wit th@thtceenrem giye n e |
fipowero in a component might be unrelated to physi
fenergyo and Apowero in quotes, as a reorinder tha
nonruni form sampling, the fAeneotgyoporftiaodaleqtu@nictys ci
Note that fpowero is different than fAsignificance.

I The statistical significanceis the false alarm probability, often called alpha Experimenters
usually choose& before analyzing the data. It is the probability that a pure noise signal will, by
chance, suggest the presence of a signal. Itis essentially the samg-aaltlee Note that dower
significance means a result isore significant, i.e. more likely real, anldss likely random.
Nonet heless, authors often speak |l oosely of #@Ahighc¢

lowersi gnificance value. I't is more clear to say fm

1 A detection parameteris a statistic calculated fortaal signalthat (roughly) tells how likely the
trial is to be a real phenomenon, ratherthan a result of random chiamtMde.r e s i meansfai cant 0
result is less likely to be random. (deprecated)lomb-Scargle the significance of a frequency
tells how likely that frequency is to be a significant component of the signal. Note that
isignificancedo is different than fApower. o

1 A DFT (Discrete Fourier Transform)is a precisely defined decomposition of a sequence (uniformly
spaced or not) into a set of sinusoidal component
DFT in somespecialcases. We have limited use forF F Tigye.) DFTs use uniformly spaced
frequencies, but are easily extended to-noiformly spaced frequencies.

1 A periodogramis some kind of graph gderiodic components of a sample set. There are many
methods for producing a periodogram, which produce different results [2]. Therefore, a
fiperi odogr a méfined shanlaeDFTs Usually,|the frequencifes else periods)n a
periodogram are uniformly spaced, i periodogram frequency spacing may be tighter than the
DFT.

1 Lomb-Scargle (now deprecated} a formula for finding the significance ofgivensinusoidal
frequency in datalt is usually used over a set of frequencies to produce a periodogram.

1 A Lomb-Scargle periodogramis a graph ofdetection parameters. frequency, where each
parameteis computed with thédeprecatedlomb-Scar gl e al gorit hmgram The ALSO
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can stand f-®cagigtileédr ofi LA b a st -SSaggle algorthendproduseéisnce t he
thedetectiorparameter for - componenteast squares sinusoidal fit. Note thatthe LS algorithm
produces detection parametenot power, despite common belief to the contrary.

Be careful to distinguish between uniformly spasadplef data,
and uniformly spacettequenciedn the periodogram.

Caution: For orthogonal basis functions (as in a uniformly sampled DFT), the energy and power of
every frequency are proportional, and therefore the terms are often interchanged. Howeverufufonon
sampling, the fAenergyaotpfopoft eguoehctyo ciotmyp raficheonwe ri .so T
confusion about theéeprecatetS periodogram. Thdeprecated S result isessentiallya statisticof a given
sinusoidal frequency in the datased to help find significant sinusoids in the data

The Discrete Fourier Transformvs. a Periodogram

The single biggest distinction between a DFT and a periodogram is that
the DFTsimultaneouslyptimizesall the components to form aaxacttransformation.

A periodogram examines eatfal frequencyby itself regardless of other frequencies.

The DFT is exact,and invertible, with no loss of information. At times, this can be a plus, but in many
cases, this fiexactnesso results in anomalies. I n par
of theexactrepresentation of the physical phenomenon. In other wostsnaleis anincompleteset and
so the information contained in it is limited. In addition, all measurements contain some noise. If we put
such anoisysample into a DFT, it gives usfrequency components wéxelctlymatch the given incomplete
samples, noise and all. To achieve this exactad¥sT of a nonuniformly sampled signahust sometimes
contortthe spectrum in unphysical ways. highly nonuniformly sampled signals often result in large DFT
artifacts. By definition, a DFT produces a spectrum of precisely defined, uniformly spaced frequencies.
[However, one can easily compute an exact decomposition onto an arbitrary set ohéieguand
furthemore, onto an arbitrary set of basis functions that neeévatbe sinusoidal.]

As scientists, we often would rather see something less mathematically exact, and more physically
meaningful. We combine all our knowledge of the system (and science in general) with our limited, noisy
data, to reach new conclusions. A periodogram pexi way to look at frequency content of a signal,
without some of the unphysical anomalies of an exact DFT. Also, a periodogram caespltdat an
arbitrary set of frequencies, not just those defined in a DFT. Ingaigbdogramsisually choose a larger,
and more densely packed, set of frequencies than a DFT produces. However, periodograms suffer from
anomalies, as well.

I n a DFT, the frequency components dondt fAoverlap,o
componentappearsin any other component. Thisis true even though the basis sinusoids are not orthogonal
over the given samprlaed tiimfesr maflThemei n st hred0 Pole&:t e. g. , é

transformsinto exactly 21 cosines and 19 sines, having exactly the same 40 degrees of freedom as the original
data set.

In contrast, in a periodogram, the comporeemplitudesre themselves correlated, and the information
from one component also shows up in some of the other components (espee&@iycomponents).
Furthermore, especially in small data sets [ref??], themont hogonal ity of the periodogr
cause a single component of the data to produce spikes at multiple -afgdeded frequencies in the
periodogram(see Spectral Window Function below)his may mislead the user into believing there are
multiple causes, one for each peak. Finally, for any samplesiae can make a periodogram with any
number of frequencies, even far more thanThis again shows that the periodogram contains redundant
information.

Despite common belief, gnow deprecated)lomb-Scargle periodogram is not a periodogram of
sinusoidal fi p o wdetection paranteters. reqaency,wiaere leapardmeteis computed
by a minimum leassquares residual fit of a single sinusoid atthat frequeicypr large data sets, or well
randomized sample times, tlp@arametervaluae ppr oaches t he power, so people
confusing the two. However, for small data sets, or those where the sample times are clustered around a
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periodic event (say, nighttime), the significance of
estimate. Note thatwhen the sample times are clustered around a frequency, say 1 cpd (cycle per day), it can

affect many frequencies in the samplgeadally near harmonics or stitarmonics (e.g., 2 cpd, 3 cpd, 0.5

cpd, etc.).

When fitting a sinusoief givenfrequencyto data, there are two fit parametefhesemay be taken as
cosine and sine amplitudes, or equivalently as magnitude and phase of a single sinusaideflipeo we r 0
at that frequency (considered by itseif) the sum of the squares of the cosine and sine amplitudes, or
equivalently, the square of the magnitude.

Practical Considerations

Here are a few possible issues with spectral analysis. Again, it is a highly involved topic, and these
issues are only a tiny introduction to it.

Removing trends: Before using spectral analysis, it is common to remove simple trends in the data,
such as a constant offset, or straight line trends [ref??]. A stimighintroduces dargescale spectral
structure which often obscures the phenomena of interest., lEmusving it before spectral analysis usually
helps. A constant offséitroduces spurious frequency detections, especially for bunched samples, as are
typical astronomical data. Also, constant offsets reayl to worse roundff error. Furthermore even
though you should never pad your data (see below), padding with zeros when your data has@ non
average only compounds your error.

Stepwise regression:Sometimes we have in our data a frequency component which is obscuring the
phenomenon of interest. We may model (fit) that frequency, and subtract it from the data, in hopes of
revealing the interesting data. Note that finding frequencies in ouraladasubtractingthem, one ata time,
is simply the standard statistical method stepwisemultiple regression (not simultaneous multiple
regression). We are firegressingo one frequency comp
subtraction hasall the usual pitfalls of stepwise regression. In particulaimtiiebiggest component may
be completely subsumed by two (or more) smaller components. Therefore, when performing such stepwise
frequency modeling, it may help to use the standard method of backward elimination to delete from the model
any previously found amponent that is no longer useful in the presence of newer components.

Computational burden: Many decomposition algorithmsrely on some form of orthogonality, e.g., this
is the basiswink) of Discrete Fourier Transforms. Orthogonality allows a basis decomposition to be done
by correlation (aka usinginng@roducts). Recallthat such a correlation decomposition, incluEpgecated
Lomb-Scargle periodograms, requir€$n2) operations. Incontrast, a nomhogonaldecomposition, such
as a DFT over nonniform sample times, solves simultaneous equations requding) operations, so can
bemuchslower. Fom = 1,000 samples, the namthogonaldecomposition is about 1,000 times slower, and
requires bilions of operations. This may be a noticeable burden, even on modern computers (perhaps
requiring manyminutes.

Smoothed DFT: One surprisingly common approach to neakperiodogram (not LomBcargle is to

make a DFT, with its possible anomalies, and then tr
resulting graph of power vs. frequency. I believe smc
lost all your noome}) agamb lyionug.canléttéget back whatods alr

make some other kind of periodogram in the first plac
more appropriate analyses. In particular, with highly -naiformly spaced samples, the DFT anomalies

include large (butunphysical) amplitudes, which are notremoved by smoothing. Furthermore, smoothinga

DFT of nonuniformly spaced samples requi®?3) operations, so it not onlikely produce poor results,

it does so slowly.

One possible advantage of the fismoot medlODIIO approa
if nis amenable to a Fast Fourier Transfandyour samples are uniformly spaced, then the DFT can be
done inO(n log n) operations. A typicadeprecatetlomb-Scargle periodogram requir€Xn?) operations.
However,[Press and Rybicki989 provide a way to use FFike methods to createdeprecated.omb-
Scargleperiodogram, thus usin@(n log n) operations. While still slower than a true FFT, this makes
deprecated.omb-Scargle periodograms of millions of data points feasllg still terrible in quality
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Bad information: As mentioned earlier, many references (seemingly mostreferences, especially onthe
web), are wrong in important (but sometimes subtle) ways. E.g., some references aetwatignend
padding your data (almost always a terrible idea, discussed elsewhé&tenky Mathematical Physics
Concepts Many references incorrectly describe the differences between uniform anrdnifom
sampling, the meaning of FFT, aliasing, and countless other concepts. In particular

Some references say that sampling a signalis like
setting it to zero everywhere except the sample times. It is not.

This is a common misconception, which is discussed ea

The (Deprecated) Lomb -Scargle Algorithm

??Move to later.For historical reference,avhere describe theowdeprecated.omb-Scargle(L-S)
algorithm;p307explains how it works.

Thedeprecated LomHScarglealgorithm is interesting for the concepts it uses,
even though in practice,t 6 s perf ormance is tdrrible.
Itis much better to use modern, uncertaiwgighted 3parameter sinusoidal fits (DCS).

The algorithmstars with N discrete measurements (samplgs)taken atrbitrarytimest;, j = 0, ...
Ni 1. The samplig need not be uniform (unlke FFT samplingfhe algorithm first finds the time offset
that makes the cosine and sine orthogavar the given sample times

N1
No1 a_ sin 2ut;
$¢ such that a cosky sinty = 0. tsatisfies  tan(2 W{ﬂ*.
i=0 a cosm;

j=0

Note thatUdepends ory; so eachr hasits ownU Also, Udepends on the sample times, but not on the
measurements. You can use a principal valued-¢@iadrant) arctangent to firldi

Next, L-S subtracts out the average signal, giving samples
hj s <§> where < js> average of ;<

Then the LomBScarglenormalized periodogrametection statistids, in inner product notation:

_ 1 &(cogh)® (sifh)® @
D(w) = 25° §<cos| co$ ( sih sip E
- [Pres&Ryb 1989 (3) p217
where $1 a h* sample variance

1

We deliberately use the nestandard notatioB(¥), rather thafP(¥), to emphasize thatthe® parameter

is a detectionstatistic,not a power (despite widespread beliefn particular,D(¥) is dimensionless, and

independent of measur e men tExgandedinnmoeg congeatioriatnotatianthét be a

L-S normalizeddetection parameter at a given frequemdsg [Pres&Ryb 1989 (3)
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NB: The L-S algorithm demandsqualuncertaintie®n the datawhich is one reason it is deprecatékhis

is exactly the equation fdhe coefficient of determinatioone gets from a standard statistical fit which
minimizes the residual signal in a leasfuares sense (i.e., minimum residual energy) [4]. Such a fitis a
simultaneous darameter linear fit (foA andB) to the model

S ()= Acog(w(t -1)) Bsi{ [ ), e () WA= B.

Prue(®*) is the true es tibetausedt is@rbportioma to thguaredannpliudeof
the fitted sinusoid at frequenay. For large data sets, or welndomized sample timeB(¥) approaches
being proportional t®ue(r) at all frequencies. Therefore, tharameteD(¥) is often used as a substitute
for the spectral power estimaf;ue(r). As with most hypothesis testing, the presence of a spectral line
(frequency) s deemed | i pagametesislibstantideless likely thénshat expected from pure
noise. Since both terms in tHeS formula are gaussian random variables (RVs), the L&o&rgle
expression in bracketsr pure gaussian noise is proportionalte?a. distribution. The factorof 1/2 makes
the probability distribution ob(¥) approacha unitmean exponential[3], rather thaw®-2. However, the
normalization bys? means thab(¥) is exactly beta distributed@tF distributed, asthoughtfordecades) [
Schwarzenbergzerny, 1997].

Note thas?is(closeto}f he average fienergyo (squared value) of th
value of all the samples has been subtracted off, g baeve zero average). Theslih this equation makes
the result independent of the signal amplitude, i.e. multiplying all the data by a constant has no effectonthe
periodogram. Also, for pure noisB(¥) is roudily independent of the number of sampls,sinces? is
independent ofN, and the numerators and denominators both scale roughlyNIlkeThe numerator

summations scale like/N , because they are sums of random variables (noise).
In contrast, if a signal is present at frequentgyD(¥) grows like N, because then the numerator

summation grows likeN. Thus, if a signal is present, it becomes easier to detect with a larger sample set,
consistent with our intuition.

Bandwidth Correction (aka Bandwidth Penalty)

Determining the significance of a signal detection requires some care, since most algorithms search for
anyoneof many possible signals. For example, when searching for periodic signals in noisy data, one often
searches many trial frequencies, and a Ahitodé on any f
the significancef value) of such a detection®is also called théalse alarmprobability.

All the common periodisignal detection algorithms require bandwidth correction, because if one makes
enough attempts, even an unlikely outcome will eventually happen. If one tries many frequencies, the
probability thatoneof them exceeds a threshold is much higher than the probabilitysofgde given
frequency exceeding that threshold. From elementary statistics, if the parameters for all frequencies are
independent, the probability thatthey akenot false alarm (FA) is the product of the probabilities that each
one is notfalse alarm. FiM independent detection parameters atvarious frequencies, and ggiadune,
then in our gaussian white noise case (i.e., the standard Null Hypothesis of no signal):

Pr(all not FA) = Pr(one not FA =( 1Py )M

confidence level 1 - p Br( all not FA) (i 1p)M

Therefore, to achieve an overpivalue for all frequencies gf, we must choose thevalue for each trial
frequency such thaSghwarzenbergzerny (1997)

M ; 1/M
1-p {1 py) Yo 1=5(1-p-
Sincep is usually small (<~ .05), we can often use the binomial theorem to approximate:
@ p)™ o p/M, p; EIM.
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For simulations, we may want to estimédrom p andpis. For example, we chooger, measurg, and
from that estimat®l. Solving the above favi:

In(1- p)

In(1- p) :Mln(l plf), M W

LargerM is more demanding on your data.
Being conservative on a claim of detection means favoring ldger

In most periogsearching methods (exceptforthe DFT), we are free to search as many frequencies aswe
like, atasdense a trial frequency spacing aswe like. We call our significance padntétgrbecause it
is a function of frequency. Intuitively, we expect that two very close frequencies will produce gimilar
values, and indeed, sudkvalues are correlated (in the precise statistical sense). So our problem reduces to
determiningM, the number oindependentrequencies in our arbitrary set of frequencies.

The bottom line is that, for dense trial frequencldds approximately the same as if we had equaly
spaced samples, and therefore had a simple DFT [Press 1988]. Such a DFT has independent frequency
components. This simplounding result, however, requires understanding a few subtleties, especially when
the trial frequencies are sparse.

We consider 3 cases, starting with the simplest:
1 Uniformly space data points, uniformly spaced frequencies (i.e., a DFT).
1 Arbitrarily spaced data points, uniformly spaced frequencies.

1 Arbitrarily space data points, arbitrarily spaced frequencies.

Notation:
d significance parameter, suchdeprecatetlomb-Scargle, Phase Dispersion Minimization,
etc.
o the independent frequency spacing.
N number of data samples.
M number ofindependentivalues over our chosen set of frequencies.
BW the total range of frequencies trieBMWW fmaxi fmin.
T the total duration of sample§iW tmaxi tmin.

Equally spaced samples:If our samples our equally spaced, we havethe common case of a Discrete
Fourier Transform (DFT). For white (i.e., uncorrelated) noise, each frequency componentis independent of
all the others. Furthermore, in the relevant notation (where all fre@gsence positive), the maximum
number of frequencies, and their spacing, is:

max # DFT frequenciesN /2, D =T/

Note that the maximum number of frequencies depentison the number of data points, and not orT.
However, we may be looking for frequencies only in some raffigarg 13.3).
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Figure 141 Sampl e frequency spectrum for ufsFdldr mly space
BW defines a subset of frequencies (here BW = 0.325).

Therefore, for ddyas e)gphenunaberoffndependert freguencesig approximately:
M°BW/ D EBW) T 0825/0.1 325 -

We roundM up to be conservative.

Arbitrarily spaced samples: Inastronomy, the data times are rarely uniformly spaced. In such cases,
we usually choose o0 Uufal,tobeidense,ié. rsrmadlen tbam thgindeperadent freaquencym
s pac ifpnig:fdppl / Then, per [Press 1988], we ust the sami
andM:

Df °1/T, M BW/ fD(BW T ( faD 9. (14.2)

Note that this is true evenBW> Nyquist frequency, which is perfectly valid fornonuniformly spaced time
samples [Press 1988].

I n the unusual case that dwap ftgenwelappiorirradethateachy s paci n
frequency is independent:

M © #trial frequencies, ( Bia >F) (14.3)

(Inreality, evenifdv a | ues s e pasetraytindependent,sqnier al ues separafed by mor
wi |1 be somewhat correlated. However, the correlatd:i
increasing frequency spacing. Nonetheless, these correlations imply that there are parasitic cases where this
approximation, eq14.3), fails.)

Arbitrarily spaced trial frequencies: One common situation leading to nonuniformly spaced trial
frequencies is that afniformlyspace triaperiods If the ratio of highest to lowest period is large (sa®),>
then the frequency spacing is seriously nonuniform.

We may t hasnapprorirhatelgpthe difference in frequency required to makefthalues
independent. (In reality, evendfv a | u e s s e faaetraytindeppentiepsorged values separated by
more fviand gobe somewhat correlated. However, the corr e
increasing frequency spacing.) Insuch a case,we may break up the trial frequencies into (1) regions where
Wriar < f,p and (2) fragifdpigweld.er e @

S0 N =10

— f
0.123/45.6.7.8.9
CFf‘[rial < qj <—§ i-' qftrial > qf

Figure 14.2 Nonuniformly spaced trial frequencies.
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The regi du< itpehaves as before, fa.s> Hgneheexarpeofr egi on wi
Figure 14.2, we have:

Df =0.1, M PO5 06.1)/0L 2+.

Summary

Bandwidth correction requires estimating the numbéndépendentrequencies. For uniformly spaced,
dense trial frequencies (and arbitrarily spaced time samples), we approximate the number of independent
frequenciesM, with eq.(14.2). We may t hfiasthe differense @ lfrgqueody regpired dido
become independent of its predecessor. Therefore, for nonuniformly spaced trial frequencies, we must
consider two types of regi on :fua€ ifdwe wsh eqilae2); @)hwvberet ri al fre
the trial f rfeig> Eqgmeaygprozimadadtdsthg number of trial frequencies, €1.3).
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Phase Dispersion Minimization

Some periodic sighals are far from sinusoidal. For example, a planet transiting across a star makes a
small, nearly rectangular dip in the light curve (intensity vs. time) at regular intéRiguse 14.3a). The
units are arbitrary. A more realistic light curve would have more noise, obscuring the periiigite
14.3b). Zooming in on the data does not help mukigure 14.3c). Phase Dispersion Minimizatids an
algorithm to identify arbitrary wave shapeeriodic functions(not just sinusoids) even when such
periodicities are corrupted by noise and other signBM creates @eriodogram, a graph of a detection
parametervs. frequency. Peaksin the periodogram indicate periodic components of tifeigiged 4.3d).
The peak at= .01 clearly indicates the neaidilyvisible periodic component (the time units are arbitrary).
(The subharmonic dt= .005, and the harmonicsfat .02, .03, and .04 are also clearly visible. We discuss
sub/harmonics later.)

By its nature (as with epoch foldindgpDM also picks up subharmonics afperiodic signal though
subharmonics weaken with their ordd?DM is invariant to constant scale factors in either time or intensity
and also to DC (constant) offsets in time or intensity

A straightforwardextension of the basieDM allows for uncertainties to be included in measurements.
(To our knowledgeas of 202604, including uncertainties is not addressed in the literature.)

For illustration, we take the independent variable to be time, and the dependent variable to be intensity,
but of course, any dependeneasurean be used. The measurements are triplgs, (i), wheret; are the
independent variableg,are the measured quantities, amdre the uncertainties for each measurement. The
sample times are arbitrary, and often nonuniform, however they should be dense enough to have several
measurements in each period of the sowafer signal.
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unc=.1,y+10-.2*pulse((t%100-10)/10)
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’
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emp
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Figure 14.3 (a) Simulated nonsinusoidal periodic light cury@) Same as (a) but with more noise.
(c) Zoom in on data. (d) PDM periodogram of (b) or (c).

PDM Algorithm

A PDM periodogram computes a detection parameterforeach trial frequency. The trial frequencies are
arbitrary, but are usually uniformly spaced over an interval of interest. The frequency spacing is also
arbitrary, butPDM periodograms typically hav&0-4000 frequencies.

PDM periodograms usually requirdOx as many frequencies as sinusoidal periodograms,
because PDM periodogrammsh a nge quickly with frequgncy (they(

Sometimes, periodograms are graphed as a function of period, instead of frequency. Hivegwency
plots oftenprovide better information, since physical phenomena such as signal modulation have readily

apparenfrequencystructure.

For a given trial frequencyhe data are folded at the trial frequency, and binnedribios (typically
10-200). AFol dingd means
value for each bin is the (weighted) average of the points in theHigure 14.4a shows asignificanttrial
frequency that reveals a periodicitynd(b) showsan insignificantone. Figure 14.5 shows the folded and
fitted result for the data dfigure14.3.

r e ptiwahciimodiiae(&igh fldh)p The medal mp | e

Even if youroriginal sequence was uniformly sampled, after foldittgg sequence is no longer (in

general) uniformly sampled.
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N = 340, foldf = 0.005

- - 600
500 N = 340, foldf = 0.0367

400 |-
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sample value
fitted model
o

=200+ =200 -

—ao00| M —a00}

-600

- : - —~600 i i i i
g = 0 13 “ o 0 50 100 150 200 250 300

(@ o (b) time

Figure 14.4 The red line is the best PDM model fit to the folded d4d&PDM data pointsand a
goodfit,r=20.(b) A bad fit shows wide dispersion in each

self-generated, N = 400, foldf = 0.01

sample value
sample value PDM fitted madel

20 40 60 80 100
time

Figure 14.5 A fit to the folded data clearly shows the periodic component of the signal.

The PDM algorithm is exactly equivalent to a linear fit of an orthogonal setpefiodic rectangular
pulses to the dateFigure 14.6). Therefore, the results are amenable to standard analysis of variance
(ANOVA). Across the PDM literature, there are multiple detection parameters in use, but we recommend
the standard ANOVA f{statistic (detailed below), which is dimensionless and-wallerstood. Critical F
values depend on gaussian residuals, which most datatiave. However shuffle simulations allow fora
wide variety of detection parameters, and also accommodatgawssian residuals. In practice, the F
statistic is very effective on arbitrary residuals when its critical values are determined from shuffle
smulations, rather than gaussian theory. [Somebody discusses shuffle simulations 22}n&amnalyses,
the periodogram peaks are so obvious that quantitative critical values are not needed.

folding
. period fit functions

I_Ifl(t) ] i |' |' are orthogonal

fr(t)l_l H H H | ¥ time

Figure 14.6 Basis functions for the equivalent multiple linear regressian fit
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Theregressiormodelin PDMcompriseghe bin averages of the folded/binned d&@ae early detection
parameteris the pooled variance of all the bidStell 1978 eq. 2]; the best fit (most likely period) is that
with the smallest), meaning measurements in the same bin (simil

ANOVA F-statistic: Instead ofs?, we recommend the standard ANOVAsfatistic as the detection
parameterThe general theory of ANOVAproves the surof-squares identity9.8): the totalariationfrom
the averagéSST equalghe variation ofthe model(SSA, plus thevariation inunmodeledesiduals $SE
[W&M8 Ch 13].

Unweighted PDM: For the (deprecated) unweighted algorithm (no uncertainties)

ISS'II' .:SS.A. B§E where

total model residua

N
total: ssTtA (y Y

i=1

T , (14.4)
model: ssA g vy Y. p # points in binb

b=1

Lo, 2
residual: SSE § 1a( ¥ ‘y) - b thet pointinthed b

b=1]j 2

For each birb, the model value isymogj = % SST= SSA+ SSHs an exactmathematicalidentityor all

linear fits with a zero residuatim a :j g =0, with the residual&) defined as:

&Y Ymodi ¥ ¥ni() where  bil)i bin for point .

The PDM basis functions automatically remove any DC (constant offset) from the signal, so the residual sum
is zero; it isnotnecessary tsubtract out the average before computing the periodograchdoing so has

no effect However, some applicatiossibtract any straigHine trend from the datbefore processing (more

later)

PDM With Individual Uncertainties

Many data sets have individual uncertaintiestéroskedasticdata): the uncertainty of each pojnis
ui. We develop here the PDM algorithm to take advantage of this, which to our kryewle2026) has not
been published in the literaturdl.o take account aheseunequal uncertainties, vemmputethe suns-of-
squaresSST SSA and SSEfrom standard formulas for weighted estimafese c h a p Wneertainiiy
Weighted Data Analysiy. ForSST

N N N N
ssT=3 Wy -Y AW J 227y EAwy 2.V VA G [V
i=1 i 4 i E

i 1=
where wt y? Y J .

The last expression is efficient for computer evaluation.
For SSA

r Ny

=A%y ¥, ¥ aw.

b

i E

r (= —\2
ssA= g (- 9)°
o var(Vy)

As a check on this, we set=1 for all measurements, and we should recover the unweighted foftdula
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V=12 4% +12 n5
as required.

For SSEnote that in each b, Yy0q; =Y. Then the SSE for binis:

P 2 ", ",
ssg=a w(y -¥ =Awl ¥ 29y F# ays 25 S
j=1 j 4 | E
b ) 5
=a Wi~ M %
j=1
Thenthe full formulss, in efficient form for computing, are
SST=q Wy -V9 SSA My )% SSEZE QWY »¥ R
i=1 b4 b 1] 1= 2
;o b, 1.
where ! uncertainties, w 1%,y B w . % AW W — 8wy
j=1 j2 Vij E
SST= SSA+ SSE

When all theu; are equal, this reduces (b4.4). (Numerical experimentson real datdth milions of trial
frequenciesconfirm thatthe implementation satisfighis final equation, the weightedANOVA sum-of-
squares identity, to withimy detection limit of 1 part in 1%.)

If the uncertainties are accurate, tl89Thas degrees of freedom dof\d 1,SSAhasdof =ri 1, and
SSEhasdof = N T r. In pure gaussian noise (no signal), the detection stafiéfjcfollows an ki1 nir
distribution:

D(f)lw iF_i,, where f 2 the trial frequenc.
SSEH(N } ' T
As with all periodograms, there are multiple independ
U for the entire periodogram is higher than that for a single frequeAcy. not ed in the section

wi t h Un c e rig stahdard-itestscarbbe tised as an approximate test for detection of a signal.
However, the F critical values will be approximate, and therefore so will-tredue.

Once again, shuffle simulations overcome all of these approximatiomerically,
and areoftenthe most reliable way to determine critical values.

[Schwa 1998 p832]Ho we v er , we dispute his claim [Schwa 1998 p
number generators is not well tested. Using é&4niform generator, with a recurrenperiodof ~10'8, |

have verified some detailed statistics of bin countsin uniformly sized bins. From uniform random numbers,

exact theoretical transforms produce other needed distributions.

[The weighted ANOVA surof-squares identity holds only when the weighted safanesiduals = 0:
N

a wg =0.

i=1
In general regression, this is usually enforced with a fit pararheéelded as a constant to the mogada=
bo+ ... . However, the Phase Dispersion Minimization fit functions aradlaped rectangular pulses, so

they already include any constant offsetin the fit. Additg parameterwould be redundant, and therefore
would make the fit unstable. Do not do this.]
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PDM Computer Implementation Tips

It is highly inefficient to actually fold the data and sort it for each trial frequency in the PDM
periodogram. The sorting &t leastO(N log N) (and oftenimplemented a®(N2)), and would be used for
each trial frequency. A small additiehcomputationis the petbhin statistics calculation. The total
computational cost is themt bestO( (N logz2 N + r)Nf), and often worse For thousands of points and
frequencies, thisould beprohibitive.

Instead, foreach trial frequency, mak&iaglepass through the datboreach data point, determine its
bin by dividing its time by the bividth. Therkeep statisticalrunning sums for each ofthuns. There is
no sorting. At the end, compute the final statistics for each bin from the running sums. (N isr), for
a final cost ofO( (N + r)Nf). This reduces computation byleast factoroflog: N (and maybé\, possibly
thousands).

PDM On Data With Trends

Sometimes data includes a straiihé trend(Figure 14.7). Since the PDM fit follows such a trend, it
distorts the detection statistic from that for trplgriodiccomponents.Figure 14.8a shows a periodogram
for fAuntrendedo ddiedrend first éitted amd quittractedh. Erhegesult d ia geh sonable
measure of truly period components. In contrast, the raw periodogigumng14.8b), made from the original
data with the trend, is very different at most frequencies. Therefore, if you are looking for periodic signals,
and have a significant trend in your data, we recomme
periodogram.( Thi s i s swhmitleanri ntgodo fAdpartea bef ore some analyses.

For reference, here are the strailyi fit equations for uncertaintyeighted data [Strutz 7.16 p177].
We start with measurement triplets, i, ui), wheret; are the independent variablgsare the measured
gquantities, andi are the uncertainties for each measurement. Then:

Ymoa(® =l #4x ,  w oy
N N N N N
Vit g w, Stawx S rawy S '&x S tax
i=1 i3 i E i 1= i 1=
b0:5><x5y-$<§y’ bl_l\/§/-§§
ViSu- & VS - §

3 le-9

~
T

sample value
sample value PDM fitted model

0 1000 2000 3000 4000 5000 6000
time +2.453e6

Figure 14.7 Examgde PDM fit (red, atthe peak frequency)with folded data, when the data includes
a straightline trend.r = 20 bins. (The axes are not important.)
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\lobackup\pep\libresid.dat, N=2737, r=20, sample value
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Figure 14.8 (a) PDM periodogram with the trend removed. (b) Periodogram with the trend intact
is vastly different at most frequencies.

Subharmonic Response

Any signal periodic inT = 1fis also perio@ in 2T, 3T, .... Therefore, PDM produces a peak at each
subharmonic of the periodicity. At least one subharmonicis visiblgimre 14.3d, and possibly 3. Often
5 or more subharmonics are visible. The response weakens slowly with each subharmonic order (increasing
period) because data points from a wider range of
bin asthe subharonic orderincreases. In effect, the bins become widéne: they occupy a larger fraction
of the true (fundamental) period.

Harmonic response

Harmonics of the fundamental frequency are sometimes visible as peak®DNhperiodogram, but
they decay quickly with harmonic ordd?PDM harmonics are usually less visible than subharmoriggire
14.9a shows why: a fit to a harmonic must compromise between the two phasesthatare mapped to the same
folded interval. The bestfit is halfway between the two groups of points, and so not veryRigwod 14.9b
is the 2d harmonic fit to the data dfigure 14.3. Il tdéds amplitude is roughly
Figure 14.6.

n_01 _sim.dat, N = 400, foldf = 0.02 n_1_sim.dat, N = 400, foldf = 0.02

sample value

sample value PDM fitted model
sample value

sample value PDM fitted madel

~0.25 H H 0.5 L H
o 10 20 30 40 50 o 10 20 30 40 50

(a Al time (b) time

7

Figure 14.9 (a) PDM fit of the 2¢harmonic frequencjo the simulated lowoise transit data.
(b) PDM fit of the 224 harmonic frequencio the simulated higinoise transit data.

How Many Trial Frequencies Should | Use for PDM?

The number of trial frequencies depends on how much prior knowledge you have of the signal frequency

you are seekingSi nce DCS periodograms are smooth, and PDM

significance changes), you can use farfewer DCS trial frequencies than you need foFBbMdecade of
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frequency uncertainty (say from 20200 Hz),the DCS periodogram calikely get by with ~400 trial
frequencies. A PDM periodogma would need about 10x more, or ~4000 trial frequencies. So a DCS
periodogram cabe much fastethan PDM, bya factor of 10 or so.

For more than a decade of frequency uncertainty, you should probably make several periodograms, each
spanning some factor of frequencié®r example, to coveril100 Hz, make one foril10 Hz, and another
for 107 100 Hz. For noisier data, use smaller factors, such as every fadtwo:.dfi 2 Hz, 27 4 Hz, etc.

How Many Bins Should | Use for PDM?

The numberoPDM binsr to use varies by application, from asfew as 5, to several hundred. Using too
many bins causes each bin to have fewer points, anddithe bin averages are noisiélsually, you want
atleast10 points per bin.Using ta few bins causes many differeanbdelamplitudesto be averaged into a
single bin, weakening the sificanceof the PDM fit. So how many binsdo we choode2t 6 s consider 3
cases.

Case 1: For signals thatare even roughly sinusciga) you should probably use a DCS periodogram,
ratherthan PDM.Thefundamental frequency will be a strong sinusoid, and shovwDexSgpeak.Note that
even signals such as a triangle wavefdogramsare fAroughly

Case 2: Forvery-nonsinusoidalperiodic signalghat have broad featuristhetime-domain, such as
sawtooth®rsquarish shapgthe PDM periodogram may perform betterthan DCS. Capturingthe fine details
of such a broad signal is not importasd you can usually usei510 bins, and still get good detection
performanceAs alwaysthe number of trial frequenciésr PDM should be roughly 10x higher than needed
fora DCS periodogram (say, 4000 vs. 400).

Case 3: For shortduration repetitive events, such a planettransits in stellardigives, you will need
many more PDM bins. The binidth must be small enough to model the skhrtation eventsln some
Trappist data (from TESS), the innermost planet has a transit duré®minutes, and a period of ~2200
minutes 1.5 days). The transit @boutl.5% of the period.Of course, when searching fornew discoveries,
we dondét k nosowe felg sneordesfaniagnituge estimatesNe need about 3 or more PDM
bins within each transit evetd capture most of the dip ielight intensityas a feature in the PDM fifThis
argues for ~300 bins. To get 10 or mor e Ofcourse,t s per bi
moredata always allows for moigensitive detections.

Spectral Window Function for PDM?

There is often confusion about whetherthe spectralwindow function (SWF) affects PDM periodograms.
It does not. The SWF is computed explicitly for sinusoidal fits, such asthe DCS generalized sinusoidal
periodogram [ref??], or the deprecated Lo8dargk periodogram.

NB: The fAspectr ahotawmlavimgfuntctiomfar smoothing daitas
or for smoothing a spectrum. Those arg unrelat ec
which is computed from the sample times of tisegies data.

Segmented Uniform Sampling

Many data sets comprise mult i plSegmérged gnifoemsansping of uni f c
is a middle ground between uniform sampling and fully irregular samplfg. exampleFigure 14.10
shows>80,000 samples dffrappistl exoplanetdatéc2025)that was uniformly sampled at 20 s intervals,
in each of 5 segments. Tlgapsbetween segmentsere many minutesto some days. It turns out thatwe
can still use an FIR (Finite Impulse Response)filter on this dadeatoaticallyimprove performancgOther
filters could probably be used, as well, boventing adhoc filters is a risky business. W&rongly
recommend using wellnown, wellcharacterized, and wallnderstood filters.)

For fully irregular sampling, with no long stretches of uniform sampling, one cannosteeaard-IR.
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Figure 14.10 Five segments of uniform sampling: intensity vs. tinfiée red curve is the PDM fit.

In short,to filter segmented uniformly sampled datg, just run a short FIR over the data, asis, without
regard to the gaps. Our Trappist datdsed80,487values with only 4 gaps.Even avery simple 3-tap
smooth FIR filtemgreatly reduced the noise in the highquency parts of the sampling spectruvhere there
isvirtually no signal. -ORMDa&In d 3 mdoeigsea,d esdo biyt sbuechho ofivoeust u
Figure 1411 shows the great improvement in detection significance when filtering before the PDM
algorithm.

s PDM TRAPPIST-1_LC Cleaned.csv, N = 80487 nf=5000 s PDM TRAPPIST-1 LC Cleaned.csv, N = 80487 nf=5000

PDM F(199,80287)-stat
PDM F(199,80287)-stat

152 154 156 1.58 1.60 152 154 156 158 1.60

\ period, max: 1.51073 2026.01-01 16:58 (b) period, max: 1.51033 2026.01.01 1549
7

Figure 14.11 PDM significance (a)with no ptBiter, and (b) with a &ap 1-2-1 prefilter Note the
dramatic difference isignificance. Thexesare the same for both plots

(a

I n a sense, there are short figlitchesod at the segme
a tiny effect in such a large dataset.

What FIR Pre -filter Should | Use for P eriodograms ?

Which FIRprefilter should we use®o chooseur prefilter, we must find the frequency content of the
signal we seek. For an exoplanettransit, the-tightve (light vs. time) for the star shows a small dip when
the planet passesin front of the stlrFigure 14.12a, the sharp black cunghows an idalized dipof width
=16 samplesandFigure14.12b shows its power spectrunikven the first sidelobe is insignificant, so a fow
passfilter with acut-off slightly less thai®.1 cyc/sample cudff would eliminate ~80% of noise (betweén
= 0.1 and 0.5).Figure 13.15shows that all-tapsmaothfilter is acceptableFigure 14.12b shows that the
filtered pulse spectrum is nearly identical to the unfiltespdctrunfor the entire main lobe. The loss is
negligible.
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Figure 14.12 (a) Idealpulsewith no prefilter (black) and with a 3 (black), 5 (red), 7 (yellow),
9- (green), and liap (blue¥ilters. (b) Spectrum forthe ideal, unfiltered pulidack), and the pre
fitered pulse (magentayertical scale is arbitrary

0.0000
0.0

A realistic (Trappist) exampl®&ow lets agaitfind a cutoff, bufora more realistic pulsg#om real data
The pulse modeHgure 14.13a) has sloped edges of width 12 samples (240 sSHu. spectrunis Figure
14.13b (expanded frequency axis)he spectrum shows an extremely narrow frequency eselxpected
for minuteslong features. A 68ap smooth filter barely changesthe pulse sh&jgere 14.13a, cyan), and
is nearly imperceptible in the spectrufigure 14.13b, magenta)So this narrow lowpass filter eliminates
a hug amount of noise, with virtually no effect on the signal.

In electrical engineering, thereis a rolethumb thatto find the highest significant frequencg inave
form, we take Ithiops Wheretsiopeis the 1090% transition time.In the idealized pulse, this time is just 1
sample, so the highest frequency would be 1 cyc/sample. This is, of course, impossible, since the highest
frequency is 0.5 cyc/sampli themorerealistsloped pilse, thistime is 10 sample®fmax=0.1cyc/sample
which is again 10x bigger than we really neddhe wules of thumb for data analysis are different than those
for electrical engineering.

0.0

0.008 -

0.006

power

0.8 4 0.004

0.002 4

T T T T T T T
0.000 T T T T
0 20 40 60 80 100 120 140 0.01 0.02 0.03 004 0.05

(a‘/ t (b) . frequency (cye/t)

Figure 14.13 (a) Realistic model pulse with no pii#er (black), and with a 63ap smooth pre
filter (cyan). (b) Spec# for the unfiltered pulse (black), and the {fiiteered pulse (magenta);
vertical scale is arbitraryThe vertical scale is arbitrary.

Detection Pipelines

A fipipelined is an automated sequence of processing for d®ta. feed data into the front end of a
pipeline, and it spews results out the baékfidetection pipeliné is a pipeline to find signals of specific
interest. Such signsheed not be periad, e.g., black hole mergers in gravity waves are not periosict
theymaybe periodic, e.g., exoplanet transits in light curves.
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Pipeline processing steps afvays heuristic in some ways. There may be m@agonable ways to
process a given kind of data, but you must choose the sbeg®ur pipeline As an example, a typical
detectionpipeline mightinvolve at least these steps:

1. preprocess,

2. make a periodogram,
3. postprocess,
4. identify candidate peaks,
5. examine candidates more closely, rejecting some/most
6. keeping a small set for human inspection
More TBS.
References
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15 Numerical Anal ysi s

Round -Off Error, And How to Reduce It

Floating point numbers are stored in a form of scientific notation, wittaatissaandexponent E.g.,

1.233 10% has mantissa m=1.23 and exponent e= 45,
Computer floating point stores o0 n-4rgcisian)typicalyistores nu mber o
at |l east 6 tyicafyistt oreddat bl edst 15 digit s-digitdedma | | work
scientific notation; actual floating point numbers are stored in a binary form, but the concepts remain the
same. (See Al EEE Floating Pointo in this document.)

Precision loss due to summatioAdding floating point numberwith different exponents results in
round-off error :

1.23456 102 Y 1.234 56 102
+ 6.111 113 10° + 0.061111 B 102
= 1.29567 102 where 0.000 001 1 of the result is lost,

because the computercan only store 6 digits. (Similar rafiherror occurs if the exponent of the result is
bigger than both of the addend exponents.) When adding many numbers of similar magnitude (asis common
in statistical calculations), the rousodf error can be quite significant:

float sum =1.23456789; /l Demonstrate precision loss in sums
printf(*%.9f \ n", sum); /I show # significant digits
for(i=2; i<10000; i++)

sum += 1.23456789;

printf  ("Sum of 10,000 = %.9f \'n", sum);
1.234567881 8 significant digits
Sum of 10,000 = 12343.28 only 4 significant digits

We lostabout 1 digit of accuracy for each power of 1®jithe number of terms summele.:
digit-loss® log,, n.

When summing numbers of different magnitudes, you get a better answer by adding the small numbers first,
and the larger ones later. This minimizes the reaffcerror on each additiqmnd shows that

Finite-precision addition imotassociative).

E.g., consider summingifor 1,000,000 integers. We do it in both singiend doubleprecision, so
you can see the error:

float sum=0

double dsum=0.;

/I sum the inverses of the first 1 million integers, in order

for(i= 1; i<=1000000; i++)

sum += 1./i, dsum += 1./i;

printf("sum: %f \ ndsum: %f. Relative error = %.2f %% \n",
sum, dsum, (dsum - sum)/dsum);

sum: 14.357358
dsum: 14.392727. Relative error = 0.002457

This was summed in the worst possible order: largest to smallest, and (irpseqi@on) we lose about5
digits of accuracy, leaving only 3 digits. Now sum in reverse (smallest to largest):

float sumb=0.;

double dsumb = 0.;
for(i= 1000000; i>=1; i -)
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sumb += 1./i, dsumb +=1./i;
printf(" sumb: %f \ ndsumb: %f. Relative error = %.6f \n",
sumb, dsumb, (dsumb - sumb)/dsumb);
sumb: 14.392652
dsumb: 14.392727. Relative error = 0.000005

The singleprecision sum is now good to 5 digits, losing only 1 or 2.

[In my research, | needed to fit a polynomial to 6000 data points, which involves many sums of 6000 terms,
and then solving linear equations. | needed 13 digits of accuracy, which easily fits ingloulglec i si on (édoubl ed
15-17 decimal digits). Howevethe precision loss due to summing was over 3 digits, and my results failed. Simply
changing the sums to 6long doubl ebd, then converting the s
6doubl ed solved the pr olmelsens.notin Soliey the eqoetionsa] n t |l oss was in t

Summing from smallest to largest is very important for evaluating polynomials, which are widely used
for transcendental functions. Suppose we havé ar8er polynomial, f(t)

f)=a, +ax &X axX a® a%
which might suggest a computer implementation as
f=a0 +al*t+ a2 tt + a3*tt*t + ad*tt*t*t + aS*tt tt*t

Typically, the terms get progressively smaller with higher order. Then the above sequence sansthe
order: biggest to smallest. (It also takes 15 multiplies.) Itis more accurate (and faster) to evaluate the
polynomial as:

f=((((a5*t + ad)*t + a3)*t + a2)*t + al)*t + a0

This form adds smallterms of comparable size first, progressing to larger ones, and requires only 5 multiplies.

How To Extend Precision In Sums Without Using Higher Precision

Variables
(Handy for statistical calculations): You can avoid rowaifl error in sums without using higher
precision variables with a si mprdnembers:i ck . For example
sum =0,
for(i=0; i<n; ++i) sum += ai];

This suffers from precision loss, as described above. The trick is to actually measure theffeurd of
each addition, and save that error for the next iteratitnis is called &ompensated add

sum =0,
error=0,; I the carry - in from the last add
for(i= 0; i<n; i++)
{ newsum = sum + (a[i] + error); /l'include the lost part of prev add
diff = newsum - sum; /l what was really added
error = (a[i] + error) - diff; /l the round - off error
sum = newsum;
}
The O6er r adsrtlierounabff ereortbandi s al ways small compared to the 0¢
effectively doubles the number of accurate digits in the s@After eachadditon 6error 6 tells you
off yoursumis. Fomostpr act i cal purposes, this eliminates any p
summing the inverses of integers again, in the fAbadbo
float newsum, diff, sum = 0., error =0.;

for(i=1; i<=1000000; i++)

{ newsum = sum + (1./i + error);
diff = newsum - sum; /I what was really added
error = (1./i + error) - diff; / the round - off error
sum = newsum;
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printf(" sum: %f \ ndsumb: %f. Relative error = %.6f, error = %g \n",
sum, dsumb, (dsumb - sum)/dsumb , error);
sum: 14.392727
dsumb: 14.392727. Relative error = - 0.000000, error = -1.75335e -07

As claimed, the sum is essentially perfect.

Numerical Integration

The above method of sums is extremely valuable in numerical integration. Typically, for accurate
numericalintegration, one must carefully choose an integration step size: the increment by which you change
the variable of integration. E.g., in tinstepintegration, it is the time stegize. If you make the step size

too big, accuracy suffers because the Arectanglesodo (o0l
curve well. I f you make t he st epeaddingtay incementstma | | , acec
large numbers,andtherowodf f error is |l arge. Yows imest gethriregdith
righto for best accuracy. This fact is independent

gquadratic, RingeKutta ....

By virtually eliminating rouneoff error in the sums (using the method above), you eliminate thedower
bound on step size. You canthen choose a smalsizepand be confidentyour answer is right. It might
take more computer time, but integratingirbés slower and getting the right answer is vastly better than
integrating 5 times faster and getting the wrong answer.

Sequences of Real Numbers

Suppose we wantto generate the sequence 2.01, 2.02, ... 2.99, 3.00. Alsirhfiteved)approachis
this:

float s;
for(s=2.01; s<=3.,; s +=0.01) ...

The problem with this is roundff error: 0.01 is inexact in binary (has rountf error). This error
accumulates 100 times in the above loop, makingthe last ¥8M&~10times more wrong than the first.

In fact, the loop might run 101 times instead of 100. The fix is to use integers where possible, because they
are exact:

float s;

int i;

for(i= 201; i<=300; ++i)
{ s =i/100,

}

When the increment is itself a variable, note that multiplying a real by an integer incurs only a single
round-off error:

real s, base, incr;
int i
for(i=1; i<= max; ++i) s =base +i*incr;

Hence, every number in the sequence haswvdyound-off errors, from the multiply and the add

Root Finding

In general, aoot of a functionf(x) is a value ok for which f(x) = 0. It is often not possible to find the
roots analytically, and it must be done numerically. [TBS: binary search]

Simple Iteration Equation

Some forms of() make root finding easy and fast; if you can rewrite the equation in this form:
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fF(9=0 - x ()

then you may be able to iterate, using each valug b&s the new estimate of the root,

I This is the simplest method of root finding, and generally the slowest to converge.

Itmay be suitable if you have only a few thousand solutions to compute, but may be too slow for milions of
calculations.

You start with a guess that is close to the root, cadl itThen

rlzg(ro)! r.2 :g(rl)v rn+1 g:(n)

If g() hastheright property (specificallgdpg| < 1 nearthe root) this sequence will converge to the solution.
We describe this necessary property through some examples. Suppose we wish tgxgdvex =0

numerically(exact isx= 0.25) First, we rearrange it to isolate on the left sidexx = % (Figure 15.1a).

14 14 4x2
y=X y=x
05 05T
ax/2
X —>X
() 1 (b) 1
Figure 15.1 Two iteration equations forthe same problef@) Sequenceonverges(b) Sequence
fails.
From the graph, we mightgueissd 0 . 2 . Then we would find,

n=+0.2/2 =0.2236, r, gﬂ /12 6.2364, r4 62431, r, (:2465, r ¢ (6=7
Rs =0.2491, r, =0.2496
We see that the iterations approach the exact answer of 0.25.

But we could have rarranged the equation differentl@x = \/} x =¥ (Figure15.1b). Starting
with the same guess= 0.2, we get this sequence:

n=v02/2 =016, r, &, /2 ©1024, r, 0419, r,  00C

Itsnot converging on the nearby root; the sequence di

iV E
at a graph of whatdéds happening, magnified around the
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( 912 4@

0.25] 0.25]

R— } X R
@) 0.2 0.25 (b)

Figure 15.2 (a)Sequenceonverges (b) Sequenctails.

When the curve is flatterthay= x (above left), then trial roots thatare too small get bigger, and trial
roots that are too big get smaller. So iteration approaches the root. When the curve is stegpexthan
(aboveright), trial rootsthat are too small get even smaller, too big get even bigger; the opposite of what we
want. Sofor positive slope curveshe condition for convergence is

Dy_y09 -x1) 4, intheregion r ||y rl-s 9 g 4 | to |
Dr S -r
where ris the exact root; f is the first guess.

Consider anothercase, where the curve has negative slope. Suppose we wish ¢ossbive x =0,

(x in radians). We revrite it as x =cos x. On the otherhand, we could take the cosine of both sides and
get an equivalent equatior.=Cc0osX. Which will converge? Again look at the graphs:

cosx cosix Y%
cosix y=X |
r
0.7391 0.739+
r '\
COSX 2
& A
8| | X Rl X
0 0.739 00.739

Figure 15.3 (Left) cos and cdg are superficially similar. (Middle) cos converges everywhere.
(Right) cos! fails everywhere.

So long asthe magnitude of the slope in the neighborhood of the solutipthe iterations converge. When
the magnitude of the slope > 1, they diverge. We can now generalize to all curves of any slope:

The general condition for convergence is

‘ g‘ z‘ ¥(9 - ¥
Dr S -r

The flatter the curve, the faster the convergence.

4, in the region rlp rl-s < g rt.

Given this, we could have easily predicted that the converging form of our iteration equa tioroisx,
because the slope of cass always < 1, and cbsx is always > 1. Note, however, that if the derivative
(slope)is >1/2, then the binary search will be faster than iteration.

Newton -Raphson lteration

The above method of variable iteration is kind of #fl
functionsto advantageNewton-Raphson iterationis a method of finding roots that uses the derivative of
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the given function to provide more reliable and fasterconvergence. Né&etphson usesthe original form
of the equation:f (x) =Jx/2 -x ©. Theidea is to use the derivative of the function to approximate its
slope to the roofFigure 15.4a). We start with the same guesss 0.2.

ax/ 2x 1 AT X
tangent
&1 Jrangent
eef
0.0 : FER— X +
(a) 0.1 0.2 0.25 (b) 0.1 0.2 0.25
Figure 154 lllustration ofNewtonRaphson for both forms of the refimnding equation.
Df , . f(r)
— o f(r Y b °——~ Notef ' 0
=" ) oy (Notef o) O
U215 A ll2 g4 302
f=gx®a ¥ e Rt
4 rrel4-1 4 1-4
Hereds a sample computer program fragment, and
/l Newton - Raphson iteration
r=0.2;
for(i =1; i < 10; i++)
{ r -=(2.% - A%rrsgri(r)) /(1. - 4.*sqgrt(n);
printf("r%d %.16f \n", i, r);
}

rl 0.2535322165454392
r2 0.2500122171752588
r3 0.2500000001492484
r4 0.2500000000000000

In 4 iterations, we get essentially the exactanswer, to double precision accuracy of 16 digits. This is much
fasterthan the variable isolation method above. In fact, it ilustrates a property of some iterative numerical
methods calleduadratic convergence

Quadratic convergence is when the fractionalerror (aka relative error) gets squared on each iferation,
which doubles the number of significant digits on each iteration.

You can see this clearly above, wherbas 2 accurate digits; has4r3has 9, andshasatleast 16 (maybe
more). Derivation of quadratic convergence??

Another advantage dewtonRaphsorover simple iteration is that NewtedRaphsordoes not have the
restriction on the slope of any function, as dsiesple iteration We can use it just as well on the reverse
formula Figure 15.4b):

2_
er-(ri) 4x° - X

f()=4x% -x (X 8x 1; ) o1

, with these computer results:

r1 0.266666666666666 7
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r2 0.2509803921568627
r3 0.2500038147554742
r4 0.2500000000582077
r5 0.2500000000000000
This converges essentially just as fastthe first formand clearly shows quadratic convergence.

If you are anold geek like me,you may rememberthe iterative method of finding square rootson an old
4f unction c al & dMidaatbyrythen averagé theresultdvith Repeat as needed:

; 1:a/rn+rn
n+. 2

You may now recognize that as NewtBaphson iteration:
f(r)=r? a 6 f'c) 2=

i r2-a Mo 148 a
f'e)y "2, 2o, 2"y,

fe =TI, +rDr s

. . alr?+r .
If you are truly a geek, you tried the averaging method for cube rogts= —"—" . While you

found that it converged, it was very slow; culo@t(16) withro = 2 gives only 2 digits after 10 iterations.
Now you know that the proper Newtddaphson iteration for cube roots is:

3
, r3-a
f(r)=r® a 6 f'¢) 32, rn:”?,r—2 r,

n

a
3 32

5"

[ R

&  a
which gives a full 17 digits in 5 iterations foy= 2, and shows (of course) quadratic convergence:
rl 2.6666666666666665
12 2.5277777777777777
r3 2.519866986899954 1

r4 2.5198421000355395
r5 2.5198420997897464

n

Itis possible for NewtoiRaphson to cycle endlessly, if the initial estimate of the root is too far off, and
the function has an inflection point between two successive itergfamuwe15.5):

f(x)

%A
0 X

tangent

Figure 15,5 Failure of NewtorRaphson iteration.

It is fairly easy to detect this failure in code, and pull in the root estifsate with a midpoint method)
before iterating again.
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Pseudo -Random Numbers

We use the term fArandom anrudmbne rrou niboe rmdddonmlp i p sberuedva t vy
distributed random numbers are equally likely to be anywhere in a range, typically (0, 1).

Uniformly distributed random numbers are the starting point
for many other statistical applications.

Computers can easily generateiformly distributedandom numbersThe best generators today are
based on linear feedback shift registers (LFER)merical Recipgs3™ ed.]. Theold linearcongruential
generatoris

/I Uniform random value, 0 <v <1, i.e. on (0,1) exclusive.
/I Numerical Recipes in C, 2nd ed., p284

static uint32 seed=1,; Il starting point

Vvilt rand_uniform(void)

{
do seed = 1664525L*seed + 1013904223L; Il period 2732 -1
while(seed == 0);
rand_calls++; /I count calls for repetition check

return seed / 4294967296.;
} // rand_uniform()

Many algorithmghatuse random numbersfailegn fir andonlorly al ue| of
so this generator never returns them.

Af ter a long simulation with a |large number of call s
<~400,000,000 = 10% period. Thi®nfirms thathegeneratechumbers are essentially random, and not
predictable.

Arbitrary distribution random numbers:  To generate any distriboth from a uniform random
number:
R=cdfy Y(U) where Ris the random variable of the desired distition

cdfy ! = inverse of the desired cumulative distritam function of R
U is a uniform random number on (0,1)
Figure 15.6 illustrates the process graphically. We can derive it mathematically as follesedl that the

cumulative distribution function gives the probability of a random variable being less than or equalto its
argument:

a

cdfy (&)t Pr(X ¢a) ﬁ dx pdfy (X) where Xis a random variab.
cdf }(x)
pdf(x) 057
cdf(x)
1 X
! L,
} > X = X
-0.5 0.5 -0.5 0.5
0.5

Figure 15.6 Steps to generating the probability distribution function (pdf) on the left.

Also recall thatthe pdf of a function of a random variapdayF = f(u), is (seeProbability and Statistics
elsewhere in this document):
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pdf: (x):%, where (¥ derivative of f(X).
X
Let Q1 cdfy t(U). Using pdf, () =1on[0,1]
_opdf, @ .1 d .. ad 3
df5(r) = Using— u) §,andu ¥
pdfy (r) gdug u) g'eajg()g

|-O: 0%

—cdftw) &9 4
du Fir r(N)

= pdfg(r), as desired.

Generating Gaussian Random Numbers

The inverse CDF methodis a problem for gaussian random nufalngrsnany othershecause there
is no closedform expression for th€EDF of a gaussialor for the CDFL):

a
CDF@)=fj dx— & /2

I g ’Zp
But [Knu] describes a clever way based on polarcoordinatesto use two uniform random numbers to generate
a gaussian. He gives the details, but the final result is this:

gaussiarn=(+ 2In ycosgy where gis uniformonp 0,2
g

uis uniform on( 0,}

/* Gaussian random value, 0 mean, unit variance. From Knuth, "The Art of
Computer Programming, Vol. 2: Seminumerical Algorithms," 2nd Ed., p. 117.
It is exactly normal if rand_uniform() is uniform. */
PUBLIC double rand_gauss(void)
{ double theta = (2.*M_PI) * rand_uniform();

return sqrt( - 2. *log(rand_uniform()) ) * cos(theta);
}/ rand_gauss()

(gaussian.

Note thatu must exclude both 0 and 1.

Generating Poisson Random Numbers

Poisson random numbers are integers; we say the Poisson distribuliseréte:

pdf(n) cdf(n) 5T

1.004 1.00+ 4 fedr e
0.75+ 0.75+ 3l
0.50+ 0.50+ sl
0.25¢ | 0.25¢ 14
L1 . =N n 0 ——+——+Uu
0 1 2 3 4 5 06 1.2 3 45 0 .25 .50 .751.00

Figure 15.7 Example of generating the (discrete) Poisson distribution.

We can still use the inversmlf method to generate them, butin an iterative way. The code starts with a
helper function, poisson( ), that compute the probability of exaalyents in a Poisson distribution with an

average ohvgevents:
R

double  poisson( /I Pr  (exactly n events in interval)
double avg, /I average events in interval
int n) /I nto compute Pr() of
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{ double factorial;
int i;

if(n <= 20) factorial =fact[n];

else
{ factorial = fact[20];
for(i=21; i<=n; ++i) factorial *=1i;

returnexp( - avg) * pow(avg, n)/ factorial;
} /I poisson()
JF e e e e e
Generates a Poisson rand om value (an integer), which must be <=200.
Prefix 'irand _..."emphasizes the discreteness of the Poisson distribution.
____________________________________________________________________________ */
int irand_poisson( /I Poisson random integer <= 200

double avg) /I avg # "events"

t .

int i;

double cpr; /I uniform probability

/I Use inverse - cdf(uniform) for Poisson distribution, where

I inverse - cdf() consists of flat, discontinuous steps

cpr =rand_uniform();

for(i=0; i <= 200; ++i)  // safety limit of 200

{ cpr - =poisson (avg, i);

if(cpr <= 0) break;
return i; /1 201 indicates an error

}/l'irand_poisson()

Other example random number generators: TBS.

Generating Useful, But More Challenging, Random Numbers

Sometimes you need to generate more complex distributions, such as a combination of a gaussian with
a uniform background of noise firaised gaussian(Figure15.8).

PDF(x)

gaussian PDF

uniform PDF

Figure 15.8 Construction of a raised gaussian random variable from a uniform and a gaussian

Since this distribution has a uniform Acomponent, O
To generate distributions like this, you can compose two different distributions, and use the principle:

The PDF of a random choice of two random variables is the weighted sum of the individual |3DFs.

For example, the PDF for an RV (random variable) which is taken ¥o@0% of the time, an¥ the
remaining 80% of the time is:

pdf, (z) = 0.2pdf, (z) +0.8pdf .
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In this example, the two component distributions are uniform and gaussian. Suppose the uniform part of the
pdf has amplitude 0.1 over the interval (0, 2). Then it accounts for 0.2 of all the random values. The
remainder are gaussian, which waketo be mean of 1.0, an@l= 0.5. Then the randm value can be
generated from thremorefundamental random values:

/I Raised Gaussian random value: gaussian part: mean=1, sigma=1

/I Uniform part (20% chance): interval (0, 2)

if(rand_uniform() <= 0.2)

random_ variable = rand_uniform()*2.0;

else
random_variable = rand_gauss() *0.5 +1.0; /I mean =1, sigma = 0.5

This isnét quite right, because the gaussian wildl hav
generated PDF. More complete code would detect those, and regenerate until a valid value results.

Exact Polynomial Fits
ltds sometimes handy to
points, respectively.

3 points, 2" order 4 points, 3 order 5 points, 4" order

make an exact fit of a quad

The quadratic case illustrates the principle simply. We seek a quadratic function

y)=axX +ax 4

which exactly fits 3 equally spaced pointsxati 1,x = 0, andx = 1, with valueyi 1, Yo, andy, respectively
(shown above). So long as your actual data are equally spaced, you can simply scale and offget to the
valuesi 1,0, and 1. We can directly solve for the coefficiemts1, andao:

a(-1° 8D a Yi;‘ a-a 8 ¥ 40
~ B |~
(07 +a(0) *8 3 Yooa % U
| |
LW +al) v % | %t t Hyl

Y =y W)/2 % a (% yj/2 & Y-
Similar formulas for the 3 and 4" order fits yield this code:

N —

I fit3rd() computes 3rd order fit coefficients. 4 mult/div, 8 adds
PUBLIC void fit3rd(
double ym1, double yO, double y1, double y2)

{

a0 =yo0;

a2 =(yml+yl)/2. - yo0;

a3 = (2.*yml +y2 - 3.*y0)/6. - az;

al=yl - y0 - a2 - a3;
} /7 it3rd()
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—

/I fitdth() computes 4th order fit coefficients. 6 mult/div, 13 add
PUBLIC void fitdth(
double ym2, double ym1, double y0, double y1, double y2)

{ b0 =yo0;

b4 =(y2 +ym2 - 4*yml +y1l) + 6*y0)/24.;

b2 = (ym1+y1)/2. - y0 - b4

b3=(y2 - ym2- 2*yl - yml))/12,;

bl =(y1 - yml)2. - b3;
} 17 fitdth()

TBS: Alternative 3 order (4 point) symmetric fit, witk = {-3, -1, 1, 3}.
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16 Computer Math I nternals

Digital Integer Arithmetic: Twods Compl ement

Twobés complement is a way of representing negative
integers, and rarely used for floating point. This section assumesthe reader is familiar with positive binary
numbers and simple binary arithmetic.

23222120

Most Significant Bit /0110\ Least Significant Bit
(MSB) (LSB)

Twobés complement uses the most significant bit (MSB)
is2 0 ; 1 means the number i s nega inegatige.numbeé&rsvas drdinaly o mp | e me 1
binary, with the sign bit = 0. Negative numbers have the sign bit = 1, but are stored in a specialway: fora
b-bit word, a negative number(n < 0) is stored as if it were unsigned with a valuetf f|= 2°+ n. This
is shown below, usingadi t fiwordo as a simple example:

bits unsigned signed

0000 0 0
/0001 1 1
0010 2 2
sign  bit 0011 3 3
0100 4 4
0101 5 5
0110 6 6
0111 7 7

1000 8 -8

1001 9 -7

1010 10 -6

1011 11 -5

1100 12 -4

1101 13 -3

1110 14 -2

1111 15 -1

With twobs c-bitmgdcamsmone integera frol8 to+7. E.g.j 1is storedas 161 = 15.
The t wamplementule is usually defined as follows (which completely obscures the purpose):

Forn<O0,letal n|| Example:n=14,a=4

Start with the bit pattern fa: 0100

Complement it (change allOsto 1sand 1sto 0s) | 1011

Add & 1100
Letds see how twobds complement works in practice.
(1) Adding two positive numbers:s o | ong as the result doesndt overfl

binary).

(2) Adding two negative numbers: Recall that when adding unsigned integers, if we overflow our 4
bits, the Acarriesd out of the MSB ar eat+tcisagubly di scard
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(@a+c) mod16. Now, leh andmbe negative numbersin twos complement, so their bit patternsam,16 +
and 16 +m. If we add their bit patterns as unsigned integers, we get

(16+n) {16 m) §32 (n+ ) fnod 16 16En mh, + n m
which is the 26s comphme<ment representation of (
E.g., T2 1110 16+ ({2)

+ i3 +1101 +16+{3)
i5 1011 16 +i(5)

So with twoés complement, adding negative numbers
int eger s! almobtalhconipstesvhrey t wods compl ement .

(3) Adding a negative and a positive number, with positive result:

(16+n) 4 g6 (r a+godl6 n =a, + n a |
E.g., 12 1110 16+ (?2)
+ 5 0101 + 5
3 0011 3
(4) Adding a negative and a positive number, with negative result:
(16+n) 4 ¥ (r a+ na-
E.g., i6 1010 16 + ([ 6)

+ 3 0011 + 3
i3 1101 16+ (3)

Inallcaseswi t h t wobés complement arithmetic, adfiing signec
adding unsigned almastalbcempsiters s & htawodés whomp |l e ment .

The computerhardware need not know which numbers are signed, and which are unsigned: it adds the same
wayno matterwhatt t wor ks the same with subtraction: subtract.
as subtracting unsigned numbers.

It even works multiplying to the same word size:

-+ (16 ﬁ')a gi6a (nﬁ) gnod16 16=na,+ n 0a<0na>(
- < (16 m)(16 m) 8256 160 n amgnod16 nm, = n Om <O,nm -

In reality, word sizes are usually 32 (or maybe 16) bits. Then in general, wédtibreegative numbersi(
<0)as?2+n. E.g, for16bitsi(< 0) Yn 65536 +

Twobés complement notation explains whoH2tia). ranger of

Hexadecimal

Hexadecimalnotation (ba<b) is used as a shorthand forwriting binary. Each group of 4 bits is written
as a single hexadecimal digit:

Hexadecimal
0 0000 4 0100 8 1000 C 1100
1 0001 5 0101 9 1001 D 1101
2 0010 6 0110 A 1010 E 1110
3 0011 7 0111 B 1011 F 1111
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Any binary bit pattern can be written in hexadeci mal
01101100 1010 0011 =6CA3.

Hex letters can be written as either upper or lower case, though upper case is a little more formal, and (we
think) easier to read.

For unsigned integers, hexadecliémanberi sndt just short
10100011 =2 2 2 2+ 163 A¥ 10 16 =3 16 O1
base 10
Twobs complement negative numbers, floating point, an
Twobs complement looks a little funny:
11110011 =243 2 18 - UF3_ 243 16 -,
256 basel10
I n C, hexadecimal numbers start with a fA0xo0o prefix,
notation, e.g. z06A306 or x0A36. However, for input/ ou
X is already used for spaces).
I n the old days, there was such a thing as fAoctal, o

because computer word lengths are usually divisible by 4, but not 3. Octalis obsolete.

Digital Floating Point

Computerfloating point is essentially scientific notation, butin binary. Briefly, a binary floating point
numberis represented by 3 fields: S, E, and T: a sign bit, an exponent, and a significand (aka mantissa),
Figure 16.1. The valuer of the numberis [I[EEEZ54-2008 p9]:

v = (i 1)819" (287Poneny (significand .
For exampley =7 (210) 1.625 . Detalils later.

How Far Can | Go?

What is the range, in decimal, of numbers that can be represented by thBd&itit pointformats?
The answer is dominated by the number of bits in the binary exponent. This table shows it:

Range and Precision oSome Floating Point Formats
Significant | Smallest Normal Decimal
Format Bits Magnitude Largest Number | Digits
IEEE binary32 24 1.175... x 1038 3.402... x 16°%8 6-9
IEEE binary64 53 2.225... x 10808 1.797... x 16308 1517
x86 long double |64 3.362...x 10932 [1.189...x 164932 | 18-21
IEEE binary128 | 113 3.362...x 107932 | 1.189... x 10932 | 33-36

How Many Digits Do | Get, 6 or 9?

How many decimal digits of accuracy do | get with a binary floating point number? You often see a
range: 6 to 9 digits. Huh?

Wobbl e, but domhét ifdelal odowim:umber of digits of accul
digits of accuracy near 100,000 is ~10 times worse than 6 digits of accuracy near 999,999. The smallest
incrementis 1 in the leasfgnificant digt( 1 ULP [ uni t. Oneinfd9,600isacsdracymfi a c e )

10'5; 1in 999,999 iessentiallyl0'6, or 10 times more accurate.
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Aside: Thewobble of a floating point number is the ratio of the lowest accuracy to the highest accuracy for a
fixed number of digitsn its representation (e.g., digits in base 2, 10, or 16} always equal to the base in which
the floating point number is expressed, which is 10 in this example. The wobble of binary floating point is 2. The
wobble of hexadecimal floating point (mostly obsolete now) is 16.

We assume |IEEE54 compliant numbers (see later section).

To insure, say, 6 decimal digits of

accuracy, the woratase binary accuracy must exceed the-base decimal accuracy. For IEBlBary32
there are 23 fraction bits (and one impliedit), so the worst case accuracy®2 1.23 10'7. The best 6
digit accuracy is 1; the best 7 digit accuracy is'T0 Thus we see that singigecision guarantees 6

decimaldigits, butalmost gets 7, i.e. most of the time, it actually achieves 7 @Widiteo u g h
flawed

digitso is

a

concept

; firelative

aga

erroro i

The table in the next section summaripescision in4 common floating point formats.

How many digits do | need?

i n, f
s

Often, we need to convert a binary number to decimal, write it to a file letadread it back in,
converting it back to binary. An important question is, how many decimal digits do we need to write to
insure that we get ba@kxactlythe same binary floating point number we started with? In other words, how
many binary digits do | get with a given number of decimal digits? (This is essentially the reverse of the
preceding section.) We choose our number of decimal digits to inglifgirfary accuracy (assuming our

conversion software is good, which is not always the case).

Our worstcase decimal accuracy has to exceed our-&@st binary accuracy. FOEEE binary32
(single precisioly the best accuracy i§?=6.02 10'8. For 9 decimal digits the worst case accuracy is
108, so we need 9 decimal digits to fully represkiniary32 Below is a table of precisions for 4 common

formats not e

t hat

al l but t he

more than the number of stored mantissa bits.

x86 Il ong

doubl e

format

Format

Significant
bits

Minimum decimal digits
accuracy

Decimal digits for exact
replication

Decimal
digits range

IEEE binary32

24

2123=1.23 1017 =>6

2124=6.0% 108 =>9

619

IEEE binary64

53

2152=2.23 10116 => 15

2758=1.13 10116 => 17

1571 17

x86 long double

64

2163=1.13 1019 =>18

2164=543 10i 20 =>21

1871 21

IEEE binary128

113

27112=1.93 10i 34 => 33

21113=9.63 10i 35 => 36

3371 36

These numben f

digits

agree exac

tly with

t he

g welawe d

and theULP table in the underflow section. In C, then, to insure exact binary accuracy when writing, and
then reading, in decimal, ftwinary64 use

sprintf(dec, "%.1

79", X);

Not all conversion software achieves the ideal accuracy. We recommend testing at lea
100,000,000 bit patterns (logarithmic distribution) on your system.

Warning: i

t is

wholly

does not exercise the full range of exponentsin floating point representatisrsufficient to test uniformly

distributed bit pattern

S.

Emulate vs. Simulate

(where to put??) There is substantialdisagreement on the difference between emulation and simulation,
and there is some genuine gray area between them. However, we think the best definitions are:

simulate

physical
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emulate Mimic atleast some of the physicalinterfaces or interactions of a system; this may include
simulating some aspects of the system, but usually includes some hardware beyond a
general purpose computer.

Emulators mapgometimesun at full speed, but often mustrun at reduced speed due to physical limitations.
Simulators have no timing constraint stheybsaalyaunse t hey
orders of magnitude slower than the real system.

We illustrate the gray area with an example: consio
screen, and software to interact with a user. Suppose we write a program for a computerwith a touchscreen
that performs the functions of some touchpeabpam. Isthe computer program a simulator, oran emulator?
Since it reproduces the physical interactions of the user touch interface, it fits the definition of an emulator.
On the other hand, it was alldone on the computer, with no additional hadeatfeelslike a simulator.

Many computing systems do not have floating point hardware. The floating point operations are
i mpl emented in a software l|library. This is neither
However, we have worked on systems with a floatingnparchitecture(instruction set), but with
inexpensive versions of hardware that do not have-lnuilbating point. Nonetheless, they run code with
floating point instructions by trapping on them, invoking software routines to perform the floating point
operation,ad returning to the mainline execution. The main
pointis doneis software or hardware, norshould it. Such trappingis usually called floating point emulation,
because the software is actually executing tbating point instructions, albeit at slower speeds. The
emulator is providing the instruction set interface to the application code.

Programming Guidance for Floating Point

Even in IEEE compliant systems, the same expression can evaluate to different results in different
contextsor locations in the code. Most languages do not demand thattwo instance of the same expression
always evaluate to the same result, and in manhceeses, they do not. Atrivial example is:

double x=1./3.;
if(x==1./3.) ... il - posed
Il s the above comparison equal or no-tormedyual ? You canboé

It is fundamental to floating point that the unavoidable
approximations in computations mostly prevent exact comparisons.

The reason the above code ispitised is that many architectures (e.g., x86) keep intermediate results in
registers of higher precision than the constituent va
precision. I n./3iwh ékehdhethdld insatregistee, wieich bn,thek86 is 80 bits. Ab@4

version of 1/3 is notthe same as ar@ersion of 1/3. Therefore, it is wddhown that comparisons should

generally test for equality within some allowable range (whiepeahds on the application):
if( fabs(x - 1./3) < epsilon) ... /fwell - posed

Sometimes you must check for sone¢ative error, rather than an absolute error. For example,to compare
6xabnd o6y 6 (assuming x > 0):
if( fabs((x - y)/x - 1)<epsilon) .. /f'well - posed

It seems clunky, but it is widelw0.uHoweder,youtanwrigeet s c | unl
a function to centralize it all.

One of the few times yocanexactly compare floating point numbers is when they have tdzeatly
assignednteger values: they can be counted on to be exact, because there is no possibility of rounding:
float x = 27.;
if(x == 27.) ... Ilwell - posed
if(int(x) == 27) ... Ilwell - posed

(Ofcourse, O6x6 must be biHgweeenaoywntemmediate fracctohadcorhputatons nt eger
break this assurance:
float x = 27./5*5;

results in an unpredictable valbsate27o0f &éx 0. Al'l we <can
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Some other considerations are in [Unk 1999].

IEEE Floating Point

This section describes |IEEES4-2008, which updated the 1985 version. There is a 2019 update which
makes only minor changes. Much of the information here comes directly from the standard. Much of the
tabular infor mat iNonmerical ComputatidniGoige008 Snnd 2003]. Floating point
computation is a large and intricate field, and we strongly recommend consulting more detailed references
(including the sections above) before making assumptions about how it works.

Not e: the standard uses the word fexceptiond to mea
many computer languages [IEEE5 4 p 3 b ] . For exampl e, in C/ C++, | EEE
Aisignal snptbr agglerdoC++ fAexceptions. o

Goals

IEEE-754 lists goals in both the introduction [p. iv], and the overview [p1]. Essentially, they want to
make it easier to write portable numeric code, and have such code report errors consistently across all
platforms. And they have succeeded well inthof these.

IEEE-754 hopes(in both the introduction and overview) that computation results will be identifal
across platforms. This is probably a pipe dream.

There are many factors working against this goednyof which are outside our scope heiut one factor

against it is guardligits in intermediate floating o i n t resul ts. Theshlardéor e gener a
standardize.Essentially though, the cost to achieve this goal is enormous, and most users are simply
unwilling to pay such a price. However, the standard

in principle, could allow identical results on disparatetfirms [[EEE754 p50], even at the cost of runtime
efficiency. For many platform$ardware limitations make thiscommendatiomfeasible.

What Is IEEE Arithmetic?

In brief, IEEE754 specifies exactly how floating point operations are to occur, and to what precision.
Though t doesnotspecify how the floating point numbers are stored in memibdoesspecify bitlevel
interchange formatsEach computer makes its own choice forhow to store floating point numbers. We give
some popular formats later.

The original specification, IEEF54-1985, defined binary floating point. IEEE4-2008 added
decimalformats t hough we .dWeniscuss lkere only bindryyfloating point.

IEEE 7542008specifiesamong other things) binary floating point standard with:

1 Three basic binary floatingoint formatsbinary32(32-bits), binary64, andbinaryl28[|[EEE-754
p6]. (The 32and6b it f ormats were called fisingled and fido
754.)

Every representable number has a unique representation-fE&R9t).
Recommendations for extending these formats to other lengths [TREp6].

1 Precise accuracy requirements formathematical operations, including rounding. Though individual
operationsrequire blevel agreement between implementations [|[EEH p. iv, top], otherfactors
usually prevent such agreement on the whole.

1 Four rounding modes for binary [IEEES4 sec. 4.3.3 pl6b], only one of which is widely used:
froundTiesToEven 0

1 Precise accuracy requirements forconversion between decimal and binary, including guarantees of
exact recovery from binarydecimai>binary conversions [IEEEZ54 p30].

1 Representations for negative zero, infinity, and two forms of NaN (not a number).
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1 Five kinds of exceptionsnvalid operation, division by zero, overflow, underflow, and inexact
The standard doemtprovide:

1 Function libraries (sin, cos, etc.), which often do not hawebil accuracy, and therefore may
differ between platforms.

1 Precise handling of intermediate results: in a raiép calculation, rounding may occur at
different places in a fulanguage programming environment, even between conforming IEEE
platforms. Therefore, Aconf ormingdo platforms m;:

Note thatmostfloating point programs work fine on multiple platforms, and even oncmmpliant
floating-pointimplementations, despite tiny differences in their results. Numerical computation existed long
before the first standard in 1985, and was eminently useful.

High level languages have different names for floating point data types, which usually correspond to the
IEEE formatsasshownhere [Sun 2003]

IEEE Formats and Example Language Types

IEEE Precision ©, Camr Fortran
binary32 float REALor REAL*4
binary64 double DOUBLE PRECISIONor REAL*8

double extende(B0-bit)* | long double REAL*10

REAL*16 [e.g., SPARC]. Note thatin many
implementations, REAL*16 iglifferentt han 061 o

binary128

* 80-bit doubleextended is not part of the standard, and does not comply with the interchange format for
fextendedo precisions, due to the explicit 6j06 field.

[[EEE-754 2008 p13] defines a binary16 format, but it is rarely used.

Binary Numeric Formats

A binary floating point number is represented by 3 fields: S, E, and T: a sign bit, an exponent, and a
significand (aka mantissaffigure16.1). The valuer of the number is:

v = (i 1)%19" (287Poneny (significand) , e.g.i (219 1.625 [[EEE-754-2008 p9]
pis defined as the number of bits in the significand (the precision), e.g. for bingpry22 [IEE754 p8].
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binary32 (69 decimal digits)

L 8 23 LSB Not to scale
S E T
3130 2322 0

binary64 (1517 decimal digits)

1 11 52 LSB
S E T
63 62 5251 0

DoubleExtended (x86 long double) (ZBL decimal digits)

1 15 1 63 LSB
S E J T
7978 64 63 62 0

binary128 (3336 decimal digits)

1 15 112 LSB
S E T
127 126 112 111 0

Figure 161 Common floating point formats, with S, E, T fields named as in [lZBE p9]
(However, IEEE754 numbers the bifsom O on the left.)

As in the standard, we sometimes refer to thdibltls E and T by their integer interpretation. Then in
binary32, E =128 corresponds to an exponent of 1 S 1#i&s

When a Bias Is a Good Thing

IEEE floating point usebiased exponents where the actual expof&®nt is the
field minus a constant, called a bias:

exponent £ bias where E [ biased exponent

The bias makes the field anunsignednteger, andhesmallest numbers have the smallgsteld (as well
asthe smallest exponent). &hias provides th4t) floating point numbers sort in the same order as if their
bit patterns were integers; and (2) true floating point zero is naturally represented byexa ait pattem.
These might seem insignificant, but they are quite useful, and so biaseccexpare nearly universal.

In | EEE floating point, two values of E are special
numbers (described later), andis the same exponentvalue asE = 1 (exporidnas)l For example,in
binary32, E is an ®it field, and the bia is 127. The maximum exponentis then 254 (OXFE), and the
minimumisil 2 6 . When E is all 16s (255 in binary32), the ni
Full details to come.

Interchange Formatsand Storage Formats

IEEE-7542 008 defines an fiinterchange formatod to be useE
However, within a single systemaeh implementation defines its own storage forfmatv a numberis
stored in memory Oddly, [[EEE7 54 Table 3.5 pl1l3] defines the fAstorage
bits in each field, but this certainly describes the interchange format.

Note that t worbtused mmegateenmenmbers. i s

those fields, and their arithmetic interpretation, but not how those formats are stored in me

The IEEE floatingpoint formats define the fields that compose a floappagt number, the bits in'l‘|
ory
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Each computer defines its own storage formats, though they are obviously all related.

IEEE binary32 (Single) Format

The table below shows the constituent fieliSE, and T, and the valugrepresente@Sun 2003]

Binary32 Format Fields Value

1 ED 254 (11)Sx 2E1127x 1T (normal numbers)
E=0; Ti O (11)8x 2'126x O.T (subrormal numbers)
E=0;T=0 (11)Sx 0.0 (signed zero)

E=255T=0 (11)¥x B #{nfinity)

S = eitherE =255;:Ti 0 NaN (Nota-Number)

On x86, which is littleendian, the least significant byte is stored first.
Notet hat wH® n2 Sl&sigdifitahdsfound by prepending fil.0 to the f
v= (i 1)Sx 2fibias+lyx ] T

The fAl. 0 is implied, and i s cla$@niéichndt2h Thugithe@ditl Ti ¢ i t bit.
field yields 24 bits of precision.

Below, the hexadecimalnumbédow Figure 16.1, with the sign and exponent on the lefhe decimal
values are rounde@un 2003]

Important Bit Patterns in IEEE Binary32 Format

Common Name Bit Pattern (Hex) | Approximate Value
+0 0000 0000 0.0

0 8000 0000 i0.0

1 3F80 0000 1.0

2 4000 0000 2.0

maximum normal number TF7F FFFF 3.40282347e+38
minimum positive normal number | 0080 0000 1.17549435E38
maximum subnormal number 007F FFFF 1.17549421e38
minimum positive subnormalnumi 0000 0001 1.40129846E45
+P 7F80 0000 + D (positive infinity)
b FF80 0000 i B (negative infinity)
Not-a-Number (NaN) TFCX XXXX Na N

* NaN requires only that the most si-Ggnificant Dbit of

binary64 (Double) Format

The IEEEbinary64formatisanobvious extension of thiginary32format: a 52bit trailer, T; an 1bit
biased exponenE; and a bit sign, S. The 52bit fraction combined with the implicit leadirigbit provides
53 bits of precision. The table below shows the valapresentefiSun 2003]
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binary64 Format Fields

Value

1 BED 2046

(11)Sx 2811023x 1T (normal numbers)

E=0;Ti O (i1)3x 21022x 0T (subnormahumbers)
E=0;T=0 (1 1)>x 0.0 (signed zero)
E=2047;T=0 (11)¥x B #{nfinity)

S = eitherE =2047;T1i

0

NaN (Nota-Number)

On SPARC, which is bigndian, the most significant 32 bits are stored as the first word. x86 is little
endian, so the least significant byte is stored first.

Below, the hexadecimalnumbédlow Figure 16.1, with the sign and exponent on the lefhe decimal

values are rounde@un 2003]

Important Bit Patterns in IEEE binary64 Format

Common Name Bit Pattern (Hex) Approximate Value
+0 000 00000 00000000 0.0
o0 800 00000 00000000 10.0
1 3FF 00000 00000000 1.0
2 400 00000 00000000 2.0
max normal number 7FE FFFFF FFFFFFFF 1.797 693 134 862 31he+308
min positive normal number 001 00000 00000000 2.225073858507204e1 30
maxsubnormahumber 000 FFFFF FFFFFFFF 2.22507385850720®e 1 3 0
min positivesutmormal number| 000 00000 00000001 4.940 656 458 412 466e 1 3 2
+D 7FF 00000 00000000 + b (positive i
1D FFF 00000 00000000 ib (negative in
Not-a-Number TEE 8XXXX  XXXXXXXX NaN*

* NaN requires only that the most siBnificant

binary128 (Double-Extended) Format

SPARC quadruplgrecision conforms to IEERinary128format Analogous to binary64, the first 32
bit word holds the sign, exponent, and msighificant bits of T. This tablshows the valugrepresented

[Sun 2003]:

binary128 Format Fields

Value

1 ED 32766

( T SIx)2F'16383x 1 T (normal numbers)

E=0,Ti O ( T SIx)2'16382% QT (subrormal numbers)
E=0,T=0 ( T S1x)0.0 (signed zero)

E=32767T=0 (11°x B *(nfinity)

S=zeither E = 32767, T|NaN (Nota-Number)
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On SPARC, which is bigndian, the most significant 32 bits are stored as the first word. x86 is little
endian, so the least significant byte is stored first.

Below, the hexadecimalnumbédlow Figure 16.1, with the sign and exponent on the lefhe decimal
values are roundeg@un 2003]

Important Bit Patterns in IEEE binary128 Format

Name Bit Pattern (hex) Approximate Value
+0 0000 0000 00000000 00000000 00000000 0.0

10 8000 0000 00000000 00000000 00000000 10.0

1 3FFF 0000 00000000 00000000 00000000 1.0

2 4000 0000 00000000 00000000 00000000 2.0

1.189 731 495 357 231 765
085759 326 628 0070 e+49

3.362 103 143 112 093 506
262 677 817 3

max normal | 7FFE FFFF FFFFFFFF FFFFFFFF FFFFFFFF

min normal 0001 0000 00000000 00000000 00000000

3.362 103 143 112 093 506
max subnormgl 0000 FFFF FFFFFFFF FEFFFFFR FFFFFRRF | 202 250 J89 202 B 9290

gjgnp:rfn ., | 0000 000000000000 00000000 00000001 g"gi 172’ ;12 438 %22 112
+D 7FFF 0000 00000000 00000000 00000000 +D

) FFFF 0000 00000000 00000000 00000000 )

Not-a- Number | 7TFFF 8XXX  XXXXXXXX XXXXXXXX XXXXXXXX Na N*

*NaNrequires only that the most signi-Ficant Dbit

x86 Double-Extended Format

The x86 doubleextended format isotpart of the standardlhe important difference in the x8®uble
extended (akébongdoublg formatis the lack of animplicit leadingHit in the significand. Instead,thel
bit is explicit in the j field, and always present in normalized numbdiise binary (radix) point is between j
and T, which together compose the significand@ihis clearly violates the spirit of the IEEE standard.
However, big companies carry a lot of clout with standards bodies, so Intel claims this-drignded
format conformsto the IEEE definition of doukdatended formats, because IEEE 754 doespexifyy how
(or if) the leading 1bit is stored Thus, 86 longdouble consists diour fields (rather than threep 63bit
fraction,T; al1-bit explicit leading significand bi, a 15bit biased exponenk,; and a 1bit sign,S(note the
additionalj field as theexplicitleading bit).

Nonetheless, for all normalized numbers (E 32766), jmustbe 1. Operating on a value with 1

E 32766 andj=0 triggers an invalid operation. Only subnormal numbers can have j=0.

In x86 architectures, a doubdxtended number occupies 10 bytes, in #ethedian order. However, for
parameter and result passirije UNIX System V Application Binary Interface Intel 386 Processor

Supplement (Intel ABlIspecifies 12bytes, with the most significant two bytes being unused (see below).

(This is likely due to the riime speed benefits of 3@t aligned data in memory.)
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1 15 1 63 LSB
unused S E ] T
95 807978 64 63 62 0

Figure 16.2 Unix ABI format for 80bit doubleextended (long double) includes two pad bytes.

The x86 architecture also specifies two kinds of NaN: a quiet NaN which always propagates through
calculations without raising a hardware signal, and a signaling M&aikh raises a hardware signal if it is

used in any operation.

Below shows the four constituent fields and the vatheyr e pr esent ed .[Sun2003k donot

Double-Extended Fields (x86)

Value

j =0, 1<=E<= 32766

Unsupported

j =1,1<=E<= 32766

( T SIx)2E16383x 1 T (normal numbers)

j =0,E=0;Ti 0 ( T SIx)2116382% 0T (sulmormal numbers)
j =1,E=0 ( T SIx)2116382% 1 T (pseudedenormal numbers)
j =0,E=0,T=0 ( T 31x)0.0 (signed zero)

j =1;S=0/1;E=32767;T=0

+ D % (nfinity)

j =1;S=x;E=32767;T = .1XXX...XX

QNaN (quiet NaNg

j= 1; S = x; E

= P2 7| SNaN (signaling NaNs

Below are some important bit patterns in the dowextended formafiSun 2003]
Important Bit Patterns in Double-Extended (x86) Format and their Values

Common Name Bit Pattern Approximate Value

+0 0000 00000000 00000000 0.0

10 8000 00000000 00000000 10.0

1 3FFF 80000000 00000000 1.0

2 4000 80000000 00000000 2.0

max normal 7FFE FFFFFFFF FFFFFFFF | 1189 731495357231 765

05 e+4932

min positive normal

0001 80000000 00000000

3.362 103 143 112 093 506
26 e14932

max subnormal

0000 7FFFFFFF FFFFFFFF

3.362 103 143 112 093 506
08 eT14932

min positive subnormal

0000 00000000 00000001

3.645 199 531 882 474 602
53 eT14951

+D 7FFF 80000000 00000000 +D
Tb FFFF 80000000 00000000 (2]
quiet NaN with least fraction TFFF CXXXXXXX  XXXXXXXX QNaNt
signaling NaNwith least fraction| 7FFF 8XXXXXXX  XXXXXXXX SNa N

Al
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Precision in Binary and Decimal

See the earlier section ¢ttow Many Digits Do | Get?or introductoryinformation. Because decimal
numbers are differentthan binary numbers, estimating the number of signéfeeimia | digits corresponding
to b significant binary bits requires some definitioRigure 16.3 illustrates that representable decimal base
numbers are different than those in binary. Althoudhb@mary numbers can be represented exactly in
decimalthisusually requires unreasonably many digits to doHuerefore exact conversions argenerally
not possible

101+2
+1
decimal 100 1?1 f

|\\\\\\H\lH\\HH\l\\H\HHlHHHH\lHHHH\ HEEEE NN NN NN EEEE| HHHH\|

\
iy
2"”1'\2m+2

binary

Figure 16.3 Comparison ohumbersepresentable inatimal andbinary.

However, as noted earlier, conversions from biradgcimai>binary can be done which preserve
exactly the original binary value, and this is required by [IEE sec. 5.12]. For example, in a typical
system, converting sqrt(2) to 19 decimal digits gsel

sqrt(2) = 1.41213562373095146

The following calculations show thatin this case, 17 decimaldigits represent the value exactly,and 16 digits
do not:

sqrt(2)i 1.4142135623730951 =0

sqrt(2)1 1.414213562373095 =2.22M46049250313081e-16
However, for some numbers, a rounded 16 digits is adequate:

sqrt(5) = 2.238067977499789805

sqrt(5)1 2.236067977499790 =0

We showed earlier that (for good conversion software), 17 digits is always enough to represent binary64
numbers.

The Big ULP

Before we discuss underflow, we need to understand concepts and terminology related to precision.
Most floating point calculations have to be rounded. Just asin ordinary scientific notation, the round off
error depends on the magnitude of the numberpedunded. Using binary32 as an example, consider the
number:

1.000 0000 0000 0000 0000 0002°.

The smallest increment we can make to such a number is to addhibrie the last place (ULP). In this
case, "Bhatlokseal |y, any roundoff will be less than thi
(1/2)223, Anumber with a bigger exponent will have a bigger ULP:

1.000 0000 0000 0000 0000 0B0F 2 Y ULP =22322= 221

Since the ULP dependson the number, we can write ULP asa function of that numlger, Tunlj(
function is often available to programmers, such as in the Boost C++ libraries. Here are ulp(1.0) for some
common precisions [Sun 2003]:
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ulp(1.0) in Different Precisions

binary32 gingle ulp(1.) = 2123~ 1.192093€i 07
binary64 @louble ulp(l) = 2152~ 2.220446¢€i 16
double extended (x86) ulp(l) = 2163~ 1.084202¢€i 19
binary128 ulp(l) = 21112~ 1.925930¢€i 34
Along these lines, there is a standard C++ library funatiextafter(x,y) thatreturns the next

floating point number afterin the direction ofy (up or down). Here are several examples [Sun 2003]:
Gaps Between Representabléinary32 Numbers

X nextafter(x, +b) Gap

0.0 1.4012985 ei 45 1.4012985 €i 45
1.175494468 1.1754945€i 38 1.4012985 €i 45
1.0 1.0000001 1.1920929 €i 07
2.0 2.0000002 2.3841858¢€i 07
16.000000 16.000002 1.9073486 € 06
128.00000 128.00002 1.5258789 €i 05
1.0000000e+20 1.0000001 e+20 8.7960930e+12
9.9999997e+37 1.0000001 e+38 1.0141205e+31

Round and Round

Unfortunately, there are several waysto round off numbers, andTBBEpecifies four different ways
(for binary). The only reasonable rounding method is the default, cedleddTiesToEven. This is
essentially the way scientists learn to round off numbers: fractions >% get rounded up, <2 get rounded down,
and exactly =1/2 get rounded to make the preceding digit even. The standard requires exact conformance to
this rounding,so care must be taken because multiply and add -tfitZ¥perands can produce 47 or 48 bit
results. Every bitof the result must be taken into account, if necessary, to properly round. For example,in
binary32, consider these 48t multiplication products:

1.000 0000 0000 0000 0000 0000 1000 0O00 0000 0000 0000 0001 roundsto
1.000 0000 0000 0000 0000 0001

but

1.000 0000 0000 0000 0000 0000 1000 0O00 0000 0000 0000 0000 roundsto
1.000 0000 0000 0000 0000 0000

Efficient implementations need not compute all 48 bits of the result to effect proper rounding. They can
actually keep only 25 bits of result, along with a flag indicating that one or mbits have been discarded
so far [Knu_vol2 Ex. 5 p227]:

1.000 0000 0000 000000000001 + (discarded 106s flag)
To round:
1 if the 25" bitis 0, round down;
T if it is 1 and there are any discarded 16s, round

T if it is 1 and no discarded 16s, round to precedi:rHr
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Why roundTiesToEven? A long calculation accumulates more and more roundoff error as it
progresses. Many operationsround, and the error (on average) gets worse. Withoodtype rounding,
where ties (e.g., 0.5) always rounds up, the rounding erfoiaied it has a norzero average, because it
slightly favorsroundingup. The (average) cumulative rounding error is then proportionah®snumber
of operations.

In contrast, roundTiesToEvenusmbiasedhalf the time ties goes up, and half the time they goes down.
The average magnitude of the rounding error is proportiona¥#pwhich is generally much smaller.

roundTiesToEven is also symmetric: rouxidf i round{ x).

Other rounding modes: The standard suggests that the other rounding modes might be useful for
diagnosing numerical problems [I[EEES4 p55]. There are some rare calculations, such as interval
computing, that can try to bound the errors on a given calculation. One approachrighe calculation
with AroundTowardNegative, 0 and then run it again wit
conditions, the true answer will be between the two, so they establish error bounds.

We have seen several software implementations that provide only the default rounding mode,
roundTiesToEven.

Underflow

Normalized numbers have a minimum nonzero magnitude, given in the tables above foreach precision.
Before the standard, any result smaller than this minimum was often simply replaced by zero (an underflow

met hod called Astore (Jé&)ykinEkbe®d® someetnmesi causaégoii:t
IEEEE7 54 specifies a fAsmoothero method, that actually
normal, called Agradual wunder f | osubnormalumbese unnormali z
The idea is simple: subnormal numbers simply donot

the mantissa. Instead, their value is:
v=(i1)Sx 21bas+1x T

Subnormalnumbers always have the smallest allowed exponeiitl2&jin binary32,though it is stored as
E =0. ThusE =1 and E = 0 are g@mmeexponent, butthe former has an impliedit, and the latter does
not. Therefore, the smallest representable magnitude is, in binary32 format:

0.000 0000 0000 0000 0000 00021126 = 2123126 =3I 149=1 4~ 10'45.

The following table repeats the minimum normal magnitudes given eatlier, and includes the next lower
representable magnitude, which is tagestsubnormal magnitude [Sun 2003]:

Underflow Thresholds in Each Precision

binary32 smallest normal number| 1.175 494 3%i 38

(single largest subnormal numby{ 1.175 494 2%i 38

binary64 smallest normal number| 2.225 073 858 507 201ef 308
(double largest subnormal numb{ 2.225 073 858 507 20063 308
double smallest normalnumber| 3.362 103 143 112 093 506 264932

extended (x86| largest subnormal numby{ 3.362 103 143 112 093 505 804932

smallest normalnumber| 3.362 103 143112093 506 262 677 817 321 7824032
largest subnormal numb{ 3.362 103 143112093 506 262677 817 321 7824®32

binary128

Subnormal numbers have fewer bits of precision than normal numbers, and the precision decreases as
the subnormalnumbers get smaller. This decreasing precision is geltdehl underflow. The inclusion
of gradualunderflow into the standard was controversialat the time, butis now almost universally accepted.

Gradual underflow means tlebsoluteroundoff error for subnormal numbersis the same as for the
smallest normal numbers. Of course, tekativeroundoff error is worse for subnormal numbers, because
they are smaller magnitude than normal numbers.
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Gradual underflow has several useful properties. An important one is:
x,y U X-y 0.

This is true mathematically, but with Storexd, y might underflow and appearto be 0, when in faicty.

With gradual underflowy | yis alwaysequivalenttoki yi 0O . This is becxandge of the
have the same exponent, theii y is exact, even with subnormal numbers. xlandy have different

exponents, then at least one of them is normalizedxagadannot be less than subnormal, and hence cannot

be zero.

Note that even with gradual underflow, multiplication can produce surprising results: exeemdf/are
both>0x*ycan be fAzero. o By default, this wild.l signal an

Most numerical programs work fine with no consideration of underflow; most programs never create or
use such small numbers. However, when they do, gradual underflow relieves the application designer of a
lot of work and error analysis related to the-bddshioned Store 0 approach.

References
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17 Scientific Programming: Dilscove

Programming for science, especially research,
is substantialldifferentthan for commercial software.

We focus here on scientific programming, which is neglected in most references.

| was a commercial software engineer for about 15 years, and have been in research soiermee@dor

more (as of 206). | have been engineering software t&r years(since 1973)for both stanealone

computers and embedded systemishave coded extensively in C, C++, Fortran, Pascal, and various
Assembl ers. |l 6ve used Pyt bomaspecialed applicdtigapecific Brays i c , Ema c
languages (e.g., CALMA GPL), and experimented with oddball ones like Lisp, Trac, and machine micro

code. |l 6ve written Fo reditorg, (CPWG andhghysicesimsillatorsa doseekenrtell e r s [ i
level OS modifications, and low e v e | device drivers. That said, | 6ve
engineeringsince 2000 so | 6m not full frendurrent on all the newest

| 6ve seen Dboth resear chindemiband sean théifteementtetradeadfss sof t war
are different between scientific programming and commercial programming. Much more of scientific
programming is oneff: neverto be used again. Scientific programming is often (but not always) done with
a smaller group of programmerstefh just one. Commercial software typically involves a handful to
hundreds of engineers working on the same build, or suite. Scientific programs are often much smaller than
commercial programs.

That doesndét mean research code should be sloppy; i

One reason commercial programming dogma fails in scientific programming is simple: ovellkill.

While much commercialdogma is actually bad even for commercial software, it isbradfer research

software. Far too many researcherslzaeagedvith extremism A never use global variabl
6gotod! o, Anever use Obreakd or o6continu@dotaf, finever
ffoverkill o ideas fall into the YAGNI category: You Ai

That said, much of commercial software development advige@dfor scientific programming, as
well. This chapter presents our views of good and bad advice.

There are two very different kinds of Aefficiencyo:
(1) Adevelopment efficiency: 0 the time it takes you
(2) the runtime efficiency of the code itself.

Usually, your development time is far more important, and thetime efficiency is not important.
However, my own dissertatiorquiredattention to rurtime efficiency. Furthermore, supercomputer centers
demandthat your code meet specific miime efficiency standards. Therefore, we address both kinds of
efficiency.

So sit back, take an alprazoldmand give it a skim.

Software Development Efficiency

Some Do & and Don G&
We expound later on some of the following recommendations:
T Do design your code up front: before coding, thi
T Do fAimodularizeodo your code: separate it into hiert

1 Do get your code working firsoptimize it later only where needed.

1 Anti-anxiety drug.
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1 Do include lots of comments-ime: seconds now save days or weeks later.

1T Dondt be a zealot; avoid the word finever.o

1 Do be an engineer and focus on efficiency, not dogma.

T Do use coding guidelines. I f you dondét have an)
https://elmichelsen.physics.ucsd.edu/

T Do use unwieldy Il anguage features sparingly: glo
and include comments explaining why you chose them.
Dondét complicate simple code, unless there is a

T I f it ainét broke, be sure itoés properly maintai

Considerations on Development Efficiency and Languages

Programming languages are hammers. Not all programming jobs are the same; use the right hammer
for the job. The following advice derives from my decades of engineering, programming, and science
experience described eatrlier.

| 6ve seen t he pr odreeqtogramming, and estromdlyidiscouragd zeadognoabout
hammers, or |l anguages. ltds bad for science; itds ba

| emphasize that C++ is usefwithouta paradigm shift. |

Arguably, C++ allowsa paradigm shift to objegirientation, buit certainly does notequireit. You can

reap lots of productivity gains with just a few simple classes,nmpéradigm shift. In fact, scientific data
analysis often gains nothing from shifting paradigms,
C, or any |l anguage, then ease into C++ (origmbject ori
shift is more useful for complex data structures, which scientific data usuahoare

Most people program Python without writing their own classes, again indicating thaiserdefined
objectorientation is often not very useful. Especially so in scientific software.

Computercodeissadmu ch more often t hiaamsi tharsdewrittd ernead Adcde
ito (thanks to Joel Spolsky for this). Al ways keep
Comment freely, but succinctly.

Sophistication Follows Function

I Itis just as important for a computer program to communicate to humans as to machin&s.

When coding anything, the sophistication of your code should scale up with the demands of its function.
Simple functions need only simple code; donot make ¢
complexity just to conform with zealous dogma. Theés a huge difference between
experiment,and a 100,000 line sedgstem simulator meantto be used fordecades. As a concrete example,
consider the following two snippets:

for(vector<datapoint>::iterator index = data.begin(); index != data.end();
++index)
do_something (*index);

VS.

for(int i = 0; i <ndata; ++i)
do_something(datali]);

These two snippets do essentially the same thing. Which would you rather read? For most scientific
programming, the latter is far preferable than the bloated former. In science, a simple list of data pointsis a
common and welinderstood data structure Donot bloat it unless there is &
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cost of the bloat. Libraries like the Standard Template Library are designed to be extremely general; such
generality inevitably carries a burden of complexity.

In fact, the awkwardness of the first snippet led to a new language feature in C++11, thbasathe
dorbloop. This exemplifies a serious problem with the emaslving C++ language: the solution to its
clumsiness igtoo-often)evergrowing complexity. Rarely does the language evolve in a way to eliminate
theneedforevermor e remedi es. (Anot her example is fAimove cons
only partially solve the target problem, add more complexity to class methmadss the language self
contradictory,and could have beemostly avoided by simply allowing coders to explicitly specify the
destination object separately from the two operands. This would have made compilers simpler, too. More
later.)

(On the plus side, the best finewdo feature of C++ 1is
slew of comparison operatorsin a single function. This is how to solve a problem with simplicity, instead of
complexity.)

Engineering vs. Programming

Software Engineering is much more than computer programming: it is the art and science of designing
and implementing programs efficiently, overthe long term, across multiple developers. Software engineering
maximizes productivity and fun, and minimizesreoyance and roadblocks.

| Engineers first design, then implement, systems that are useful, fun, and efficient.

Hackers just write codge., they program)Software engineering includes:

1 Documentation: lots of itin the codeascommeft Co mmer ci al Fortran codes of
50 % c¢ o mmendstasford.edfi/class/me200c/tutorial_77/03_basics.fetmdéved 200606-
03].)

1 Documentation: design documents that give an overview and conceptual view that is infeasible to
achieve in source code comments.

1 Coding guidelines: for consistency among developers. Efficiency can only be achieved by
cooperation amongthe developers, including a consistent coding style that allows others to quickly
understand the code. Efgttps://elmichelsen.physics.ucsd.edu/Coding_Guidelines.pdf

Clean code: easy to read and follow.

Maintainable code: it functions in a straightforward and comprehensible way, so thatit can be
changed easily and still work.

Notice that all of the above are subjective assessmen

I Engineering is lots of tradeoffs, with subjective approximations of the costs and benefits’.

Dondt get me wrong: someti mes | hack out code. The |
to design.

Fun quotes:

iWhenever possible, ignore the coding standards cur
projectdés target |l anguage and environment. o

- Roedy Green,How To Write Unmaintainable Codeww.strauss.za.com/sla/code_std.html

fiDebugging is twice as hard as writing the code in
cleverly as possible, you are, pplication], not smart e n-@uagW.Kermghahebug it . o

Coding guidelines make ev-&ncy.dMicheléen | i fe easier, even
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Object Oriented Programming

This is a much used and abused term, with no definitive definition. The goal of Object Oriented
Programming (OOP) is to allow reusable code that is ¢
of OOP is that it uses a language and approachtimbe properties:

1 User defined data types called classeswhich (1) allow a single object (data entity) to have
multiple datamembers and (2) provide usetefined methods (functions and operators) for
manipulating objects of that class.

1 Information hiding: a class can define a public interface which hides the implementation detais
from the(client) code which uses the class.

1 Overloading:the same named function or operator can be invoked on multiple data types, including
both builtin and usedefined types. The language chooses which of the seamesd functions to
invoke based on the data types of its arguments.

1 Inheritance: new data types can be created by extending existing data typesleffed class
inherits all the data and methods of thesse classbut can add data, and overrideoverload any
methods it chooses with its own, more specialized versions.

1 Polymorphism: this is more thaiust overloading[ASU 1986 p344 Polymorphism allows
derivedclass objects to be handled by (often older) code which only knows about the base class
(i.e., which does not even know of the existence of the derived class.) Even though the application
code knows nothing of the derivedask, the data object its@lfovidesproper specialized methods

for itself.

In C++, polymorphism is implemented with virtual functiofihere are arguments about the distinctions between

fii nformation hidingo, fencapsul ationo, and fAabstractiono t
OOP does not have to be a new fAparOG®Bangm] o It i s

improvement on the good software engineering practices you already use.

Take it one step at a time. Dondt redesign the world

Further Musings on Coding and OOP

| have a moderated view of coding. I ohiektede dif
code is much less than many people @dl. code is procedures for manipulating dafnd breaking up
processing into hierarchical chunks isnét OO, itds ju

before OO was thought of.
Object oriented code can still be terrible.

There is a much bigger difference between commercial code and scientific code than there is between
soc a | Ipeatdui@@dcode and OO code. A lot of scientific code hasno big future. All the work | did for
my dissertation is dead, and wil |Ihavinguselr+ dsiasineplea gai n.
tool to get my dissertation job done, using only a few small classes, and using all the global variables that |
did. That was the nature of the hammer | needed in order to graduate. Anything else would have been a
complete waste of myrtie.

Thatsaid, my code is heavily commented, and anyonemigbtinherit it will be much better off than
most physicists.

The key to productivity is making conscious, informed traffes,
and documenting them in the comments.

Il &dm neOtO, amtibs just that | know that OO isnot new.
commercial code than scientific code. Nonethelesspitldimprove efficiency ifmorescientists use OO
when appropriate, but OO zealotry actually discourage:

must choose finothing, 0 because they dondét have time f
usually means startingitr a few small classes. As need demands, do more. Baby steps.
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Coding is an art. That és why | moderate the absolu

Beautiful Irony: An Object Lesson in Orientation

Here is a beautifully ironic example of the failure of modern coding dogma (adapted from
https://cplusplus.com/forum/general/21245¢ t r i eved 9/ 2022) . Their attempt t
in their code. The web page suggests two implementations of the (nonstandar)fstngdion, which
converts all letters in the given string to uppercase. The first is written in C, and the second in C++:

C:
#include <ctype.h>

char* strupr (char*s)

char*p=s;
while( (*p = toupper(*p)) ) ++p;
returns;

}

C++:
#include <algorithm>
#include <cctype>
#include <functional>

std::string& stoupper (const std::string& s)
{
std::string result( s );
std::transform
('s.begin(),
s.end(),
result.begin(),
std::ptr_fun <int, int> ( std::toupper)
);
return result;

}

Which one is better? Unequivocally, the C version is better, because the C++ dersiens n 6t wor k
doesndét even compile for me). The complexity of the
return a reference to a local variable (because it does not exist beyond the life of the function).

These implementations clearly illustrate thehe probl e
second implementatiomorked,it is vastly harderto read, and requires vastly more background knowledge
to understand. And for what? Some sort of fAgenerali.d
to any data type other than letters? Recall our discussion of overkilhlf s i s what passes for
today, then | &dm glad that | no longer make my Iliving
Thereds more to say on this, but | wondt. - However,

place, and therefore is simple, reentrant, and works:

#include <string>
#include <cctype>
using std::string;

string&  strupr (string&s) /'l makes 06s6 uppmpacecase in
int len = s.length()
for(inti =0; i<len; ++i) s[i] = toupper(s[i])

returns;

}
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Libraries to Modules to Classes: the Growth of Program Structure

When learning programming (which is much more than learning to code), it is helpful to understand
some organization concepts. To understand these organization conceptsmyglateeption ahe genesis
and evolution of program organization, from singlerpose code, to libraries, to modules, and then to classes.
There are no precise, universadlgcepted definitions of any of these things, so | give reasonable descriptions
based on my expience. (Sometimes these conceptsare confused in the modern rush to make everything a
class.) | 6ve been programming for 51 years, in a wid
the reasons for (and f ail uemeda toifopn smaony Tphreo gfiriarnsrmi nsge cfitt
some familiarity with coding.

Libraries: Bunches of Functions

In the beginning, there was a computationaljob to do: an application. People created code, andit was
formless joid came much later]. [Genesis 13]

Then there was another job to do, and it had some similarities to the first job. So people copied and
adaptedthe code. And it worked. Their code was naked, and the people felt no shame. [Op. cit. 1:25; further
references omitted for brevity.]

Then there was a slew of jobs, and people got tired of constantly copying and adapting code. So

programmers said, ALet the functions under the sky be
Then future programs deéndimdérstand, laow theytworkéeigeres1s.layy iThish |, or ev
filibrarydo was a set of simple, gener al purpose funct

operated only on its arguments, and had no side effects. And programmers saw that it was good.

iand0 oGy e e ] |
datges{rand() | E 2 _ FlLran :
' S ! | PRNG module QblecY | ! classprng !

(PRNGlibrary: | | ! methods !

__________________ > f1() : I
esart) | L[120) : Class yy—1y:M10 |
: = : | i object {7 :
m i + directorywalking ! : y=m2() ,
»{cos) | | _module” | | class y methods

user code | | math library i user code [« libraries user code |« libraries ;

__________________________________________________________

(a) (b) (©)
Figure 17.1 (a)Libraries. (b) Modules. (c) Classes.

®

More needs arose. As an example, consider a pseutttom number generator (PRNG). It has state
(memory): the new value of the PRNG is computed from the previous value. Someone hasto rememberthe
previous value when calling for a new one. At first,kimep the prng() function pure, the burden of
maintaining state fell to the user: each time you call fora new PRN, you must pass in the previous value.
This worked (sort of), and it was pure.

But for a complex program, the burden of carrying around that state becomes significant. Your program
may call for random numbers in many diverse places, throughout the tree of calls. How does code in one
part of the program know what the previousvadué t he PRNG was? This is hard.
the PRNG could keep track on its own? Why shaujdcode have to do that? It gets me involved with
things | may not understand, and donodot want to. I j u!

Yes. Yes it i s. So programmers said, ALet us sepa
maintains its own state. The library now requires persistent memory, so it is no longer pure: the returned
function value now depends not only on thguanents you give it (often none at all), but also on its past
history.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 2870f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

Modules: Libraries + Data

But the customers teem with applications, each with needs according to their kinds. And programmers
said, fAiBe fruitful and increase in number, for we pro
according to their kinds. And they requiredbra state (private localata Figure 17.1b). For example, |
wrote a set of directory walking functions in 1990, which have continuously evolved (like the living
creatures), and which | continue to use every day, 33 years later.

But now, a fAlibrarydo may be complicated, with Il ots
tightly interdependent. And it has a fairly specific purpose, ratherthan a bunch of general purpose functions.
ltos really difféseatimoadnl|l a@. bi biO&r y-fashioneclbrariese st i | | h
as well.

One feature of a module is thatit hascleaklg f i ned #Ainterfaces: 0 the set 0
services) that the module provides. The module also has an implementation, which most users can ignore.
And in fact, allusers should rely only on theerfaces, and not the internals, because future maintenance of
the module can change its internals, but not its inte
from implementations.

And programmers saw all that they had made, and it was very good.

Classes: Like Modules, Only More

There is often a need to make PRN sequences that ar
li ke to be able to run them again, and get comparable
whence it always produces the same sequencés qiickly leads to a need to have two separate PRN
sequences running concurrently, each repeatable, but
imodul ed that maintains its own private sonagete, this i
of state dat a. But the customers said, iwWe want mul-'t

might want to walk multiple directory trees independently and concurrently, but the module only supports
one at a time.)

So the programmers said, Alt is not good for the mo«
it. o They <collected all the modulebs private dat a,
me mber so) . They t o$druct Hutedo rotusetthe kmewledge offiddata mdémtbérs, for
when you use it you wild/l certainly die. o I n other wo
memory to hold the moduleds st at e, aboutthatisthte(moduest o mer d
private data). Now the customer can define many #@Ains
functions to separately process those instances. The:
andthemoded f unctions are now called fAmethods. 0 The call e

call, so the methods can update the module state as needed by the module. For example:

struct prng { ... provided by the module implementation ...};
prng seql; // user creates struct variable (object) to hold module data

prng seq2; // user creates another instance for a 2 nd

set of module data
prng_doit(&seql); /' user calls method, passes state in & out

prrid_doit(&squ); /I same function, but does not affect seql in any way

The caller (ideally) knows nothing about the module state, or how the module functions work. She knows
only whatthe methodsdo, and what public information they take in, and put out. In other words, she knows
only the module Ainterface. o

The objects (structs) and methods make possible multiple instances of the module. But it is still tedious
to have to explicitly pass the structs in and out of the methods.

Objectoriented languages allow object data passing to happen automatically, thus slightly simplifying
the user burden. A Aiclassd combines the module dat a
onit. With a class, the above code lodiks this:
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class prng { ... provided by the class implementation .. .};
prng seql; // user creates class object to hold class data

prng seq2; // user creates another instance object for a 2 nd set of data

sec.{i.doit(); /I user calls method, object data is automatically passed

se(.q.é.doit(); /I same function, does not affect seql in any way
So far, this may not seem |ike much of an improvement
imodul ed version. But classes pr oyvnstdneemopauless Fdrenef i t s

one, a class is usually coded within cleadfined boundaries of the source code. This allows you to be
explicit about what code is in the class, and what is not. And it encourages you to clearly define your
interfaces.

Full-featured classes provide ways to make some data members public (if you want), so the user is
allowed to look at them, and maybe even modify them (without certain death). They also provide for
information hiding (e.g., private methods), inheritanceetpading, polymorphism, and constructors and
destructors, all of which are described in the sectio

We digress briefly to consider the PRNG: we noted above that with a PRNG class, the user is again
responsible for providing the object (aka memory) in which the methods maintain state. If we need many
calls to PRNG, allthroughoutthe calltree, then wedto passthe PRNG object alloverthe code. (Heavens!
This seems to call for a global variable! Be damned!)

Note that fAclasseso pretty much replace Amodul eso:
simply. However, we wil always also have simple,-tdghioned libraries.

Declassified: Other Uses of Classes

So (my experience of) the history of classes says thatthey began as rndtpfece modules. But now
that wehaveclasses, we can use them for other things (including some that God never intended). Here are
some examples of other uses.

Classes as Singknstance Modules

First, let us return to our historic singlestance module. Not all languages support such a concept. C
does not explicitly support it, but (I believe) stumbled onto it by accident. In C, you can make a module by
puttingits code and data in a sepafiéte You can then declare each datamemberto be either public (global)
or private (confined to the module), and similarly, the methods can be either public or private. You usually
dondét want to put more than omey monadmnulsneakapsesekscient o |
internals.

In an objectoriented language (i.e., one that supports classes), you canuse a class agatsingle
module: just declare one instance of the class object. You can put multiple classes into a single source file,
because classes prevent outside dool® peeking at their internals. And you get all the other benefits of
classes (noted above). (Multiple classes in a single
have fewer large files than tanalvigateamangthbem.)s mall f il es,

Classes As Namespaces

Namespaces are a way to avoid collisions between names from different libraries (or from code, in

general). Suppose a user defines a function, say ddn
Fortran function. Butthen a new standard canteand added some new standard functions, including one
named Admod?od. Now thereds a collision: when the new

function, but the user code intends it to be the user function.

Collisions canbe avoided by using a namespace for either the user identifiers, or the language system,

or both. In C++, the standard functions are put in a
tell the compil errdfynctiondikeghiscal | ing a standa
x = std::some_function(); /I std:: means the language standard
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Of course, doing this with all your functions really clutters up your code, makingit hard to read. (Despite

this, some people recommend putting fAstd:: 06 all over

Backtoclasses:yotanput all your vari abhuteebs) ,i namd cdafsisnd crad | me
Then declare one insdbadanceThfent maf eclud gasl a(dd ard,lo uirt var i a
et c. Agai n, horribly clutters your code (and | 6l nev

youcanput all yourfunctionsn a class, and define no data. Thenreferto all yourfunctiomeasunl

user:fun2 , etc. | guess this is OK in languages that have no explicit namespace, butin C+is dhere

explicit namespace. Soif youwanta namespace, use a namespace, and nota class. Ittells the reader exactly
what you are really doing.

Classes As Things That-PdtterrDondét Li ke: the St g

This subsection requires understanding subclasses and polymorphism, described elsefeky in
Mathematical Physics Concepts

Books have been written about recurring patterns in programming, and how to code for them with
classes. Often, this is helpful. But not always. For example;statec hi ne s . We dondt have |
give a full treatment of state machines, so we reogpinple example will be enough to make our points. We
show here that statmachines built from classes/subclasses are perhaps an interesting novelty, but not a
desirable design pattern.

A (simplified) phoneis a device that can be in one of adtetes idle, alerting (ringing), talking, dialing.
It changes (transits) from one state to another basezlventsthat happen: incoming call, user requests

ffanswer 0, remot-lep), slcomalecdi hammect . We can make a
state the phone may be in, how the phone changesto a new state as a result of ealelgueedty). The

phoneis astatma c hi ne. (Webve simplified it, and yes, we kn
state.)

As is often the case, the statechine ignores invalid/impossible events.

[Usually, each entry in the state table also includes some action the phone takes before changing to the new
state, but for simplicity, we omit that here.]

evenst &t ¢ idle alerting talking dialing
incoming call alerting invalid invalid invalid
answer idle talking invalid invalid
remote disconnect invalid idle idle invalid
local disconnect idle idle idle idle

Figure 17.2 Given the current state, and an event, the table gives the new state of the phone.

Real examples of stateachines: (1) for my dissertation research, | designed and codedtaneal
hardware control system with about 12 states, and each state had about 3 substates, totaling~36 unique states.
(2) For years, | maintained a data commati@n protocol state machine with about 15 statesand 12 events.

Back to the phone example: one simple way to code this is with a direct 2D table. [The table caninclude
pointers to action functions, as needed.]

Anotherapproach is a switch/case statement. | think this is the most conceptually direct approach (which
isndt necessarily the fibest o). Hereds a partial exam,]
to processis given byanenumerar O6event 0:

switch(state)

{ case idle:
iflevent == INCOMING) state = alerting;
break;
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case alerting:
iflevent == ANSWER) state = talking;
break;

case talking: ... etc.

case dialing: ... etc.

}
Note that we simply dondét code for invalid events; th

Instead of this simple, compact, easily maintainable, efficient code, some people recommend using the
istmatet ern. 0 First, we define an abstract base class
the possible events:

class phone
{virtual void Incoming(void) {}; /I default does nothing
virtual void Answer(void) {}; /I all these can be overridden ...

virtual void Remote_disc(void) {};// in the subclasses
virtual void Local_disc(void) {};

J#

This sets our interface to the state machine, and providesthing default methods (which often allow
enormous simplification). Next, for each of the 4 states, we define a subclass, using polymorphism for each

to define its own set of 4 methodsforpre ssi ng the 4 possible events. For
class phone_idle: phone /'l subclass derived from class O6phoneb
{ void Incoming(void)
{... code ...
h
/I use default (base - class) void Answer(void)
/I use default (base - class) void Remote_disc(void);
/I use default (base - class) void Local_disc(void);
h

The 3 other subclasses (for the 3 other states) and other method bodies (definitions) for this are too long to
write down here (this should make us nervous). Howevenathing events can be omitted (as shown),
relying on the baselass denothing methodlefinitions. FromFigure 17.2, we must define only 9 nen

default methods

Next, we declare 4 objects, one for each state/subclass. Our state variable is a pointer (in C++) to one
of these 4 objects. Note thatthese objbetse no data Theyodére really just tables ¢
have coded them directly as such, and avoided allthe subclass overhead). And finstiy need a switch
statement with a o6cased for each possible event.

Thatdés a | ot of mletoflcadidgsovefhead.dorimg dissertationi resdarclamachine,

the fpattatee nd approach requires (12 + 1)(3 + 1) = 52
functioning code. If each state/substate responded to just 2 events, that woulddaktionall 2 A3 A2 = 72

met hod definitions. For the data communication syste
default event ignoring, more |ikely 40 or so. That és

Code Maintenance:Suppose we need to add a new event to the r
dialing). With the switch statement, allour code is in one simple place, and we just scan down the cases,
adding code for ésendd anlyiliy twher @&diwal inregedd dtoat evhi chr @t

With the statepattern approach, we must add a new method declaration/definition to the base class.
Then we scan all 4 subclasses, adding a new method declaration/definition to any state subclass that needs
it. The code for the statmachine is scatteresicross the subclasses, with lots of intervening declarations
(noise) between the actual processing code.

Ifinstead of a new event, we need to add a new state, the overheads for each approachare similar to the
above: easy for a switch statement, and more tedious for thepstetean.

Letds consider some stat e@attermmt s wedbve seen about the
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Concessi onmp:atittehren s(tpaotleg morphic subclasses) requires
an impractical number (as in my dissertation research code, or the communication protocol).

Claim: Apolymorphic subclasses can be more efficien
implementation requires 3 lookups for a subclass virtual function call, and only 2 for a state table.

Claim: Apattera colledtsastate peci f ic behavior in one place, an.
True. So does a switch statement, and it also keeps all the different states near each other.

Claim: Afadding a new st@madtet ernetvleaan wist ke aas i®wi twdh hst
shown above.

Claim: Afhaving separate subclasses is better than h
conditionals, | know where all the code is, unlike with subclasses (which start to resembleoobjeet
spaghetti code).

Claim: Afusing a pointer to a polymorphic object def
False, and bizarrely so. The polymorphic state variablepsiater, which is mucHessexplicit than an
enumerator (while debugging, try figuring out what st

Subcl ai m: iif an enumerated state is maintained as
create inconsistencies of invalid combinations; stztétern states/subclasses are a single list of all valid
combinations, so camsetIfbwereifeasible to sambihealhstasr@blesiNtoa s e

single enumerator, the statariable implementor could (and probably would) do it.
There are many more false claims, too many to continue refuting them.

Conclusion: The clasdased statenachine is not a desirable design pattern; instead -stéte and
casestatement methods are more simple, efficient, and maintainable. | am startled at the breadth and depth

of misinformation about the stapattern. Sometimed,e si gn patterns are akin to, fi
I &m going to wuse it for everything, even swatting f 1]
everything, even if it doesndét really mignophissmense. 0 I
are simple and efficient ways to implementa statea c hi n e ? Maybe. But |1 6ve never

The Best of Times, the Worst of Times : Run -time Efficiency

We give here some ways to speedjeperalcomputations, using matrices esamples The principles
appl to almost any computation performed over a large amount of ddtia.is not about programming
styles or paradigms; itds about how to use |l anguage
scientific code.

For the vast majority of programrsint i me i s so short that it |doesndt me
clarity and simplicity are more important than speed.

In rare cases, time is a concerfor example, in my dissertation | did numerical experiments on both
simulated and realdata. | often ran an hourortwo of computations perday, with me examining intermediate
results along the way. | could not have afforded evena 3x slow down; wewlerhave graduated. Another
example: supercomputer programmers are required to use computertime efficiently, and usually must include
hardware metrics in the proposal for supercomputertime. Programs that fail efficiency standards are denied
time. Syercomputer programmers must understand the concepts in this section.

For some simple examples, we show howagilycut your execution times to 1/3 of original. We also
show thatexecution times change in surprising ways, suchdBngoperations toeducerun time This
section assumes knowledge of computer programming with simple classes (the beginning of object oriented
programming)and we use C++ as the example language, including some distinctions between C++98 and
C++11

Run time optimizatiors a hugetopic, so we can only touch on some basics. The main point here is:
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For largedata computationsnemory management is the key to fast performance.
Sometimes, easy changes can yield huge benefits.

We proceed along these lines:

1 A simple C++ class for matrix addition. We give run times for this implementation (the worst of
times).

1 A simple improvement greatly improves execution times (the best of times).

1 We try another expected improvement, but things are not as expected.

T We describe the general operation of fAmemory cach
f Moving on to matrix multiplication, we find that
1 However, due to the cache, addingreoperations greatly improves the execution times.

We give actual code listings for the examples, but you can ignore them, and still understand the concepts.

Example Using Matrix Addition

Oneconcept inspeeding up largebject methodé s t o avoid C++6s hidden copy o

Computer memory access is tricky, so thiphgs arenot
we can be efficient, even without details of the computer hardware.

The tricks are due to computer hardware called RAM fc
but whose details are beyond our scope.

First, here is a simple C++ class for matrix creation, destruction, and addition. (For simplicity, our
sample code has no error checking; real code, of cour
interfere with science.) The class ddbr a matrix are the number of rows, the number of columns, and a
pointer to the matrix elements (data block).

typedef double T; /I matrix elements are double precision
class ILmatrix /I 2D matrix
{ public:
int nr, nc; I/l # rows & columns
T *db; /I pointer to data
ILmatrix(int r, int c); / create matrix of given size
ILmatrix (const ILmatrix &b); /I copy constructor
~ILmatrix(); /I destructor
/I The following allows 2 - index subscripting as: ali][j]
T * operator [|(intr) const {return db + r*nc;}; /I subscripting
ILmatrix & operator =(const ILmatrix& b); /I assignment
ILmatrix operator +(const ILmatrix& b) const; /I matrix add
h
The matrix elements are indexed starting from 0, i.e. thdtepf t corner of matrix 6abéb
6al[0][0] 6. Following the data are the minimum set of

the pointer 6dbdé pnsi(data block).oThe dulescrigtirey toperator fieds a lmear array
element as (row)(#columns) + column. Here is the code to create, copy, and destroy matrices:

/l create matrix of given size (constructor)
ILmatrix::ILmatrix(int r, int c) : nr(r), nc(c) /I set nr & nc here

db = new T[nr*nc]; / allocate data block
I ILmatrix(r, c)
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/I copy a matrix (copy constructor)
ILmatrix::ILmatrix(const ILmatrix & b)

{ int r,c;
nr =b.nr, nc =b.nc; /I matrix dimensions
if(b.db)
{ db=new T[nr*nc]; /I allocate data block
for(r=0; r<nr; ++r) /I copy the data
for(c=0; ¢ <nc; ++C)

(*this)[r][c] = b[r][c];

} /I copy constructor

/l destructor

ILmatrix::~ILmatrix()

{ if(db) {delete[] db;} Il free existing data
nr=nc=0,db=0; /I mark it empty

}

/I assignment operator
ILmatrix & ILmatrix::operator =(const ILmatrix& b)
{ int r, C;

for(r=0; r<nr; ++r) [/ copy the data
for(c=0; ¢ <nc; ++C)
(*this)[r][c] = br][c];
return *this;
} /I operator =()

The good stuff: With the tedious preliminaries done, we now implement the simplest matrix addition

method. It adds two matrices element by element, and returns the result as a new matrix:
/l matrix addition to temporary

ILmatrix ILmatrix :operator +(const ILmatrix& b) const

-
int r,C;
ILmatrix result(nr, nc); /I create temporary for result
for (r=0; r <nr; ++71)

for (c=0; c<nc; ++c)
result[r][c] = (*this)[r][c] + b[r][c];
return result; /I invokes copy constructor!
}/ operator +()

How long does this simple code take? To test it, we standardize oh 300 and 400 x 400 matrix
sizes, each on two different computers: compdtera arca 2000 Compaqg Workstation W6000 with a 1.7
GHz Xeon. Compute? is acirca 2003Gateway Solo 200 ARC laptop with a 2.4 GHz CPWe time 100
matrix additions, e.g.:

int n=300; /l matrix dimension
ILmatrix a(n,n), b(n,n), d(n,n);

/[ Addition test

d=a+b; /I prime memory caches
cpustamp ("start matrix addition \ n");
for(i=0; i <100; ++i)
d=a+b;
cpustamp(“end matrix addition \'n");

With modern operating systems, you may have to run your code several times
before the execution times stabilize.

This may be due to internal operations of allocating memory, and flushing data to disk.
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We find that,on computet, it takes~1.36 £ 0.10 s to execute 100 simple matrix additions (see table at
end of this section). Wow, that seems like a long time. Each addition is 90,000 floating point adds; 100
additions is 9 milion operations. Our 2.4 GHz machine should eretdtadditions per nsvhich totals
only about4msWherebs all the time going? C++ has a major
our matrix class:

C++ copies your dattwicein a simple class operation on two values.

So besides our actualmatrix addition, C++ copies theresideb e f or e it reaches the matr
copy happens at the 6return resultd statement in our
be destroyed (go out of scope) when the function returns, C++ must copy it to a temporang\atiadl

main program. Notice thatthe C++ language hasno way to tell the addition function thatthe resultis headed

for the matrix 6do. So the addition function has no
the compiler antiddenfrom programmers. The second copy is when the temporary matrix is assigned to
the matrix 6dé. Each -hytegoybleo peciagsiiom combess905sDDOk 8b

lot of copying.

Optimization 1: What can we do about this? The simplest improvement is to make our copies more
efficient. Instead of writing our own loops to copy data, we can call the library function memcpy(), which

is specifically optimized for copying blocks of data. Our copystarctor is nowoth simpleandfaster
ILmatrix::ILmatrix(const ILmatrix & b)

{ int r,c;
nr =b.nr, nc =b.nc; /I matrix dimensions
if(b.db)
{ db=new T[nr*nc]; /I allocate data block
memcpy(db, b.db, sizeof(T)*nr*nc); Il copy the data

} /I copy constructor

Similarly for the assignment operator. Thiswcode takes0.98 £0.10 s, 28 % better thamtiynal
code.

Use builtin and professional libraries whenever possible.
Theydre already optimized and |debugged.

Not bad for such a simple change, but still bad: we still have two needless copies going on.

Optimization 2: For the next improvement, we note that C++ can paezlassoperands to alass
operatorfunction, but notthree. Therefore, if we do one copy ourselves, we canthen perform the addition

fiin place, 0 and avoid the second copy. For example:
/I Faster code to implementd = a + b:

d=g; // the one and only copy operation

d+=b; /'l 6+=6 adds O0bdé to the current value of 06d5o

We can simplify this main code to a single line as:

(d=a) +=b;
To implementthis codeyeaddeda fA+=0 oper at or,ahditmauast retmbreterencenotr c | a s s
by copy.

/l matrix addition in - place
ILmatrix & ILmatrix::operator +=(const ILmatrix & b)

t
int r,c;
for r=0; r<nr, ++1)
for (c =0; c<b.nc; ++C)
(*this)[r][c] += b[r][c];

return *this; I returns by reference, NO copy!
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This coderunsin 0.45+ 0.02 s, or 1/3 the original timeks T#++98 price, though, is somewhat uglieser
code.

Move semantics:C++11 defines a new feature called fimove sen
burden of the unnecessary copies, and therefore can avoid the code ugliness above. Note that it still retains
the unnecessary copies, bugdmetimess | | ows t hem to be | ess burdensome. E
are only helpful if the class includes dynamically allocated memory. If you simply have large objects with
fixed memory, Amove semanticso do nabbviei ng, and youdre
iMove semanticsodo requires us to define two more Acl
fimove assignment o met hod. The key element of move se

only when the right hand operand is about to berdetd, so there is no need to preserve its data. You can
simply-ofihantdhe dat a -dpdrand th thé destimation dbject.rThegrgpterand can be

left empty, because itods about t o b etorhle.Werpwpgoseed any wa:
a.
imove semantics, 0 and without any new ficlass specialo

adding a C++ keyword Athato, that would very simply

Attempted optimization 3: Perhapswe cando even better. Instead of using operatorfunctions, which
are limited to only two matrix arguments, we can write our own addition funatitth,any arguments we

want We can then eliminatall the needless copie$he main code is now:
mat_add(d, a, b); !/ add a + b, putting result in 6do

Requiring the new function fAmat _add( ) o:

/I matrix addition to new matrix:d =a+ b
ILmatrix & mat_add(ILmatrix & d, const ILmatrix & a, const ILmatrix & b)

{
int r, C;
for (r=0; r<d.nr; ++r)
for (c =0; c<d.nc; ++C)

d[r][c] = a[r][c] + b[r][c];

return d; /I returned by reference, NO copy constructor
}/I'mat_add()

This runs in 0.49 + 0.02 s, slightlyorsethantheone o py v er si on. fdr tsérgharetHes o e v en

previous version. How can this be?

Memory access, including data copying, is dominated by the effects of

There are hundreds of different variations of cache designs, and even if you know the exact design, you can
rarely predict its exact effect on real code. We will describe cache shortly, but there is no feasible way to
know exactly why the zeroopy codes slower than oneopy. This result also held true for the 40800

matrix on computel, and the 308 300 matrix on computez, but not the 408 400 matrix on computer

2. Inthe end, we can dois try a few likeloptimizationsandkeep the ones that tend to perform well

More on this later.

Beware Leaving outasingle charactefrom yourcode can produce code thatworks, butrunsover 2 times
slower than it should. For example, in the function definition of mat()aifldie leave out the

&0 before argument O6abd:
ILmatrix & mat_add(ILmatrix & d, const ILmatrix a, const ILmatrix & b)

u

a complex piece of hardware callpgd Amemory

then the compiler passes 6ad to the function by copyi

[Guess how | found this out.]

Al so notice that the O6memcpy( )6 optimization doesn:

all.
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Below is a summary odurmatrix additionoptimizations The besperformancevasusuallya single
copy, with inplace addition. It is medium ugly. While there was a smpatformanceliscrepancy on
computer2 at4003 400,the zerecopy codds not worth the required additional ugliness.

Computerl times (ms, £~ 100 ms] Computef2 times (ms, +~ 100 ms
Algorithm 3003 300 40083 400 3003 300 4008 400
d =a +Db, loop copy 1360 5900 I 1130 I 2180 I
d =a +b, memcpy\ 985=72% 4960 =84 % 950 =84 % 1793 =82 %
d=a)+=b 445=33% 3850=65% 330=29 % 791 =36 %
mat_add(d, a, b) 490 =36 % 4400=75% 371 =33 % 721=33%

Figure 173 Run times for matrix addition with various algorithms.

highlighted

Best perfomnoceis

Memory Consumption vs. Run Time

: Cache as Cache Can

In the old days, the claim was clear (but not the reality): the less memory you use, the slower your
algorithm, and speeding your algorithm requires more memory.

The fallacy there is that most code is not well written.
implementationsthat are more efficientinthmemory and time. | have personally done this many times,
even when revising my own code.

When you clean up code, you often create

However, given reasonably efficient implementations, then with no memory cache (described below),
one can usually speed a computation by using an algorithm that requires more memory. Conversely, an
algorithm that uses less memory is usually slower.

But finally, since all modern computers are heavily affected by cache,we must take it into account. If

you

fiexceed

t he

cacheo, i.e.

your

algorithm

repeatedl

you will suffer a dramatic slowlown in speed In such a case, an algorithm that uses less memory may be
faster: the algorithmic performance loss may be offset by the cache performance increase, possibly many

times over.

Cache Value

Before about 1990computations were slower than memory accesses. Therefore, we optimized by
increasing memory use, and decreasing computations. Today, things are exactly rev&@&gedHz
processor has a compute cycle time of 0.4 ns, buta main memory access takeg@rs(h@0x slower)

Modern CPUs (c. 208) can compute abouid0times faster than they can access main memayy.
Therefore, the biggest factor in overall speed is efficient use of memory.

To help reduce the speed degradation of sloamin memory(RAM), computers usmemory caches. small
memoiesthatarevery fast(Figure 17.4). A cache system is usually 3 levels of progressively bigger and
slower cachesA typical main memory is @ GB, while a typical cachgystem)is 1-10 MB, or more than

1000x smaller. The CPU caiftenaccestevel 1 (L1)cache memory asfastasit can computélsoache

can be~100x faster than main memory. There is huge variety in computer memory designs, so the
description below igeneral Behaviorvaries from machine to machine, sometimes greatly. Our data below

demonstrate this.

The cache is invisible to prografunction butis critical to progranspeed The programmer usually
does not have access to details about the cache, but she can use general cache knowledge to greatly reduce
run time. (As noted earlier, supercomputer programmers are usually required to use special diagnostics to
insure programs use cache efficiently.)
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(b)

small, faster
RAM caches

CPU

(©

Figure 17.4 (a) Computermemory (RAM) is a linear array of bytds). For convenience, we draw
RAM asa 2D array, of arbitrary width. We show sample matrix storayjed fast memory cache
systemkeeps a copy of recently used memory locations, so they can be quickly used again.

L3
L2

Z_ Main
memory:

big,

RAM

slow

The cache does two thingsigure 17.4):

1.

Cacheremembersrecently used memory values, so thatif the CPU requests any of them again, the
cache provides the valgpiickly, and the slow main memory access does not happen.

Cache

memory.

il ooks

ahead?o

t o

f et c h(ormearbpto)he one fust useds
before the CPU might request it. If the CPU in fact later requests the next seq{oemidrby)
memory location, the cache provides the vajuekly, having already fetched it from slow main

i mmedi a

The cacheis small, and eventually fills up. Then, when the CPU requests new data, the cache must discard
old data,andreplace it with the new. Therefore, if the program jumpsaround memory a lot, the benefits of

the cache are reduced. If a progranrkgorepeatedly over a small region of memory (say, a few hurdred
bytes), the benefits of cache increase. Typically, cache can falldeastfour separatéargeregions of
memory concurrentid-way set associative)rhis meansyou can interleave accesses to four difflneet
regions of memory, and still retain the benefits of ca¢Ba.ches can track many more than 4 small regions

of memory.) Therefore, we have three simgjeidelinesfor cacheefficient memory use:

For efficient memory use: (1) access memory sequentially, or in small steps,
(2) reuse values as much as possible in the shortest time, and

(3) access few memory regions concurrently, preferably no more than (buf.)

Cache

We can now understand some of our timing data given above. We see thatttmpgradgorithm
unexpectedly takes less time than the zmpy algorithm. The oneopy algorithm accesses only two
t i meo:p yf,i rtshte tmantartirxi x4 a6 éa-nadn dd dééd & of
6do.

me mory

Benefits

regions
copy algorithm accessdweer e gi on's

at a

at

a

ti me:

6ab,

0bod,

and

Recall that the CPU is also fetching instructions (the program) concurrently with the datacahiblea

fourth region. Exactprogram layoutin memory is virtually impossible to know. Alsball cachesupport
4-region concurrentaccess. The newer machine, comgupeobably has a better cache, and the and

zero-copy algorithms perform very similarly.

Order matters: Her e 6 s

the outside, and rows on the inside? The result is ®5%err u n
matrices are stored by rows, i.e. each row is consecutive memory locgdgure 17.4b). Looping over

columnson the inside accesses memory sequentially, taking advantage of caetteladk When reversed,
the program jumps from row to row on the inside, giving up any benefit fromdd@ad. The costis quite
substantialSequentialmemory access speeds ardalmost every machindhe code behavior of making
mostly nearby memory references is calleterence locality( a k a

Caution

a new question
the outer loop, andvercolumns in the inner loop. Whatif we reversed them, and looped over columns on

ti

for

me,

fdat a

matr

on b

i X

ot h

Th

addition: t

machines.

localityo).

Fortran stores arraysin the opposite order from C and C++. In Fortran, the first index is cycled
most rapidly, so you should code with the outer loop on the second index, and the inner loop on
the first index. E.g.,

9/12/202612:59 PM

Copyright 200220 Eric L. Michelsen. All rights reserved.

2980f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

DOC=1,N
DOR =1, N
A(R, C) =blah blah ...
ENDDO
ENDDO

Scaling behavior: Matrix addition is arO(N?) operation, so increasing from 36@00 to 40¢ 400
increase the computations by a factorof 1.8. On the older computter runtime penalty is much larger,
between 4.5x and 9x slower. On the newer compg2it¢he difference is much closév the expected:
between 1.8x and 2.2x slower. Thdsscrepancyikely due to cache size. A 330300 double precision
matrix takes 720k bytes, or under a MB. A 40000 matrix takes 1280k bytes, justerone MB. It could
be that on computel, with the smaller matrix, a whole matrix or two fits in cache, but with the large matrix,
cacheis overflowed, and more (slow) main memory accesses are needed. The newer computer probably has
bigger caches, and may fit both sized matrices fully in cache

Cache Withdrawal: Making the Most of Reference Locality

We now show that t he ah saylergematixenkltiplicationnbutta diffesentk we | | f
trick cuts multiplication run time dramaticallyThis example uses matrix multiplication to illustrate the
importance of reference locality, butyou can apply this principle to any code thataccesses lots of memory.
(In general, you shouldotwrite your own matrix multiplication code; there are lots of free libraries to do it,
that are optimized with the following method, as well/l
optimized at all, and will perform terribly.)

To startthe examplewe use a simple matrix multiply in the main code:
d=a*b;

The straightforward matrix multiply operator is this:
/I Simple matrix multiply to temporary
ILmatrix ILmatrix::operator *(const ILmatrix & b) const

{
int r,c, k;
ILmatrix result(nr, b.nc); /[ temporary for result
T sum;
for(r=0; r<nr; ++1)
{ for(c =0; c<b.nc; ++C)
{ sum=0,
for(k = 0; k< nc; ++k) sum += (*this)[r][k] * b[K][c];
result[r][c] = sum;
return result; I/l invokes copy constructor!
} /I operator *()

While matrix addition is ai®(N2) operation, matrix multiplication i€©(N3). Multiplying two 300 x 300
matrices is about 54,000,000 floating point operations, whiamush slower than addition. Timing the
simple multiply routine, similarly to timing matrix addition but with only 5 multiplies, we find it takes 7.8
0.1 s on computet.

First we try the tricks we already know to improve and avoid data copies: we started already with
memcpy(). For matrix multiply, thereisnooreopy opti on: you canoét multiply
would overwrite the input with results when you stildl
operator for matrix multiply. So evcompare the twoopy and zera@opy algorithms as with addition, but
this time the4 trials show no measurable difference. Matrix multiply is so slow that the copy times are
insignificant. Therefore we choose thewo-copyalgorithm, which is easiest on the us&ve certainlydrop
the ugly 3argument mat_mulifunction, which gives no benefit.

Now wedl |l i mprove our addiagmore worko beldonie.pThe ext@amwerlawilll y , by
result in more efficient memory use, that pays off handsomely in reduced runtime. Notice that in matrix
multiplication, for each element of the result, we access a row of the first matixd a column of the
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second matrib. Butwe learned from matrix addition that accessinga columnis much slower than accessing
a row. And in matrix multiplication, we have to access the same colitimes. Extra bad. If only we
could accesbothmatrices by rows!

Well, we can. We first make a temporary copy of mdiriand transpose it. Now the columnstof
become theowsofb'. We perform the multiply asrows afvith rowsofb™. We 6 ve already
time is insignificant for multiplication, so the cost of one copy and one transpose (similar to a copy) is
negligible. But the benefit of cache loakhead is large. The transpose method reduces runtime by 30% to
50%.

Further thought reveals that we only neeecolumn ofb at a time. We can usehttimes, and discard
it. Then move on to the next columntof This reduces memory usage, because we only need extra storage
for one column ob, not forthe whole transposelof It costs us nothing in operations, and reduces memory.
Thatwill probably help our cache performance. In famh, computetl,it cuts runtime byalmostanother
factor of two, to about one third of the original runtimié has little effect on comput&. (It does require
us to loop over columns dfon the outerloop,androwsafon t he inner |l oop, but

Note that optimizations that at first were insignificant, say reducing runtime by 10%, may become
significant afterthe runtime is cut by a factorof 3. Thatoriginal 10% is now 30%, and may be worth doing.

Computerl times (ms, £~ 100 ms] Computer2 times (ms, £~ 100ms
Algorithm 3002 300 4003 400 3003 300 4003 400
d=a*b 7760 I 18,260 5348 I 16,300
mat_mult(d, a, b) 7720=999% 18,170 =100 % 5227 =98 % 16,200=99 %
d=a*b, 4580=599% 12,700=70% 2900 =54 % 7800 =48%
transpos
d=a*b, 2710=35% 7875 =43 % 3100 =58 % 8000 =49 %
copy O0bbd

Figure 175 Run times for matrix multiplication with various algorithms. Best performing

algorithms are highlighted

Data Structures for Efficient Cache Use
Here is a simple example of organizing data structures to improve cache efficiency. Consider a set of

data points, each comprising 4 numbers, A, B, C,
arrayso to store the data:
double a[10000], b[10000], ¢[10000], d[10000];

Suppose the processing requires looping through all the points, processing A, B, C, and D for each point.

seen t

t hat

and

The parallel arrays above spread a single data pointfaracross memory, the worst thing you can do for cache

efficiency. Much better is:
struct dpoint

{ double a;
double b;
double C;
double d;

}

dpoint data[10000]; (17.2)

Though this takes many more lines of code, it is conceptually clearer, and keeps data from each point
physically adjacentin memory. When looping through the data points, cache prefetch works well to reduce
memory delays. However, it does clutter yourdeobecause a simplafifj becomes the clumsy

data[i].a
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Algorithms for Efficient Cache Use

Many algorithms require multiple passes over a list of data (e.g., merdgessdrting a list of data in
ascending order). Ratherthan simply iterate over the whole list multiple times, it is faster to stay within a
cacheline (probably 16128 bytes) for multiple iterations, and then move on. The simple, slow way might
be:

for(int pass = 1; pass < NPASSES; ++pass)
for(int dx = 0; dx < NDATA; ++dx)
(...process data[dx]);

A faster way might be:
for(int start = 0; start < NDATA; start += LINESIZE)

for(int pass = 1; pass < NPASSES; ++pass)
for(int dx = start; dx < start + LINESIZE; ++dx)
(... process data[dx]);

This might make you cringe, because youdve replaced
locality of the 3loop code is much better, and may well overcome the smallincrease in loop initialization.

It helps if you know the cache line size bkttarget machine, and beware that running code on a machine

with a smaller line size than you coded for will probably be worse than the sinigug Zode.

Cache Optimization Summary

In the end, exact performance is nearly impossible to predict. However, general knowledge of cache,
and following the threguidelinesfor efficient cache usgl7.1), will greatly improve your runtimes.

Conflicts in memoryamongpieces of dataandwithin layout ofinstructiors,cannot be precisely
controlled. Sometimes even tiny changes in code will cross a threshold of cache,

and cause huge changes in performance.

Rememberthe 90/10 rule: 90% of your CPU time is spent in only 10% of your code (oftenits closer to
95/ 5) . Focus on the small fraction of code that matte

Virtual Memory and Page Locality

Besides RAM cache, there is another kind of reference locality that affects computing speed: Virtual
Memory(VM) pages. All modern computers divide main memory (RAM) pages contiguous blocks of
memory, of typically 4 KB Figure 17.6) . Your applicationds memory is als
though you donét (usually) need to know it. However,
extent, you can contrglour page layout to improve speed.

translation lookaside page 0 Main memory (RAM)

virtual buffer (TLB
memory ( ) % page 1
CPU :
page 0 reques reques
l page 1 page
: table f very
= slgw
M1l disk
NT11

Figure 17.6 Virtual memory(VM) is theaddress spac& memory seen by an application. The

actualstorage for virtual memory is both physical RAM, and.didke gray boxes in RAM are not

part of the applicationbés VM, but Imlasydiadgraen, used by ¢t}
cache is omitted for simplicity.

The basic idea behind improved page performanceis the same as with RAM cache: keeping your data
together on fewer pages allows fasterexecution. Specifically, there are two reasons page locality improves
speed: improved Translation Lookaside Buffer hiter, and improved page hit rate. Before describing these
two aspects, we must have an overview of Virtual Memory (VM).
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Overview of Virtual Memory (VM)

Virtual Memory exists to allow operating systems to efficiently allocate memory to applications, and to
give the applications accessto more memory than the system has physical RAM. An application on a modem
system fiseesd a mod eulousrdgiomoénmemaryoccowdies aqomtiguaus adinedses.gFor
example, an application may see 4,096,000 bytes (4 MB) of memorywritial addressesfrom 0 to
4,095,999. This igirtual memory : the memory model seen by the application. The actualstorage for an
applicationds VM is of t e nEvenctianéan appli@aton @duéstsaccess(reqguhy si c al
or write) to a virtual address, the CPU mtranslate that addresswihere the data sctuallystored either
in RAM or on disk Ifthe datais in physical RAM, access is very fdetgeneral, he CPU uses thgage
tablet otrarslat®é t he virtual address to its physical RAM addr

To make management feasible, VM is divided ipages or contiguous block of memory, typically
about 4 KB long (as of 2018). Thmge tablethen has one entry for eaplhgeof virtual memory. This
keeps the page table a feasible size. The page table itself (usually) resides in physical RAM.

Al of an applicationds (virtual) memory may not fi:
of it out on disk. The OS maintains the page table t
orto note thatthe page s currently on di€kU access to the page tablaismain RAM access, and can be
slow, aslong a80- 100 cycles (~10 30 ns). If thishappened on every memory access, it would be crippling.

The saving grace is a Translation Lookaside Buffer (TLB), which is jusacheof page table
translations. When the CPU needs to translate a virtual address to physical, it checks the TLB. If found,the
CPU gets the physical address instantly, so the CPU runs at full speed. If the virtualpatgetise TLB,
the CPU must consult the page table in RAM, and suffer the speed penalty. A TLB typically-hb2832
entries €2018). AvirtualaddressthiteCPUfinds n t he TLB is called that TLB Ahit ;
the CPU doemotfind in the TLB is a TLB fimissod (similar to fica
miss rates are 0.1% to 20% or more (for baatigten or uncooperative code).

Of course, aftera TLB miss, the CPU putsthe translation from thetablgeinto the TLB, so the TLB
is ready for a future access. To update the TLB, the CPU must overwrite an old entry with the new one.

Faultlines: Thereb6és a chance that when the CPU consults th
anywheran physical RAM, butout on disk. This is callepagefault ( but woul d be better cal
mi sso, since it i s Itrequites @a~30 nasiditkwaccess, which railiio i timles slowle)
than a TLB miss. This is perfectly normal, but slow. The ability to put virtual pages on disk allows an
application to operate with more virtual memory than the system has physical RAM, because all the virtual
memory is not simultaneousheld in physical RAM. VM is fetched as need&imilarly, the totaladdress
space of all applications together can exceed physical RAM, even if no single application does.

On a page fault, th€PU takes an interrupt to notify the OS of théssing page TheOS identifies a
virtual page in physical RAM t o i fislpagetodisk, ahdreadsOS wr it e
the new page from disk inteame page dRAM. The OS updatesthe page table for both virtual pages, and
the application can continue.

Be careful to fdastiagfui esim a Mypeggeent ation faulto or
fault is Harunhald;, iss fsdg@t al applic etisteotmitublmgmowher e it t
usually forcing the OS to terminate thpplication.

Your mission should you decide to accept it:The first way to minimize page misses is to organize
data into related structures, asin c§dé2). Fortunately, this is the same advice asfor cache locality, so if
you care about speed, youbve already done this.

Similarly, if you must access many different pages, it can be a huge benefit to witkasgist a few
pages as much as possible, before moving on to the next set. This maximizes TLB atabfesgerates
(thus minimizing page faults). For example, if using a merge sort algorithm, sort all the values within each
page first, and only then mre on to merging from the pages.

To code for such specific page locality, you must know some details about your system, especially the
page size. This is readily available in documentation, and in some system calls, e.g., Unix
sysconf(_SC_PAGESIZE)As of 2018, the page size on almost allmachines is 4 KB.
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Finally, using a simple sorted data array (or STL vector) for a lookup table can sometimes be much faster
than an Aoptimizedod associative container, because th
localized in virtual address space. See [\2€91,ltem 23 p10063].

Considerations on Run -Time Efficiency and Languages

In our example in C++98, it is possible to implement matrices to pass pointers to data blocks, and do
garbage collections, etc. This would make all operations@®@py, butismuchmore work. Again, C++11
imove semanticso make this easier than before, but sti
often only partially solve it.

Also, a minor extension to the C++ language would eliminate one of the copies. For operator methods,
C++ could allow trinary functions: operandperand, destination. This would simply be a new allowed
prototype for operatormethods. & m surprised no one has proposed this

Somecompilerar e smart enough to optimize 6c¢c = a + bd into j
the6 +ndethod function, thus avoidirtge assignmertopy, t his is call ed #AThisturn valu
is only possible, though, if the compiler can guarant

which is not alwaygossible. Also, there are nontrivial construction/destruction issues involved in such an
optimization, and the compiler must insure the integrity of all @ig., copy construction is different than
assignment)C++17 mandates some of t hese(thatattialyimakestheons, c al
language seltontradictory, because constructors sometimedypassed even if they have sidigects)

Note that Fortran by default has no copy of a function return object, and so avoids this C++ burden.
Coders whavanta copy (it happen¥can easily add it themselves.

Some scientists believe Fortran (no longecals) is still fasterthan C++,though I found little evidence
to support that, in general (as of 2018). Fortranos
C++ or Python. Fortran also hatsong support for parallel processing.

Python is an interpreted bytmde language, like Java. Your source is compiled into a byte code, which
is interpreted as it runs. Itis inherently about3tix slower than languages compiled into direct machine
instructions, like C, C++, and Fortran.ytRon is feasible for large data computations only when the
computations are mostly standard functions like matrix multiply, inversion, etc. Standard functions existas
fast Python libraries thatyou can call (they are usually written in C). Howevea)lmomputationsfitinto
standard mathematical routines. For example, in my dissertation, | wrote C++ data reduction code for a
physicsLunarLaser Ranging (LLR@xperiment, and independently, someone else wrote Python code to do
the same. The C++ code ran 20x fasterthan Python. | could not have completed my dissertation, nor earned
a PhD, in Python.

I Use the right hammer for the j obl Donodot b

Simple Fix to Return Oriented Programming (ROP) Attacks

ReturnOriented Programming is a security hole where an attacker with access to th@calkan
execute sequences of code to perform almost any function. It is based on two things: (L)ecatalela
memory structure (for applications) equivalemfigure 17.7a, and (2) a buffeoverrun hole allowing the
attackerto overwrite the stack. These conditions are met by many modern systems, all of which are
vulnerable to ROP attacks. There is a simple, but surprisingly overlooked, fix for this attack.

We omit the details of the ROP attack, because they
we do not address here the legitimate needafmlicationwriteable code, such as for justtime (JIT)
compiling.
[I have to admit that | am frustrated with all the computer attacks there have been over the decades, when the
knowledge to prevent 99% of them has been known since the 186805. e 6s an e x amp-feeentf or ROP ( a

attack, going back only20 years), where the fix has been known for ye&$W, the first computer to implement
hardware Dat&Executon-Pr ot ecti on (I ntel d8]s DEP) was made in 1961.
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virtual memory stack virtual memory stack
0 code low O code low| callreturn
Z ——— invalid z 7 — Z [ local data
invalid invalid T
static data/ static data/
heap f heap local data
_ _ invalid
invalid local data local variableg 2
over ! ¥
WItET]™ call-return — o
stack/ local data ¥ invalid
local variablesg call-return | p; stack i
i hi
(a) (b)— (€) (d)
Figure 17.7 (a) Typical application memory layout. Any access to invalid addresses causes a
hardware trap to the OS. The stack here grows fdo\

Overrunning local variables can overwrite the entire stack, allowing malicious viteh
(c) Modified memory layout prevents stack manipulation. (d) Argegowving stack is safer.

The key vulnerability is that local variables are allocated on the same stack as tletucad Figure
177b) . As in I ntel systems, the stack hesenecallgsrabws fidown
lower addresses, and bufferoverruns grow to higher addresses. This meansan overrun can rewrite the entire
stack (calreturns and local data).

I With a downgrowing stack, local variables are perfectly placed to allow maximum damagls.

Figure 17.7c shows the simple fix: use a separate stack for local variables and subprogram calls.
Overrunning local variables simply results in aninvalid memory access, and typically the OS terminatesthe
program. This remarkably simple fix is widely overlookeldoigh some systenseem to befinally)
implementing it bttps://en.wikipedia.org/wiki/Returnriented_programming 202606-09, under
fiDefenses/ Against control flow attadks It requires a compiler/runtime change, but so do many of the
morecomplicated, and lessffective, methods.

Figure 17.7d shows a system with an+gpowing stack (grows to higher addresses). Itseems to us that
this is inherently more robust against lovakiable overrun attacks of any kind, including ROP attacks,
because the overrun simply spills into unused stack spabég-enough overrun will eventually hit invalid
memory, and likely terminate the program. This is bad, but not nearly as bad as the attacker executing
arbitrary code. Even with a dowgrowing caltstack, most systems could have argupwing locaivarable
stack, which would be more robust against lecatiable corruption.

The calistack growth direction (up or down) is often fixed by the Instruction Set Architecture (ISA), but
notalways. A separate loeadriable stack usually hasa more flexible growffection, buteach ISA must
be considered individually.

Even with a separate local variable stack, theraisemotep o ssi bi | ity t hato- some | oc
functionodo variabl es exaemehurkely ¥ it didwhappenit avould allowTsbmes | s
unexpected behavior, but it wouttht allow execution of arbitrary codthe way a ROP vulnerability does)

Clean Codeds Dirty Secret

The worst recommendation of the modern ficlean codeo
foolishly optimistic, or equivalently, completely untr
the operation of the algorithm. This often inve e s explanations that canoét
variable/function names.

Comment your code. A lot.
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18 Al gorit hms

Why Algorithms?

Every day, new problems arise, and some are solved. New algorithms solve existing problems.
Understanding existing algorithms is often useful for devising new ones.

The Fast Fourier Transform (FFT)

The FFT is an efficient algorithm for evaluatinga Discrete Fourier Transform (DFfigre are many
sources that provide the FEIgorithm but | 6ve seen none that comprehensitk
The FFT algorithm rests on two things: (1) divide and conquer, and (2) aliasing.

This section asDBH @203, andandérstamd adiasiegdps).a

amplitudé qJN -1\ digital sampless
[} sampling
\V duration,T
| Il
1234567809 niJ

Figure 18.1 Uniformly spaced samplesof a signal.j is the time index.

Consider a datasequerg¢ =0, ...,Ni 1 (Figure 18.1). It containdN frequency componen(sq.(13.2)).
For simplicity, we consider a DFlike sum without the N scaling(cf (13.3)); thekthfrequency component
is:

N-1
le a e—ikwj§ = e-iOkW _Iiséikw 5 E«_lkw ot ST iéN 1)kw
j=0

where Wt 2p f =2 p/l Nrad/sample, andj is the time ind

For convenience, we choose our frequentjes. fni1 from 0 to justunder 1(Figure 13.4a), wherefp = 0,
f1=1/T cyc/sampleis the fundamen@ahdfx=kf;. w= 2" fis the fundamentalngularfrequency, in radians
per sample.

This basic definition of a complete DFT is @(N?) operationj, k=0, ...,Ni 1. ForN samples, there
areN frequencies.This is computationally expensive (sometinies in the milions). Can we do better?
Yes. Toillustrate, we give two examples: apd@nt FFT, and then a-point FFT. We then use a-point
DFT to showwhy priméNc annot be Afast. o

Consider an $oint adatasequencey, ...s7. | t 6 s DF T h a o, .8f7. For feequeneyindexe s ,
k, and thereforangularfrequencykw (rad/sample), thécompleXy DFT componenskis:

Sz eV 1l 45 g W g gBW a8 (18))

We notice the RHS is a sequence with uniformly spaced exponents. We can rearrange this into the form of
two, smaller sequences of uniformly space exponents:

SK:(%éiOkw +§e42kw +§é4kw és'éﬁkw) (fsié;em 3343«\/ Ssi_%w 7§Z€l\)-
:(Soe-iOkw +Sze42kw 4§ei4|<w §é&<w) g_w( 1Siékw 33j_é<w- 5§4%W' 7éagv)

L ] L ]
subsequenca subsemced

Then each of the smaller sequences itself hasthe form of a DFT! Each subsequence has half as many points,
and twice the frequencyK®)), just as required fora DFT. Thus, we can eval$aby evaluatingthe two
subsequencess smaller DFT,sand combiningthem as above. The prefactorforsubseqbéncalled the

twiddle factor (really).
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This decompositiolis true for any; in our examplé= 0, ..., 7 corresponding to frequencies of 0, 1/8,
2/ 8, 3/8, 4/8, 5/8, 6/8, and 7/ 8 cyc/ sample. So far,
to calculates 3 &% ande v which are expensive because they involve trig funcjioBsit the real
savingswill come from aliasingWe must omputethe first 4 frequencie&(= 0, 1, 2, 3py brute force but
whenk = 4, the exponents on the subsequences become:

k=4: iOw, i8v, il6v, i 24v.

All of theseequaki’®=1: w=2"/N=2"/8. Soii8w=ii2",i16iw=1ii4", etc (This kind of equivalence is
call ed fWHenks §,ithe gxpangnts become:

alias

k=5: 0w, iHOwv, i20v, i 3W S-S 8.

For exampleg 1o =)9/"8’{e"2‘” = e'? |neach subsequenceeseexponentare the same &s= 1, and
soeach subsequence has the same suk¥ds Thek = 1 results we already computed can be reused for
free. Similarly, k = 6, 7 alias tok = 2, 3. So all the frequencider k = 4, 5, 6, 7 require no more
exponentiations, and just 1 multiphach The only factor that changes for higtkés the twiddle factor.

Recall thatthe DFT i©(N?). By splitting the computation into two, smaller DiFTeach % the size of
the original, we have a net savingsin computation by abouta factorof 2 (the twiddle factor multiply is cheap
compared to larg®l). Of course, if our subsequences are themselivésble, we can split each of them in
two, and so on. Each such s pl2Nbfthemn dcachsagectak®)ed a fAst a
operations, and there are oy stages, so the entire DFT is don&i(N log> N). This is the essence of the
Fast Fourier Transform (FFT) algorithm.

Furthermore,nistead of 2 subsequences, we can have any number. Consigeirda DFT:
S =5 +gd 4 W g W g gRw Jaw  Je
Rearrange into 3 subsequences of uniformly space exponents:
So=(e™ +5d%Y 45 &) (4sBY eldv B (e e,
=(s8 0 45 eidY 5 dSn) o gP g )

L ] L
subsequenca subsequeh e

+e—i2kw(sze40kw +g olkw J§é'

L 1
sulsequenec

)

Now we have two twiddle factors. We perform theu»>DFTs separately, and combine with the twiddle
factors. Fok= 0, 1, 2 this is direct computation. Whier 3 0r6, each subsequence aliases badktd
(while the twiddle factors remain unigéier eachk). Similarly,k =4, 5 alias int.k=1, 2, asd&=7, 8.

In general, ifN has a factog, we can (a) split the suif18.1) into g subsequences of lenghifg, (b)
perform DFTs on each subsequence, (c) for each frequendy ...Ni 1, combine the subsequences with
twiddle factors.

5 Itis often said thatan FFTrequitdb e a power of 2; as wedye shown, |

Modern FFT algorithms accept any numbetryKiIs$FF@)at a poi nt
Remember, donét pad your data wil8h zer os; it screws u

An inverse DFT has the same foas a forward DFThut with a plussign in the exponentAliasing
works the sameso this same algorithm works fdrothforward and inverse transforms.

Counterexample: The FFT fails for primeN, because the aliasing is not helpful. Considerpint
sequencey, ... S, and its DFT For frequencyk, the(compleX DFT componen&is:
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SK =3 e—iOkw +$ e-l]kW + é'-2kw FY é?kw 48 iékw . S_i%(W 5 Si_péw.
We rearrange this into the form of two, smaller, sequences of uniformly space exponents:
S, :(%éiOkw +5 2w 5 ddkw & é@kw) ( fsié}«/v 33@«/ . Si_%v\)
:(50 o 10kw +s5 ol 2w 5 gkw 8 éekw) ggw( .S iQkw 33L7é<""' . é’i@/\/)—

L 1 L
subsequenca subsequeb

Each of the smaller sequences itself has the form of a DFT. We can ev&lbytevaluating the two
subsequences, and combining theith a twiddle factoras above.

The full DFT requirecompuingwith 7 differentk values. Fok= 10, 1, 2, 3, wause direct computation
(we can evaluate subsequercat these fouk values, even though it has only 3 terms).

But atk =4, the aliasing on the subsequences does not help us:

alias

k=4: {iOw, i8v, i1Gv, i 2dv i -, W ST,

This is not a sequence of exponents that wedbve comput
from scratch.No savingsHigher k are similar, so a FFT. Life is harsh.

(Deprecated) Lomb -Scargle: The Meaning Behind the Math

Understanding exactly what Lord®cargle does, and how it works, puts you in a powerful position to
understand why it is deprecatedlso, if you ever wantto develop a novel algorithm, or wonder how others
develop them, LomiScargleprovides an interesting and informative example of the process. (However, our
derivation here i s v er jLondiwhoffirst dexived thi$ resaltreingltfeestdndasd or i gi n a |
finor mal e qgu a-s$quacgenfgtiog.dmy.r | ea st

Thedeprecatedlomb-Scargle formula may look daunting, butwe can understand and deriveit in justa
few highlevel steps:

1. Given our basis of cosine and sine, find a way to make them orthogonal.

2. Use standard orthogonal decomposition of our data intéeveubasis functions.

3. Normalize our coefficients, being careful to distinguish pee&imate frondetection parameter
4. Prove that the correlation amplitude of the previous steps is equivalent to thegaases fit.

We complete these steps below, in full detalil.

1. Make Cosine and Sine Orthogonal

When making a LS periodogram, we aret performing a basis decomposition. We are separately
finding correlations with each periodogram frequency, without regard to anyfotlqeencies For read
valued data (i.e., not complex), there are two basis functions at any frequency: cosine and sine. We need
both to find thedetection level (and also tliep o wWatithat frequency.

At any given frequencys, we have two basis functions, ceg( and sin¢ ), which we write as a sum:
Acos(mt )+ B sin(vt). Recall how a uniformly sampled DFT works:is a multiple of the fundamental

frequencyandour sample times amniformlyspaced. Then cosine and sine are naturally orthogonal:

€w? a multiple of fundamental frequen

n-1
q cogwilt) sin( W B) D, where ¥ j sample number
1=0 %Dt tsampling period =1fg,q, -

Using this orthogonality, we find our coefficiemdsandB separately, using inner products:
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n-1 ni
A=(s|cos =§a 5 cogw j D, B (3 sih §=a§ siiwj }.
j=0 )

The power at frequency is thenA? + B2,

In contrast, for arbitrary samgtimest; (as in much observational data),for arbitrary¥, cos(-) and
sin(L) are not orthogonal (i.e., they are fAcorrelated

éw? arbitrary frequency

n-1
cta cos(wtj) sir( wj) .0, where % j sample number
i= T . .
1=0 it * arbitrary sample times
Being correlated, we cannot use simple inperducts to findA andB separately Furthermore, the presence
of other components prevents us from simply simultaneously sdlvirtge amplitude# andB.

Despite being correlated, cosines and sines are usually still a convenient basis, because they are the
eigenfunctions of linear, timmvariant systems, and appear frequently in physical systems. So we ask: Is
there a way t o fior tdsioegaverthdiverset of abitnaey sampls times? sresatimere
iS, as we now show.

Consider the bask&inction parameters we have to play with: amplitude, frequency, and phase. We are
given the frequecy, and are seeking the amplitudes. The only parameter left to adjust is phase (or
equivalently, a shift in time). So we could write the correlation amplit@éove as a function of some

phase shiftf:
C(f)? g_lcos( w - i tw -).
j=0

Canwe find a phase shift such tha€(fo) = 0, thus constructing a pair of orthogonalcosine and sine?
The simplest shift | can think of is: cosfr t+ *) =T cosf 1), and similarly for sin(:). Thus a phase shift of
" negates both cosine and sine, and the correlation is not aff@ted: ) = C(t). The next simplest shift
is “/2. This converts cos(9) sin(-), and sin(:} Tcos(:), soC( + /2)=7C(). This is greatC(f) is a
continuous function of, and it changes sigim every interval of /2. This meansthat somewhere between
-" [ ahd+ 4,C(f)= 0, ie. the cosine and sine are orthogonal.

The existence of a phasaift fo which makes cosine and sine orthogonalis important, because we can
always find the requiredo numerically. Even betterit turns outthatve can find a closetbrm expression
for fo. We notice that the correlatid®(f) can be rewritten, using a simple identity:

n-1 n-4
sing=2cosgsin g C §f O a% s:(1 2 W%) f-or s(n 2 M@)
j=0 j®

Given the sample timdg how do we findfo? We can use f=0foneowrapdplotittet 6s set
sum of the vectors corresponding xo= cos(2r ), y = sin(2r ) ), for some hypothetical sample timgs,
Each vector is unit length (s&@ure 18.2).
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sin(2rt)

Ei sin 2¢t;

1
o

Figure 18.2 Sum (blue) of =4 vectors corresponding te £ cos( f), y = sin(2¥ 1) ).

(This is equivalent to plotting the complex numbers &p() in the complex plang.If we rotate all the

vectors clockwise by ), then the sum of the sine components will be zasorequired The components of
the vector sum are the sums of the components, so

n-1
a sinaut, i

tan(Z‘O):rj:f— Y c(f)a cos( tyv -o)fsirﬁ t WO) fi
a cosamt, 1=0

j=0

In other words, we rotate each component (in tles2t) byi2fo, which corresponds to rotating each
component of our original ¢d) set byi fo. This gives the condition we need for orthogonali8mce the
intervali " /4to +" /4 must contain &0, we can use a simpleduadrantarctangent, and divide the result by
2.

Any phase shift, at a given frequency, can be written as a time shift. By convention3earde uses
a subtracted time shift, so:

2wit=2 of ' C( 0)/‘:5l cos( (th )) sn( (tj W)) .
i=0

This time shifis fully equivalenttdahefophase shiftandthe cosines and sines are orthogonaloverthe given
sample times. Be careful to distinguigh, the orthogonalizing phase shift, froafitted-sinusoid phase,
usually calledf.

2. Use orthogonal decomposition of our data into our basis functions

Now that we have orthogonal basis functions (though not yet normalized), we can find our cosine and
sine coefficients with simple correlations (aka inpesducts):

n-1 n4i
A'=(hjcog = h cosw(tj {) . B'(Ksih Fh sinw )z‘- (unnormalize,
j=0 j©

where the primes indicate unnormalized coefficieMste that, because the offset cosine and sine functions
are orthogonaldd aBad df it f or bgnullaneousiyiihat is, ®thogsnality implies that the
individual best fits for cosine and sine are also sheultaneou$est fit.

3. Normalize Our Coefficients

With all orthonormalbasis decompositions, we reqn@emalizedbasis functionsto get properly scaled
components. We normalize our coefficients by dividing them by the squnenmed of the (unnormalized)
basis functions:
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5lhj cosw(tj - z‘) néhj sin ﬁ/ﬁ/ - )f
A _j:_Ol . B = jn—i (normalized.
Coq CO$ a co& W(tj - [) < S"h Slb é_Sinz (WJ - ) t

j=0 j®

A

These formulas are similar to the two terms in the LeBohrgle formula. The normalized coefficiers,
andB, yield a true power estimate for a béissinusoid:

Rue(w) = A2 +8° from Sy (W Fcos (V} )f Bsin (p/ )

To arrive at the LomiScargledetectionparameter, we must consider not the tpmwverestimate,
Pwue(¥), butthecontributiont o t he t otal sample set fAener g%il),(sum of s
at the given sample time$or example, for a frequency component with a given true power, if the sinusoid
happensto be small atthe sample times, then that component contributes a small amount to treesample
flenergy. o On the ot her han dthesaripletinhes thenithmucenoporegnt h a p p e n s
contributes a large amounttothesamrmplet fAener gy. o0

Thesignificanceof a frequency componentais a functionoft he rati o of the componen
that expected from pure noise. Given a component with cosine and sine am@itaddB, its energy in
the sample set is the sums of the squares of its samples, at the given sample times:

E(W):r]a:lgAcosv(tj - )26’ :-al_ Bgin (q/ }% g
)

j=0

-5 cofult, ) B2 Asit )i

j=0 j 9

o 2, . 2

= 1h- cosw(t - ) 8 "4 sin ﬁ/q - )z‘
:?OJ ] Q*I%ﬂ
n-1 ni

acoszw(t]— ) asir (/vj —)z‘
j=0 j 9

This is almost the Lomd$cargle detection parameter.

For white noise (not necessarily gaussigmith no signal, the sampldsare independent identically

distributed (11D), with variance equalto the noise power,Across many sets of noise, then, the numerators
above have variance:

j=0

3= 2B eod )0 Zs=? Esit [t w).
i ®

This means each term E(¥) has variance €.

Forgaussiamoise,A andB are gaussian, ari(y) is the sum of their squares, scaledhieestimated
variance =(?. Therefore E(¥)/(? ( a | wa yisdist@butéd)with CDF an incomplete beta functidn [
Schwarzenber@zerny, 1997]. (For decades, it was thought tR@t)/(2 wase?s-2 distributed but it is easy
to show that it is note? has no upper bound, b&(¥)/& O .)1Nonetheless, assuming the incorregs
distribution, LombScargledivides by 2 to get a moreonvenient exponential distribution wigh= 1:
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1 E 1 9&

D) =3 5;?) At 1
é aco§w(tj— t) asirf @v -)1‘
g i=0 | 0

This is the standarflhoughvery flawed)formula fordeprecated S detection Noteagaint hat we donot
know the trud?; we mustestimate it from the samples.

4. Proof that the correlation amplitude of the previous steps is equivalent to the leastjuares fit

This is a general theorem: any correlation amplitude for a component of a sequem®cplivalentto a
leastsquares fit. We prove it by contradiction. Given any single basis fundtipme can construct a

complete, orthonormalbasis set which includes it. Inthatcase,the compohgatfolund by correlation,
asusual. Call i

The leastsquaresresidue is sinypthefienergyp (s u m o df thes spquenceafte) subtracting off
thebkc o mponent . Since the basis set is orthonor mal
after subtracting thbk component frong is the sum of the squares of all ththercomponent amplitudes.

If there existed somethervalue of Ax which had less residual energy, then that would imptlifeerent
decomposition into thetherbasis functions. Butthe decomposition intgiveen orthogonalbasis is unique.
Therefore, ndA« other than the one given by correlation can have a smaller residual.

) Pa

The basis coefficient given by correlation is a lesspiars-residual fit. |

This proof holds equally well for discrete sequenggeand for continuous functiorsg).
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19 Tensors, Wi thout the Tensi|on
Approach
We 61 | present tensors as follows:
1. Two physical examples: magnetic susceptibility, and deformable solids
2. A non-example: when is a matrix not a tensor?
3. Forward |l ooking definitions (dondédt get stuck on tl
4. Review of vector spaces and notation (donét get s
5 A short, but at first unhelpful, definition (reall
6. A discussion which clarifies the above definition
7. Examples, includinglot producs and crosproducts as tensors
8. Higher rank tensors
9. Change of basis

10. Non-orthonormal systems: contravariance and covariance
11. Indefinite metrics of Special and General Relativity
12. Mixed basis linear functions (transformation matrices, the Pauli vector)

Tensors are all about vectors. They let you do things with vectors you never thought possible. We
define tensors in terms of what they do (their linearity properties), and then show that limeplityg the
transformation properties. This gets most directly to the true importance of tensors. [Most references define
tensors in terms of transformations, but then fail to point out thenpbrtant linearity properties.]

We also take a geometric approach, treating vectors and tensors as geometric objects that exist
independently of their representation in any basis. Inevitably,though, there is a fairamount of unavoidable
algebra.

Later, we introduce contravariance and covariance in terms obrtbonormal coordinates, but first
with a familiar positivedefinite metric from classical mechanics. This makes for a more intuitive
understanding of contrand cevariance, before applyg the concept to the more bizarre indefinite metrics
of special and general relativity.

There is deliberate repetition of several points, because it usually takes me more than once to grok
something. So | repeat:

I f you dono6t understand something, rpgpad

it aga
Don6t get stuck on one thing. Often, tphe f ol

Two Physical Examples

We start with two physicalexamples: magnetic susceptibility, and deformation of a solid. We start with
matrix notation, because we assume it is familiar to you. Later we will see that matrix notation is notideal
for tensor algebra.

Example 1. Magnetic Susceptibility

We assume you are familiar witusceptibility of magnetic materials: when placed in arfiéld,
magnetizable (susceptible) materials acquire a magnetization, which adds to the rediiglithg IB simple
cases, the susceptibility 6 is a scalar, and
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M =cH where M is the magnetization,
c is the susceptibility, and
H is the applied magnetic fiel

The susceptibility in this simple case is the same in any direction; i.e., the material is isotropic.

However, there exist materials which are more magnetizable in some directions than others. E.g.,
imagine a cubic lattice of axialgymmetric molecules which are more magnetizable along the molecular
axis than perpendicular to it:

oOo  oQo oo
K : :
< M
8 oOo  oQo oo e M H
2 1 i
51 @ o@e oo H
%T X X X
S /
= oOo  oQo oo

Gy = 2 Gy=1 G,=1

more magnetizable

Magnetization,M, as a function of external fieldH, for a material with a tensamalued
susceptibility,G.

I n each direction, the magnetization ixdgiregtionoti@or t i onal
yorz Inthis example, for an arbitrary-tield, we have

Qo
N

<
]
T

M =(My,My,M,) {2H,H H ) or

O . O
P o O
1-O:0: O: Ot

®
2A
Y

Note that in generaM is not parallel tdH (below, dropping the z axis for now): |

H

M = (2H, H,)

X

M need not be parallel td for a material with a tenseralueda.

ButM is a linear function oH, which means: M (kH,+H,) 2 {H ) M@ ,).

This linearity is reflected in the fact that matrix multiplication is linear:
82 0 035 230 0 8 2 @ O

(K +H @10@41 ) k=0%1 oH,J & Ea,
0109 oo 1 2 0 @1

KM H+).

|OCED: O

The matrix notation might seem like overkil, sineés diagonal, butit ionlydiagonalin this basis of
X, Yy, andz We 61 | see in a moment what happens when we ch:
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matrix gj really means. Recall the visualization of pn@ltiplying a vector by a matrix: a matrixtimes a
column vectoH, is a weighted sum of the columns®f

ngx Xy sz X g (g, ?g Qy g é, QZ
U, = U e
G Hzecyx Cy Cy v U H, % y€C vy uH+2é Gz
8. €, C.fHal &8 U, &0

We can think of the matrizkas a set of 3 column vectors: the first is the magnetization vectdrfax; the

2nd column isM forH = ey; the 39 column isM for H = e,.. Since magnetization is linear i, the
magnetization for anyd can be written as the weighted sum of the magnetizations for each of the basis
vectors:

MH)=HME,) HM (ey) HM € ) where e ,e e are the unit vectorsin y ;.

This is just the matrix multiplication abové! =6 F. (Wedre writing all indexes as
on we 01 IM,csa@dH sholdebe indexed ad ', ¢}, andH ')

Now | et 60s c h a,bB,@etodomes, e;xs, definedbelow. We use a simple transformation,
but the 12-3 basis imotorthonormal:

y 2 ce,
/ ae,
& 1 be,
& / —_— g | /de,

X &

€
o

old basis new basis

Transformation to a nenrthogonal, nomormalbasisei andez are in thex-y plane, but are neither
orthogonal nor normal. For simplicity, we cho@se e,. Here b andc are negative.

To find the transformation equations to the new basis, we first write the old basis vectors in the new
basis. Wedve chosen f or xgplang Wwith théz-axis unaharigegda nsf or mat i on

e =ag g § c¢ dig £ 4

Now write a vectoly, in the old basis, and substitute out the old basis vectors for the new basis. We see that
the new components are a linear combination of the old components:

v=ve, We, we, \5ag be) vfice dg+ v e+
ey ey

=(av toy)e by dy)e, we v ver yad
Y vi=ay ey, v by dy, y

Recall that matrix multiplication is defined to be the operation of linear transformation, so we can write this
basis transformation in matrix form:
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&, gda c 0@, 9 aé gc & G
2 U u é u e U
g\/z Uz’d Ogy g:"xgb g‘di, dév%O.
s BD 0 18, U éogl goé gy
e e e

x

p4

I The columns of the transformation matrix are the old basis vectors written in the new bas’is.

This is illustrated explicitly on the right hand side, which is jug, +v,e, +,e,.

Finally, we look at how the susceptibility mataxtransformsto the new basis. We saw above that the
columns ofe are theM vectors forH = each of the basis vectors. So right away, we must transform each
column ofc with the transformation matrix above, to convertit to the new basis. Since matrix multiplication
A-B is distributive across the columns Bf we can write the transformation of all3 columnsin a single
expression by prenultiplying with the above transformation matrix:

da ¢ 0% aaco 26@ 0 Zacf_)céo
Step 1ofc""? GinnewbasisziJ d OOG b d o0 @3 0 hg d

0 & 0 ae
@017 0Q010+@1 ;091
But wedre not done. This first step expressed the
the RHS (right handside) are stiltM®d s f or b &, sjies Instead, wemeed the columnsdf'to
be theM vectors forey, e2, €. Please dono6ét get bogged down yet in the

similarly to how we transformed the column vectors. We transform the contributidvi Siiee toey, ey, &
to that due te: by writinge: in terms ofey, ey, &

e =eg +fg Y MH g) eM(H efF fMEH e).
Similarly,

e,=gg g Y  MH 8) gMH gF hM{H e

e =g Y M(H =) M(H ej

Essentially, we need to transform amongthe columns, i.e. transform the mwEbldse two transformations
(once of the columns, and once of the rows) is the essence of 2 tenkor:

A tensor matrix (rani2 tensor) has columns that are vectors, and simultaneously, its rows arg also
vectors. Therefore, transforming to a new basis requires two transformations:
once for the rows, and once for the columns (in either order).

[Aside: The details (which you can skip at first): We just showed that we transform usingetszof our
previous transformation. The reason for the inverse is related to the up/down indexes mentioned earlier; please be
patient. In matrix notation, we write the row transformation as-puodtiplying by the transpose of the needed
transformation:

% c 06230 0 e 8 0' @ c & 20 08 g O
. 0y, o] _ 4,0
Final G”ewgdooaeo%@o_tbd§01§§ho
P o 1%F0 1 RF 1 8 o0& 0020 o
]
[Another aside: A directiol e penden't susceptibility requi-2tensor G to be pr

(skipping any rankl tensor). This is necessary because a@amsor (a scalar) and a radkensor can both act
on a vector i) to produce a vectoM). There is no sense to a rahKvector) susceptibility, because there is no
simple way a rarid tensor (a vector) can act on another veetdo produce an output vectdd. More on this
later.]
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Example 2: Mechanical Strain

A second example of a tensoris the mechanicalstrain tensor. When | push on a deformable material, it
def or ms. A simple model is just a spring, with Hooke

1
Dx = ‘leapplied'

We write the formula with a plus sign, because (unlike freshman physics spring questions) we are interested
in how a body deforms whemeapply a forcdo it. For anisotropic material, we can pushin any direction,
and the deformation is parallel to the force. This makes the above equation a vector equation:

Dx =sF where s = the strain constar.

==

Strain is defined as the displacement of a given point under forBegedsis the force per unit area
applied to a body. Stress produces strain.] In an isotropic material, the stress constant is a simple scalar.
Note that if we transform to another basis for our v
definition of a scalar:

A scalaris a number that is the same in any coordinate system. A scalar istatemskr.

The scalar is unchanged even in a fwotho-normal coordinate system.

Butwhat if our materialis a bunch of microscopic blobs connected by stiff rods, like atomsin a crystal?

O (\k F)O
6 o o
OJ ¢ O
C @ @
O O f\)

(Left) A constrained deformation crystal structure. (Middle) The deformation vectais not
parallel to the force. (Right) More extreme geometries lead to a larger angle between the force and
displacement.

The diagram shows a 2D example: pushinginxtd&ection results in botkandydisplacements. The
same principle cxowth sbmea cermporentinto the page.3Hdr smpall deformations, the
deformation idinear with the force: pushing twice ashard results in twice the displacement. Pushing with
the sum of two (not necessarily parallel) forces results in the sum of the individual displacements. But the
displacement imot proportionalto the force (because the displacement is not parallel to it). In fact, each
component of force results in a deformatigettor Mathematically:

&, & &y @ &, 0 53 S, S; F§ o
g u_¢€e u_¢é" & 0¢

Dx =Fxé9yx l]Fy €Syy UF'Z"eSyz U8 Sy Sy OF)e SE:'
RO SR S A = %
S 0 6% 0 B 0By s, s, O

S

Much like the anisotropy of the magnetization in the previous example, the anisotropy of the strain requires
us to use a ranR tensor to describe it. THmearity of the strain with force allows us to write the strain
tensor as a matrix. Linearity also guaranteesthatwe can changeto another basis using a method similar to
that shown above for the susceptibility tensor. Specifically, we must transform bothluhens and the
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rows of the strain tensar Furthermore, the linearity of deformation with force also insures thatwe can use
nonorthonormal bases, just as well as orthonormal ones.

When Is a Matrix Not a Tensor?

| would say that most matrices arettensors. A matriis a tensor when its rows and columns are both
vectors. This implies thatthere is a vector space, basis vectors, and the possibility of changing basis. As a
counter example, consider the following graduate physics problem:

Two pencils, an eraser, and a ruler cost $2.20. Four pencils, two erasers, and a ruler cost $3.45. Four
pencils, an eraser, and two rulers cost $3.85. How much does each item cost?

We can write this as simultaneous equations, and as shorthand in matrix notation:

2p+e # 220 &2 1 1 gpe @20¢
4p+2e + 345 or 4 2 1ge3 445,
4p+e 2r 885 @1 16& a0 @85,

It is possible to use a matrix for this problem because the problemlta¢@scombinationsf the costs of

3 items. Matrix multiplication is defined asthe process of inear combinations, which is the same process as
linear transformations. However, the above matrinata tensor, because there are no vectors of school
supplies, no bases, and no linear combinations of (say) part eraser and part pencil. Therefore, the matrix has
no welldefined transformation properties. Hence, it is a lowly matrix, but no tensor.

However, later (in fAWe Donot Need No Stinking Metri
canform a vector space out of seemingly unrelated quantities.

Tensor Foundations

Heading In the Right Direction
An ordinary vector associatesnambemwith each direction of space:
VEvk vy Evz.
The vectow associates the numbewith thex-direction; it associates the numbegwith they-direction,
and the number; with the z-direction.

The above tensor examples illustrate thsibaature of a rank tensor:

A rank-2 tensolassociates &ectorwith each direction of space:

Some Definitions and Review

These definitions wildl make more sense as we go alo
fordinaryo vector = cont foptensori ant vector = contravect
1-form = covariant vector = covector &) tensor. (Yes, there are 4 different ways to say the same thing.)

covariant the same. E.g., General Relativity says thatthe mathematicalform of the laws of physics
are covariant (i.e., the same) with respect to arbitrary coordinate transformations.
This is acompletely different meanimgf ficovarianto than the one a
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rank The number of indexes of a tensdt;is a rank2 tensorRju is a rank4 tensor. Rank is
unrelated to the dimension of the vector space in which the tensor operates.
MVE mathematical vector element. Think of it as a vector for now.
Caution: a rankq) tensor is a form, but a rank%) tensor is notalwaysaf2o r m. [ Donét worry

it, but just for completeness, af@m (or anyn-form) has to be fully ansymmetric in all pairs of vector
arguments.]

Notation:

(a, b, ¢) is a row vector; g, b, ¢)Tis a column vector (the transpose of a row vector).

To satisfy our pathetic word processor, we writg) (, even though the &édmdé is sup
above the 6nb.
T is a tensor, without reference to any basis or representation.
T is the matrix of components @f, contravariantin both indexes, with an understood basis.
T(v, w) is the result ofl acting onv andw.
vV or v are two equivalent ways to denote a vector, without reference to any basis or representation.

Note that a vector is a rariktensor.

aora-~ are two equivalent ways to denote a covariant vector (aflcanmt), without reference to
any basis or representation

aj the components of the covecterf@rm) a, in an understood basis.

Vector Space Summary

Briefly, a vector spacecomprises dield of scalars, agroup of vectors, and the operation of scalar
multiplication of vectors (details below). Quantum mechanical vector spaces have two additional
characteristics: they definedat producbetween two vectors, and they define linear operators which acton
vectors to produce other vectors.

Before understandingtensors, it is very helpful, if not downright necessary, to understand vector spaces.
Quirky Quantum Conceptsas a more complete description of vector spaces. Hereig/brief summary:
avector spacecomprises dield of scalars, ajroup of vectors, and the operation of scalar multiplication of
vectors. The scalars can be any mathematical dAfield
numbers (e.g., quantum mechanics). For a given vector space, the vectors are a clags ofticim can be
one of many possibilities (physicalvectors, matrices, kets, bras, tensors, ...). In particular,the vewtbrs are
necessarily lists of scalars, nor need they have anything to do with physical space. Vector spaces have the
following properties, which allow solving simultaneous linear equations both for unknown scalars, and
unknown vectors:

Scalars Mathematical Vectors

Scalars form a commutative group Vectors form a commutative group
(closure, unigue identity, inverses) undq (closure, unigue identity, inverses)
operation +. under operation +.

Scalars, excluding 0, form a commutati
group under operation: ().

Distributive property of (- ) over +.

Scalar multiplication of vector produces another vector.

Distributive property of scalar multiplication over both scalar + and vector +.

With just the scalars, you can solve ordinary scalar linear equations such as:
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81Xt 8% tay X B0

)\
A1 Xt X, .. A& ) . . .
. 217 ?2 2 _2] u u written in matrix form as ax=c.

At A% tdn X T
Al the usual met hods of l'inear algebra work t

elimination, etc. With the whole vector space, you can solve simultaneous Viretor equations for
unknown vectors, such as

VitV , tayv, 1

w
AV tayV, t.azv, W

a
i
u written in matrix form as av=w,
7

8uVitanV, .8V, Wiy

wherea is again a matrix of scalars. The same methods of linear algebra work just as well to solve vector

equations as scalar equations.
Vector spaces may also have these properties:
Dot productproduces a scalar from two vectors.

Linear operators act on vectors to produce other vector

The key points of mathematical vectors are (1) we can form linear combinations of them to fnake
other vectors, and (2) any vector can be written as a linear combination of basis vectors:

V= (Vl , VZ ,V3) = Vlel +V262 +V363
where e1, e, ezare basis vectors, and
vi,v2, V3 are thecomponentsf v in theer, ez, e3 basis.

Note thatvl, v2,v3 arenumberswhile e1, e2, ez arevectors There is a (kind of bogus) reason why basis
vectors are written with subscripts, and vector

Thedimension of a vector spacé|, is the number of basis vectors needed to construct every vector in
the space.

Do not confuse the dimension of physical space (typically 1D, 2D, 3D, or (in relativity) 4D
with the dimension of the mathematical objects used to work a problem.

For example, a33 matrix is an element of the vector space 313 3natrices. This is a-B vector space,
because there are 9 basis matrices needed to construct an arbitrary matrix.

compo

Given a basis, components are equivalent to the vector. Components alone (without a basis) are

insufficient to be a vector.

[Aside: Note that forposition vectors definediby (r, d, f), r, d, andf arenotthe components of
a vector. The tip off is that with two vectors, you edwaysadd theircomponents to get another vector.

Clearly, ry +r, ,(rl 5,9, & f 2)4 so ¢, d, f) cannotbethe components of a vector. This failure

to add is due to being a displacement vector from the origin, where there is no consistent basis: e.g.,
whatiser atthe origin? At pointsffthe origin, therésa consistent basie:, eq, ander are welldefined.]

When Vectors Collide
There now arises a collision of terminology: t

3-or4space, but to a mathematician, Afve-spacerTbesesgea ns

two different meanings, butthey share aecnon aspect: linearity (i.e., we can form linear combinations of

o a p

an e

vectors to make other vectors, and any vector can be written as a linear combination of basis vectors).

Because of thatlinearity, we can have general#atdnsors whose components are arbitrary elements of a
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mathematicalvectespace. To make the terminology confusion worseMarignsor whose components are
simple numbers-el emiens @&l fospacd ol tewserm t o r

Mathematical vecteelements of a vector space are much more generalthan physicalvectors (e.g. force,
or velocity), though physical vectors and tensors are elements of mathematical vector spaces. To be clear,
we 6 | MVEuts refer to a mathematicalvecterl e ment of a vector space, and fv
physics vector (3/ector or 4vector). Recallthat MVEs are usually written as a set of componentsin some
basis, just like vectors are. In the beginning, we cecal the input MVESs to be vectors.

I f youbére unclear about what an MVE is, just think
ATensorso vs. fASymbol so

There are lots of tensors: metric tensors, electromagnetic tensors, Riemann tensors, etc. There are also
fisymbol-6i witavsymbols, Christoffel symbols, etc. Wh a |

Symbols look like tensors, in that thepve components indexed by multiple indices, they are referred to
basis vectors, and are summed with tensors. But they are defined tgpeifeccomponents, which may

depend on the basis, and therefore symbols dondét <cha
symbols ar@mot geometric entities, with a meaningin a manifold, independent of coordinates. For example,
the LeviCivita symbolis defined to have specific constant componerttma s e s . It doesnbdt fc

usual changef-basis rules. Therefore, it cannot be a tensor.

Notational Nightmare

If you come from a differential geometry background, you may wonder about some insanely confusing

notation. tixdo aedxdadfeact wd haitf flerent things:
dx = (dx dy, d2 is avector, bu
dx = B(r) is al form

We dondét use the second notation (or exterior derivat
Geometry chapter.

A Short, Complicated Definition

It is very difficult to give a short definition of a
what a tensor is. Nonet heless, youbve got to start s
right direction, butitmaynotmk e complete sense at first (dono6t get h

A tensor is an operatoron one or momathematical vector element§MVES), linearin each operand
which produces another mathematical vector element.

The key point is this (which we describe in more detail in a moment):

Linearity in all the operands is the essence of a tensor.

I should add thatthe basis vectors for all the MVEs must be the same (or tensor products of the same)
for an operator to qualify as a tensor. But thatods t
later.

Note thatascalar(i.e., a coordinatsysteminvariant number, but for now, just a number) satisfies the
definition of a fAmathematical vector element. o0

Many definitions of tensors dwell on the transformation properties of tensors. This is mathematicaly
valid, but such definitions give no insight into the use of tensors, or why we like them. Note thatto satisfy
the transformation properties, all th@int vectors and output tensors must be expressed in the same basis (or
tensor products of that basis with itself).

Some coordinate systems require distinguishing betweetravariant andcovariant components of
tensors; superscripts denote contravariant components; subscripts denote covariant components. However,
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orthonormalpositive definite systems, such as the familiar Cartesian, spherical, and cylindrical systems, do

not require such a distinction. So for now, letds ig
properly represents both contravani@nd covariant components. Thus, in the following text, contravariant
components are written with superscripts, and covaria

care right now. Just think of them allas components in an arbitrargdioade system.

Building a Tensor

Oversimplified, a tensor operates on vectors to pro
which accepts (operateson)twev3e ct ors t o produce a scal a2tensor)( Wedl | S €
Let the tensoT acton vectora andb to produce a scalas, in other words, this tensor is a scalar function
of two vectors:

s=T(a, b).

Call the first vectorn = (al, a2, a3) in some basis, and the second vebter(bl, b2, b3) (in the same basis).
A tensor, by definition, must be linear in battandb; if we doublea, we double the result, if we triple,
we triple the result, etc. Also,

T@+cghb)=T(@,b)+T(c,b), and T(@a,b+d)=T(a, b)+T(a,d).

So the resulmustinvolve at least the product of a componenaafith a component olb. Letds say th
tensortakea?bl asthat product, and additionally multiplies it by a const&nt, Then we have built a tensor
acting onaandb, and it is linear in both:

T(a,b) =T,a°b" Example: T4b) &°H.

But, if we add to this sometherweighted product of sometherpair of components, the result is still a
tensor: it is still linear in both andb:

T(a,b) =Tab® +T, &b Example: T4b) 4dpB 72h.

In fact, we can extend this to the weighted suralbfombinations of components, one each feandb.
Such a sum is still linear in bothandb:

3 3 (,,}2 6 4
Tab)=d AaTadb Example: | &7 5 =1.
=1 j 4 66 0 8

Further, nothing else can be added to this that is linemaimdb.

A tensor is the most general linear functioraatndb that exists,
i.e. any linear function od andb can be written as a3 matrix.

(Weoll s mek oftatlieasbr istedual to the number of its indicEss a rank2 tensor.) Thdj; are
thecomponentsof the tensor (in the basis of the vectaesndb.) At this point, we consider the components
of T, a, andb all as just numbers.

Why does a tensor have a separate weight for eagtbinationof components, one from each input
mat hematical vector element (MVE)? Couldnét we just
that would restrict tensors to ordgpmelinear functions of the inputs.

Any linear function of the input vectors can be represented as a tensor. |

Note thattensors, just like vectors, can be written ascomponentsin some basis. And just like vectors,
we can transform the components from one basis to another. Such a transformatiootdbasge the
tensor itself (nor does it change a vector); it simply changes how we represent the tensor (or vector). More
on transformations later.

Tensors dond6t have to produce Iscalar res
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Some tensors accept one or more vectors, and produce a vectorfor a result. Or they produce some rank
r tensor foraresult. Ingeneral, aramk ensor mdcoepteo®rd as inpubhis and pro
tensor as a result. Since anytensoris anelement of a mathematicalvector space, tensors can be written as
linear combinations of other (same rank & type) tensors. So even when a tensor produces another (lower
rank) tensor asan output,thetensagis i | | a |linear function o fvaleed | its inj
function, instead of a scal¥alued function. For example, the force on a charge:fiel® operates on a
vector, o, to produce a vectofr, Thus, we can think of the-Beld as a rank tensor which actson a vector
to produce a waleet farctiondof bn@gectar. vect or

Al so, in general, tensors arenodt | imiteldtensos taking |
as inputs. For example, the quadrupole momenttensoroperates dddeavative matrix of the potential
(therank2 AiHessiano tensor) to produce the (scalar) work s
matrix in quantum mechanicsis a raBkensorthat acts on an operator matrix (r2riknsor) to produce the
ensemble average of that operator.

Tensors in Action

Let 6s c on sdi0damkl, amdbrami?r a mlnsors operate on a s-ingle ve
talk, o6 a scalar is an invariant number, i.e. it is t

Rank-0: A rank-Otensoris a scalar,i.e. a coordinaystemindependent number. Multiplying a vector
by a rankO tensor (a scalar), produces a new vector. Each component of the vector contributes to the
corresponding component of the result, and each comypaneeightecequallyby the scalam:

V=vi oW ¥k V o oav af af dér

Rank-1: A rank-1tensoraoperateson (contractswith) a vector to produce a scalar. Each component
of the input vector contributesraumberto the result, but each component is weighsegharatelyby the
corresponding component of the tenaor

3
av)=av Vv 8V G av.
i=1
Note that a vectoris itself a ratiktensor. Above, instead of consideriagcting ornv, we can equivalently
consider that acts ona: a(v) =v(a). Bothaandv are of equal standing.

Rank-2: Fillng one slot of a rard tensor with a vector produces a new vector. Each component of
the input vector contributesi@ctorto the result, and each input vector component weighierentvector.

column 3

column 1
column 2 v

@) (b) (©)

(@) A hypotheticalrard2 tensorwith am-vector (red), a-vector (green), andavector (blue). (b)

The tensoractingon the vector (1, 1, 1) producing a vector (heavy black). Each component (column)
vector of the tensor is weighted by 1, and summed. (c) The tensor acting on the vector (0, 2, 0.5),
producing a vector (heavy blackjhex-vector is weighted by 0, and so does not contributeythe
vector is weighted by 2, so contributes double;zhector is weighted by 0.5, so contributes half.
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éB*, B, B

P € ] é u e u g
—R v =RY y y o S i = VN B S v EBY
B(_v)=BV =B’ B’ B, \Va B, o VB, [V EBR,
€R? z z W% uep’ .U ép’ u ép? .
&% B B\z){’}’e ueB g 8By U 8By
az 8 &, .0 %a, .
=BV BV BV a4 BVig a’Vvi o £§9/‘ k
Gi=t - g H E ¢

The columns ofB are the vectors which are weighted by each of the input vector componénts,
equivalently, the columns of B are the vector weights for each of the input vector components

Example of a simple rank2 tensor: the momenof-inertia tensor, 1;;. Every blob of matterhasone.
We know from mechanics that if you rotate an arbitrary blob around anarbitrary axis, the angular momentum
vector of the blob doesotin general line up with the axis of rotation. So what is the angular momentum
vector of the blob? Itis a vectomlued linear function of the angular velocity vector, i.e. given the angular
velocity vector, you can operate on it with the momefiinertia tensor, to get the angular momentum vector.
Therefore, by the definition of a tensor as a linear operation on a vector, the relationship between angular
momentum vectorand angularvelocity vectorcan be given as a tensor; it is the rodrimentiatensor. It
takesasaninputthe angularvelocity vector,and produces as output the angular momentum vector, therefore
it is a rank2 tensor:

(¥, )= L, ( . O xKE.

[Sincel is constantin the blob frame, it rotatesin the lab frame. Thus, in the lab frame, the above equations
are valid only at a single instant in time. In efféds, a function of timel(t).]

[?? This may be a bad example, sithde only aCartesian tensor [L&L3, p ?7?], which is not a real tensor.
Real tensors candt have finite displacements on a curved
to get the kinetic energy, you have to use the metric to coniplterls there a simple example of a real Kk
tensor??]

Note that some ranR tensors operate dwo vectors to produce a scalar, and some (lkean either
act on one vector to produce a vector, or act on two vectors to produce a scalar (twice the kinetic energy).
More of that, and higher rank tensors, later.

Tensor Fields

A vectoris a single mathematicalobject, but it is quite common to defieédaf vectors. Afield in
this sense is a function of spacevéctor field defines a vectorfor each point in a space. For example, the
electric field is a vectevalued function of space: at each point in space, there is an electric field vector.

Similarly, a tensoris a single mathematical object, butitis quite common to déifineaf tensors. At
each point in space, there is a tensor. The metric tensor field is a-terised function of space: at each

point, there is a metric tensor. Al most universally,
when yanetsdy ftensor, o everyonefields eWhperrtyadutoa Kk nforwmo inée
inertia tensor,0 everyone is expected to know it is a

Tensors? What Good Are They?

Dot Products and Cross Products as Tensors

Symmetric tensors are associated with elementioy producs, and antsymmetric tensors are
associated with elementary crga®ducts.
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A dot product is a linear operation on two vectés3 = B-A, which produces a scalar. Because the
dot products a linear function of two vectors, it can be written asa tensor. (Recadlhbrtear function
of vectors can be written as a tensor.) Since it takes twotaaksors, and produces a rahkensor, the
dot products a rank2 tensor. Therefore, we can achieve the same resultdas @oductwith a rank2
symmetric tensor that accepts two vectors and produces a scalar; call thigtensor

9(A,B)=g(B.,A).
@6 i s craetrit terdor: it praduces thelot produc(aka scalar product) of two vectors. Quite often,
the metric tensor variesith position (i.e., it$ a function of the generalized coordinates of the systibm@n

it is a metric tensdield. It happensthatthootproducts symmetricA-B=B-A.; thereforegis symmetric.
If we write the components gfas a matrix, the matrix will be symmetric, i.e. it will equalits own transpose.

(Do | need to expand on this??)

On the otherhand, a cross productis anayrtimetric linear operation on two vectors, which produces
anothervectoA3 B= BPR A. Therefore,we can associate one vectorBsawth a rank2 antisymmetric
tensor, that accepts one vector and produces another vector:

B(_,A) BAI).

For example, the Lorentz force laf=v 3 B. We can writeB as a 1) tensor:

i ] K &0 B, -B, & 3232\#- B, V*
F=vxB=|v' v/ V| 8B(_v) &V 2:5- 0O B 8\7 Eg 8Y- B
B, B, B €B, -B 0 g,z BgByVX‘ BV

We see again how a ratiktensorB, contributes avectorfor eachcomponenof v:
B'xe = Bij + Byk (the first column oB) is weighted bw*.
B'ye =B/ T Bk (the 24 column ofB) is weighted by.
B';& = Bji + By (the 39 column ofB) is weighted b2

AZ AZ

/ ‘ B =B,-BKk /

A rank-2 tensor acting on a vector to produce their cprssiuct.

TBS: We can also think of the cross product as a fully-syrtimetric rank3 tensor, which acts on 2
vectors to produce a vector (their cross product). This iattiesymmetric symbolejk (not a tensor).

Note that both theot productand crossproduct are linear on both of their operands. For example:
(aA+ g) B a4 B)O ((gB)
A@sB +#) =m B)O (ArD)

I Linearity in all the operands is the essence of a tensor.
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Note also that catrabts wintkhd @ifs astmmedrover) a Aranko o
eliminate both of them: one rank of the€iBld tensor contracts with one input vector, leaving one surviving
rank of the Bfield tensor, which is the vector result. Similarly, one rank of th&im&ensor,g, contracts

with the first operand vector; another rankgodontracts with the second operand vector, leaving a®ank
(scalar) result.

The Danger of Matrices

There are some dangers to thinking of tensors as mat
and (2) norcommutation of matrix multiplication is harder to follow than the mexelicit summaton
convention. Nonetheless, the matrix convensiare these:

f contravariant components and basis covectors (fiup

eV, o @el
_é& u : . €,
V= g\/2 U basis 1-forms: ées
&v; H &
f covariant components and basis contravectors (fido
w = (W, W, W), basis vectors(e, e, ).
Matrix rows and columns are indicated by spacing of
or Adownness. 0 The first matrix index is always the
T, T° T, T* where =row index, ¢ =column inde.

Reading Tensor Component Equations : Index Notation
Tensor equations can be written as equations with tensors as operators (written in bold):
KE = 2I(¥, ¥).
Or, they can be written in component form:
(1) KE = %lij¥' ¥l .

We 61 | be using lots of tensor equations written in co
them. Note that some standard notations almesgtirecomponentform: In GR, the Ricci tensoiR&’, and
the Ricci scalar iR

Gmn: R mn_l Rg
2
In component equations, tensor indexes are written explicitly. There are two kinds of tensor indexes:
dummy (aka summation)indexes, and free indexes. Dummy indexes appear exactly twice in any term. Free
indexes appearonly once in each term, and thredfaee indexes must appearin each term (except forscalar
terms). In the above equation, bathnds are free indexes, and there are no dummy indexes. In eq. (1)

abovej andj are both dummy indexes and there are no free indexes.
Dummy indexes appear exactly twice in any teamdare used for implied summation, e.g.
1 13 3, .
KE=-l,Ww ! KE =Za al, w'
2 = s

Free indexes are a shorthand forwriting severalequationsatonce. Each free index takeson all possible
values forit. Thus,

C'=A +8 1 C A By C AKA=B, + C A B {3equations,

and
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Goo = Roo _; Rano G1 Fn %‘ Ry G2 R —; R, Gs '3_; R¢
Gy = Ry —; Rao G; R %‘ R4, G R —; Rg, Gs Rz__; Rg
Gao = Ryo _; Rapo Gy Ry %‘ Ry G, R _; Rg, Gs 33_“; R¢
Gs0 = Ryp %R%O’ G = Ry _; Ry G, Ry _; R@, Gs %3_; -Rg

(16 equations).

Itis common to have both dummy and free indexes in the same equation. Thus the GR statement of
conservation of energy and momentum wsas a dummy index, angdas a free index:

3 3 3 3
b, 1" =0 1 a pP”o= a3 JIB"0,=83 IO =43 T°B.
me0 mo I b=
(4 equations). Notice that scalars apply to all wvalu

However, any free indexes must match on all tensor terms. It is nonsense to write something like:
A'=B +C (nonsense)
However, it is reasonable to have

A =BC E.g., angular momentumM =t p ¢ p.

Tensor Operations

Adding, Subtracting, Differentiating Tensors

Since tensors are linear operations, you can add or subtract any two tensors that take the same type
arguments and produce the same type result. Just add the tensor components individually.

S=T WU E.g. s F &, ij 1L=N.

You can also scalar multiply a tensor. Since these properties of tensors are the defining requirements
for a vector space, all the tensors of given rank and index types compose a vector space, and every tensor is
an MVE in its spaceThis implies that:

I A tensor field can be differentiated (or integrated), and in particular, it has a gradient.

Higher Rank Tensors

When considering higher rank tensors, it may be helpful to recall thatdimlkénsional matrices can
be thought of as lowadimensional matrices with each elementitself a vectoror matrix. For example,a 3 x
3 matrix can be t homudg haf-ve@orsabatriamuftigication works autethe same
whether you consider the 3 x 3 matrix as-B thatrix of numbers, or a-D column vector of row vectors:
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éa b 2
(x y z)gd e f%(ax+dy +gz bx ey hz cx #y )iz
g h i@

or N
(‘?(a,b,c) 2

(x v 2%den Y xabprydey +zohi(=ax @y gz bx ey ha ox fy
&(.hi) @

Using this same idea, we can compare the gradient of a scalar field, whict)igemgor field (a 1
form), with the gradient of a rark (say {2)) tensor field, which is &4) tensor field. First, the gradient of a
scalar field is a%) tensor field with 3 components, where each component is a newahexd function:

pf =0 41 —-E 2 —-}-‘lw? % ¥ s@re basis (co)vectol
X
, Hf f1 fu
D can be written a here ==, —_ —
5'11 DZ D3 W D.I. ux D2 M @3 Zu
The gradient operates on an infinitesimal displacement vector to produce the change in the function when

you move through the given displacemendf = D(dr) -Ji dx 4E dy dfkud:.
pX M s

Now let R be a ?.) tensor field, and be its gradient.T is a £3) tensor field, but can be thought of asa
(1) tensor field where each component is itseRaténsor.

-

x-tensor y-tensor z-tensor

Figure 19.1 A rank-3tensor considered as a set of 3 r&rtknsors: ar-tensor, -tensor, and a
z-tensor.

The gradient operates on an infinitesimal displacement vector to produce the chang@intémsgr
field when you move through the given displacement.

T=m Ryl —%XZ —%l?

%
%eTllx Tiox 1:«><u ngly Ty Tiy unglz T2, T3z u.
u

=%T21x Toox Toax UeTZly Tooy T23y “9T21z T22; T232\
: 9

(;%r?)lx Taox Tax ugTaly Tpy T 33yu BT31z 327 T3z @
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T V¥

N ,

T V?

ijz

dR=T(V) = & T\ a (dRy V.

k=xy,2

Note thatifR had been &4) (fully contravarian) tensor, then its gradient would be?g (ixed tensor.
Taking the gradient of any field simply adds a covariant index, which can then be contracted with a
displacement vector to find the change in the tensor field when moving through the given displacement.

The contraction considerations of the previous section still apply: a rank of an tensor operator contracts
with a rank of one of its inputs to eliminate both. In otherwords, each rank of input tensors eliminates one
rank of the tensor operator. The raofkhe result is the number of surviving ranks from the tensor operator.

rank¢ensor):(é_ rank(inputs) +rank(result)

or rankfesult)= rank¢ensor) (a rananputs))

Tensors of Mathematical Vector Elements The operation of a tensor on vectors involves multiplying
components (one from the tensor, and one from each input vector), and then summing. E.g.,

T@b)=Tuab +. §4dH

Similar to the above example, thigcomponentsould themselves be a vector of a mathematical vector
space (i.e., could be MVEs), while theandb components are scalars of that vector space. Inthe example
above, we could say that each of W&, Tij;y, andTij;zis a rank2 tensor (an MVE in the space of rahk
tensors), and the componentsvadre scalars in that space (in this case, real numbers).

Tensors In General

In complete generality then, a tenJois a linear operation on one or more MVESs:
T(a, b, ...) that returns an MVE (another tensor) as a result

Linearity implies thafl can be written as a numeric weight for exoimbination otomponents, one
component from each input MVE. T b egsivalertttb & weigitedn ear op e
sum of all combinations of components of the input MVEs. (Sinead thea, b, ... are simple objects, not
functions, there is no concept of derivative or integral operations. Derivatives and integrals are linear
operation®on functionsbut not linear functions of MVES.)

Given the components of the inpatd, ..., and the componentsdf we can contradit with (operate
with T on) the inputs to produce a MVE result. Note thatallinput MVEs have to have the same basis. Also,
T may have units, so the output units are arbitrary. Note that in generalized coordinates, different components
of a tensor may have different units (much like the vector paranreaedd have different units).

Change of Basis: Transformations

Since tensors are linear operations on MVES, we can represent a tensor by components. If we know a
tensords operations on all combinations of b-asis vect
2 tensofT actingon two vectorg andb. We expand ,a, andb into components, using the linearity of the
tensor:
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T@b)=T@i +w3 ak, ot bf )
=a'b'T(i,i) +w°bT (i) &BKi )
+alb?T(i,j) @%b (j) &FKj, )
+alb®T(i k) +a®bT (k) &Kk )
Define T, =T(e,q), Wwhere g =i & 3F & Kk

3

3 3 3
then T@b)=g g dbTE.e)=8 gT;av
i=1 j 2 i=1 j 2
The tensords values on all ¢ compdnentsof theotensor (0 the hasisp ut b a s i
of the input vectors.)

Now | et 6sTtdanatherbdsis.rTmmchange from one basis to another, we need to know how to
find the new basis vectors from the old ones, or equivalently, how to transform componentsin the old basis
to components in the new basis. We write the new basis with praméeshe old basis without primes.

Because vectorspacesdemand linearity, any change of basis can be written as a linear transformation of
the basis vectors or components, so we can write (eq. #s from Talman):

ee=3 Ke =Keg [Tal 2.4.5]

(L'l)ikvk é t)ik\% [Tal 2.4.8]

=z

v =3
k=1
where the last form uses the summation convention. There is a very important difference between

equations2.4.5and 2.4.8. The first is a setwd@orequations, expressing each of trevbasis vectors in
theold basis

[Asi de: Letds | ook more closely at the difference betw
vector equations, expressing each of tt@vbasis vectors in theld basis. Basis vectors are vectors, and hence can
themselves be expressed in any basis:

e = I-1131 +21-92 ’*41'193{J g, alﬁ 329*‘5‘3€

e, = Le +2e %d}i‘j, or more simply, je, b'e& b% e+ b’

—_—) —t—y—)

i
e'y= Lyg +7be, iadé;b fes ctec’erc’g

wheretheab s ar e t he edmothepl basis, thed sofar e t h e ekimthepl basis, and theo f
cds are the exiotmepldbasinnt s of

In contrast, equation 2.4.8 is a set ofuBnberequations, relating the components sfragle vector taking its
old components into theew basis. In other words, in the first equation, we are taking new basis vectors and
expressing them in the old basis (new Y old). I'n the secc
them to the new basis ( olindopp¥siterdiecations: the flrdt takest nevoto @dgtheat i ons go
second takes old to new. So it is natural that the two equations use inverse matrices to achieve those conversions.
However, because of the inverse matrices in these equations, eectppnentear e s ai d to transform fic
(oppositely) to basigectors so they are called contravariant vectors.

I think it is misleading to say that <contravariant vect
impossible. Basis vectors are contravectors, and transform like any other contravector. A vector of (1, 0, 0) (in
some basisjs a basis vector. It may also happen to be the value of some physical vector. In both cases, the
expression of the vector (1, 0, 0) (old basis) in the-basis is the sanje.

Now we can use 2.4.5 to evaluate the componentsiothe primed basis:
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N N N N
Ty =Teiej) =T(fe, ko) & & % LTkene & a° T

k=11 4% k H 1=

Notice that there is one use of the transformation méatfiar each index of to be transformed.

Matrix View of Basis Transformation

The concept of tensors seems cl umsQnceydugdtusedstd , but it
it, tensors are essentially simple things (Tfhédhough it
rules for transformations are prettyeatit. Transforming a rank tensor requires using the transformation
matrix n times. A vector is rankl, and transforms by a simple matrix multiply, or in tensor terms, by a
summation over indices. Here, since we must distinguish row basis from column basis, we put the primes
on the indices, to indicate which index is in the rasis, and which is in the old basis.

%0' g La'o LO'l LO'Z E'3 as é . [}

G hal® M1 E2 FPgad g o
a=ga : €, TR 5 91 22 30 ¢ u® a’ = La

@ uad’’ L't P BPaé g

€3 U&3z0 31 32 30,6 U |

ea UE?_(; L L E a=- a U

Notice that when you sum over (contract over) t wo i
unsummed index. So above whenwe sumovebodds i s i ndi ces, -hasisiveceor. | ef t wit h a

Rank2 example: The electromagnetic field tenBds rank2, and transforms using the transformation
matrix twice, by two summations over indices, transforming both seresgyy indices. This is clumsy to
write in matrix terms, because you have to use the transpose of the transformation matridorrtes
rows; this transposition has no physical significance. In the-Baok higher) case, the tensor notation is
both simpler, and more physically meaningful:

F=sF§ a

GEO0T EOT pO2 £ 0 g | O | 01 02 |0SeEE0p Olp 02p 0f §O 10 20 O

2,;1'0' L1 opl2 p1d ﬂ:_ ro |11 12 |35 10p 11pl2 pI3 g_ o1 1121 g1

é L. qr . . T®e . ) . N ] &® . . ) ,

G20 p21r g2 p23 df 20 21 22 230 pa p2 pn ooz 1222 32

ng'O' F31 p32 g3 Béff_gs'o L31 1372 L3'3gF3;° F3l g2 g3 gf_QO's L1323 33
a Fni n_ L ,/777 L’g: mn

In general, you have to transform every index of a tensor, each index requiring one use of the
transformation matrix.

Geometric (Coordinate -Free) Dot and Cross Product s

Coordinatefree methods use definitions in physical or geometric terms, without reference to any
particular coordinates. For example, in physics, the product gfdhedlel componentsf two vectors has
direct physical meaningand application. Similarly, the familiar vector cross product also has direct physical
meaning. We here introduce some rudiments of coordifraéamethods, and how thiaad tothe familiar
formulasfordot and cross products. From the geometric definitions of cross and dot products, we show this
crucial property of both:

I The bt product anccrossproduct ardineat

The problem with coordinatkased definitions is they give masight

Dot Product: Parallel Components

We define the product of parallel components of two vectors adah@oduct (Figure19.2a):
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dot product The dot product of two vectors is the product of their parallelcomponents, which is a scalar.

All properties of the dot product follow from this geometric definition, including thekvedwn formula for
ortho-normal rectangular coordinates:

asc=3a,c, ta,c #C,
This formula isnota definition; it is aconsequencef the coordinatdree definition.

Figure 19.2b shows graphically thatthe dot productis distributive in two dimensions (2D). Because this
proof is coordinatdree, it is true even in oblique (neorthogonal) nomormalcoordinatesThe full proof
of bilinearity includes showing thathe dot productis also commutative, and commutes with scalar
multiplication:

ac=03a (kdec*(ag.

We leave thatasan exercise. (We examine cross products below, butthere can beproducsin only
two dimensions.)

(a+b-c= @+ byc

a-c=agL
a
/E
—a,_ ¢ c L
(@) (b) (c) 4

Figure 19.2 (a) Dot productis the product of parallel components. (b) Coordime¢groof that
the dot product idistributive in 2D (c) Proof that the dot product is distributive in 3D.

ltés a |little harder to visualize, but it is crucial
coordinate free methods. This linearity is whstifiesthe (coordinatelependentalgebraic formulas for
dot product(and cross produjtwe cannostartwith those formulas, and use them to prove linearity.

For the dot produdh 3D, consider(a+ b)-c, shown inFigure 19.3c. We can always chooseyaaxis

such thathec-y plane contains bothandc. b, however, points partly upward (say) above theplane.

To constructthe componentafor b) parallel toc, construct a plane perpendiculactaand containingthe

tip ofa(orb). Thusthe sum of the parallelcomponents equals the parallelcomponent of the sum. Therefore,
the dot productis linear (iits first factor). Since dot productis commutative, it must be lineés second

factor, as well. Therefore, the dt product is bilinear.

Cross Product: Perpendicular Components

Similarly, though a little more complicated, we can definediss productin coordinate free terms
(Figure 19.3a).

cross product The cross product of two vectors, a, is a vector whose magnitude is the produatés

andabs perpendicular components, andandmshose dire:
and oriented with a rightand screw sense froato a.
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(b) —

Figure 19.3 (a) Construction of a cross produch) (The cross product of a sum: The projection
of b slides its tip to thg-z plane.

For the crosgproduct, first consider the geometric construction of a simple pradadFigure 19.3,a).
We projectainto the plane perpendicular tcand containingd s t ayz pland).t Thig yields, which
is avector We then rotate~ a quarter turn (90 degrees) arounjéh a direction given by the rightand
rule. This vector points in the direction ¢fa. Multiply its length by the magnitude cfto getc3 a.

The righthand rule implies that the cross product is@pthmutative:c3 @ = a C.

Now repeatthis process for the prodatfa + b) (Figure 19.3b). We start by projecting andb onto
they-z plane. As shown, the (vector) sum of the projections equalsthe projection of the sum. Now we must
rotate the projections abotby 90 degrees. Rotationis a linear operator, so the sum of the rotations equals
the rotation of the sum. Hence, the cross product is linear (in the second factor). Since cross productis anti
commutative, it must be linear in the first factor, as w€lloss product is bilinear.

Non-Orthonormal Systems: Contravariance and Covariance

Many systemgannotbe represented with orthonormal coordinates, e.g. the (surface of a) sphere.
Dealing with nororthonormalityrequiresa more sophisticated view géctors andensors, and introduces
the concepts of contravariance and covariate.start with an introduction to coordinafree methods.

Dot Products in Oblique Coordinates

Obligue coordinates (nearthogonal axes) appearin many areas of physics and engineering, such as
generalized coordinatesin classical mechanics, and in the differentialgeometry of relativity. Understanding
how to compute dot products in oblique coorties is the foundation for many physically meaningful
computations, and for the mathematics of contravarian
components of a vector are the ones called the fAcontr

We here give several views of dot products and met
components of a vector, and show why they are useful (and unavoidable). Finally, we show thata gradient
is fAnaturallyo covar i a-dimensionalmanifiolt, whick tisthe arehetypeefallu se a t
higherdimensional generalizations. This section uses Einstein summation, and makes reference to tensors,
butyou need not understand tensors to follow it. In fact, this is a step on the road téandiegstensors.

y yo
-----..«— Covariant

covariant

T y
contra | contra— 1
variant; | variant -\
X (o) b b X () b bx X0

Figure 194 (a) Two vectors in oblique coordinatewith their contravariant components
(b) Geometric meaning of contravariant and covariant components of a vect@or(ttavariant
and covariant componend$ the vector in (b)n a different basis.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 3320f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

In oblique coordinates, we still write a vector as a sum of compo(fEgtsel9.4a).
a=a‘e, a’g where g, g basisvector.

Note that when a distinction is made between contrava
called contravariant, and are written witlsugperscript Thatis, we construct the vectoby walkinga*units
in thex-direction, and theaY units in they-direction, even thougk andy are not perpendicular.

The dot productis defined geometrically, without reference to coordinates, asthe product of the parallel
components of two vectors. We showed earlier, on purely geometric grounds without reference to any
coordinates, thatthe dot product is bilineare(thistributive property holds for both vectors). Therefore, we
can say:

a-b:(axeX ﬁyey)-(bxg( b F;,) ab'e ¢ abe g ¥ e g abte,. (191
In Figure 19.4a, the angle between thxeandy axes igl. If exandeyare unit vectors, thewe have

asb=a"b* +a*bYcosg @&'b*cosg a’b’. (19.2)
In orthonormal coordinates, this reduces to the familiar formula for dot product:

€8 =cosy =0 aly a*b* a'p.
In general, the basis vectors need not be unit magnitude.

For brevity, it is standard to collect all the dot products of the unit vectqi®in) into a matrixge »
This makes it easier to write our dot product:

€& &' § 0

1

9mn” € u
&S 8§80

In our example of unit vectoexandey, and axis angle:

Y ab =y ,gb”" (Einstein summatior.

. &1 cog
mn gCOSQ 1

; . el 0 S XX
In orthonormal coordinatesd,= /2,andg,,,,,=8) 1 ,yielding a-b =a*b* +a¥b¥, as usual.

Because the dot product is commutatiye4s always symmetric. It can be readily shown tipads a
tensor; it is called thmetric tensor. Usually, the dot products of unit vectors that compmgpsare functions
of the coordinatesandy (or, sayr andd). This meansthereis a different metric tensor at each point of the
manifold:

Imn=9 A% Y.

Any function of a manifold is calledféeld, soge £x,Y) is themetric tensor field. Often when people refer
to the fimetric t ensor fiefd Thenneetric temsoafield is dceuciah grdaperty ofany e n s o r
curved manifoldoblique coordinates, or nemormal coordinates

Covariant Components of a Vector

Consider the dot produetf. It is often helpful to consider separately the contributions to the dot
product froma*anda’. From the linearity of dot products, we can write:

a-b:(axex 4ayey)- b &(g ) a¥ g b
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As shown inFigure 19.4b, the quantitieséexob) and(ey- b) are just the componesaf b projected ontdhe

x-axis and thg-axis. We define these quantities astbgariantcomponents ob, written with subscripts

b, ! e.b, by eysb ' ab &b, (19.3)

y
We have not changed the vecbpiwe have simplyelated it tothe axesin a differentway. In comparison:
the Ausual 0 c on tbtisathearojécton dnto theamiptakereparalleltthe (hypefplane
formed byall otheraxes (in this case theaxis). The covariant compondntis the component df along
(projected oto) thex-axis. Note:

To find a from a® andb?, we need the metric tensor;
to find it froma® andbe (orfroma: andb®) we donét need a met|ric or any

Raising and Lowering Indexes: Is there an algebraic way to fils from b*? Of course there is. We
can evaluate the dot products in the definition£l®f3) with the metric tensor:

b teeb =g,,(e)” B 3 ,{10"b" g b’ andsimilarly, & g .
mcompo- e,
nent ofey

We can write bothbx andby in a single formula by using a free index, say

by=9 4. m=xy.

Using the metrictensag o findbefromb®i s cal | ed A | oowkderanalgderdvéatles directly e x
from the metric form of a dot product, thoughlio e s hdétu mi nat e t he geometric meani

asb=g,, " =a (g ,,p,)” a b

1 bm

What is a gradient? The familiar form of a gradient holds, even in curved manifolds:

Bf (x,y) =K f(x Y™ +H f(x Y where ¥, ¥denote covariantcomponer.
HX M

We explaimr*andyYshorty. The components of fiXeen & ¢t Bru/tgamirdei ent ar
@/ yahecontravariant orcovariant components of the gradient vector? We answer that by considering how

we use the gradient in a formula. Consider how the funétiblanges in an infinitesimal step from y) to

(X +dx, y+ dy):

pf ft
df =( B)-(dxe, d Bogx Moy
( B)(dxey m)w e

We did not need to use the metric to evaluate this dot product. Since the displacementdseagy i
contravariant, it fst@didcavarianh Jhereforb, ee wgite hvdth s suldscrigt: O

Bf 1 yf, b” (dx dy} off ( ,,,f) 67 u (Einstein summatior.

In general, derivative operators (gradient, covariant derivative, exterior derivative, Lie derifiative)t ur al | y o
produce covariant vector components (or a covariant index on a higher rank tensor). If our fumation
units of Athings®’ sand matedissplt & edinse nitn cfiotvhairni gasn tp egrr am

Recall that we have written our basis vectors with subscripts, which denote that the coefficients are
contravariant componentsi = a‘e, +ayey d"e,. To write a as covariant components, we use the
covariantbasis vectorg*andxy?:
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a=ax” &Y a,¥.
[There is a bigger story about covariant componentsfamds that we telbelow]

A physical examplecanonical momentum, a derivative of the lagrangian, is a covariant vector:

_ K

p=— where dare the (contravariant) generalized coortts.
K]

For a given motion, we can write tipeas functions of the;: pj(gi). This allows us to calculate the classical
action of mechanics, a physical invariant that is independent of coordinates, without using a metric:

| = S final D (q') dd (Einstein summatior.

i initial

This is crucial becaugghase space has no metricTherefore, there isi0 such things a contravariant
momentump' (theindexic a nnot b .eFufihermore, eieviog the canonicalmomenta as covariant
components helps clarify t hRunkpdezhaniaos Goncepis Noet her 6s t he

Elsewhere, we describe an alternative geometric description of covariant vector componesfisrthe 1

Example: Classical Mechanics with Oblique Generalized Coordinates

Consider the following problem from classical mechanics: a pendulum is suspended from a pivot point
which slides horizontally on a spring. The generalized coordinatea,afe (

faaa A (ag+dg) constant
v (at+da,g+dg)
@9 P constant!
a+da,
y L
L.x dr=dak+dg &

() (b)
Figure 195 (a) Classical mechanical system. (b) Differential area of configuration space

To compute kinetic energy, we need to compuife¢onveniently done in some orthogonal coordinates, say
xandy. We startby converting the generalized coordinatesto the orthonosntabrdinates, to compute
the length of a physical displacement from the changes in generalized coordinates:

x=a 4Hsing, dx da leosgd ¢
y=lcosg, dy =Ilsingd ¢ A
d’ = d¥ +dy =4 24cosy) dadg feod q?q Fsit dg
=da® ®l(cog)dadg ¥d %.

We have just computed the metric tensor field, which is a function of position il ¢onfiguration
space. We can write the metric tensor field components by inspection:

Let xX=a ¥ 7
1 | cosy

2 2 o
d =8 Ag dkdk =da 2¢ d % d?3 q % =
a ag dx oy dadg q i9 \éscosq 2

i=1j 2
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Thenfor velocities:

2 4% ga lleosg) qg #sin)g g g

=a? #l(cos)a g ¥(cod g2 g ¥y sit )3

=a? ®l(cog)aqg ¥ g

Ve =

a1 lcoyy & o Jsd
= &, g X K
?cosq 12 & H:g”

9jj

A key point here is that treEamemetric tensor computes a physicaldisplacement from generalized coordinate
displacements, or a physical velocity from generalized coordinate velocities, or a physical acceleration from
generalized coordinate accelerations, etc., because time is the saamg fgeneralized coordinate system

(no Relativity here!). Note thatwe symmetrize the ctesss of the metricgij = gji, which is necessary to
insure thag(v, w) = g(w, v).

Now consider the scalar product of two vectors. The same metric tensor (field) helps compute the scalar
product fot produc} of any two (infinitesimal) vectors, from their generalized coordinates:

dv@w g(adv, dw) § dv dw.
Since the metric tensor takestwo input vectors, is linear in both,and producesa scalar result, it-B a rank
tensor. Also, sincg(v, w) =g(w, v), gis asymmetric tensor.

No w, |l et 6s define a scalar field as a function of t
K _»
U:Ea -mgcosqg .

Itis quite useful to know the gradient of the potential energy:

p=a a2 Foyg Vv odu  md)r —Haa Yhy.
ha o a g

The gradient takes an infinitesimal displacement veitrter(da, dg), and produces a differentialin the value
of potential energydU (a scalar). FurthedU is a linear function of the displacement vector. Hence, by
definition, the gradient at each pointardspace is a ranrk tensor, i.e. the gradient is a tensor field.

Do we need to use the metric (computed earlier) to make the gradient operdit@ oNo! This
representation ofte gradient operatesdirectly dn,  wi t hout the need for any fAassi
the gradienttaken as simple partialderivativésa rankl tensor that can directly contract with a vector to
produce a scalar. This is markedly different fromdleéproductase above, where the first vector (a rank
1 tensor) coulahot contract directly with an input vector to produce a scalar. So clearly

There are twaoepresentationsf rank-1 tensors: those that can contract directly with an input vector
(like the gradienas simple partial derivativis

and those that need the metric to fAhlelpodo them

Those representations otensors that can operate directly on a vector are cadledariant
representationsaand those that need help are caledhtravariant, for reasons we will show soon. To
indicate thaDis covariant, we write its components with subscripts, instead of superscripts. Its basis vectors
are covariant vectors, relatedeq e, andes:

D=D¥' D,¥ B, ¥ where % fare covariant basis vectc.

In general, covarianmepresentationsesult from differentiation operators on other (scalar or) tensor fields:
gradient, covariant derivative, exterior derivative, Lie derivative, etc.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 3360f373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

Note that just as we can say thaacts ondr, we can say thadr is a rankl tensor that acts db to
producedU:

D =d0) HE o HLda Hg.
* TR

The contractions are the same with either acting on the other, so the definitions are symmetric.

Interestingly, when we compute small oscillations of a system of particles, we need both the potential
matrix, which is the gradient of the gradient of the
us kinetic energy(rather than mass) The potential matrix is fully covariant, and we need no metric to
computeit. The kinetic energy matrix requires us to compute absolute magnitud&sefd so requires us
to compute the metric.

We know that a vector, which is a rafikensor, can be visualized as an arrow. How do we visualize
thecovariantrepresentation of tensor, in a way thatreveals how it operates on a vector (an arrow)? We use
a set of equally spaced parallel plaiggure19.6).

D(vy+V;) =D(vy) +D(v,) / / / /

\€ D(v,), D(v,) > 0
)J/l\ /\)\ D(V 3) <0 ’,s”“” ”",ﬂ' ’,ﬁ"" / JfJfJ
T
\ \ &3\ \ i il il

(@) (b)

Figure 19.6 (a) Visualization of a covariant vector fbrm) as oriented parallel planes.
The Iform is a linear operator on vectors (see teft).A 1-form in oblique coordinates.

Let D be a covarianttensor (alkkaform). The value oD on a vectoD(v) , is the number of plar
by the vector when laid on the parallel planes. Cle@{y) depends on the magnitude and directiow.of

Itis also a linear function of: the sum of planes pierced by two different vectors equals the number of planes

pierced by their vector sufifrigure 19.6), and scales with the vector®(av + bw) =D(v) H(w).

There is an orientation to the planes. One side is negative, and the other positive. Vectors crossing in
the negative to the positive direction Apierced a pos
to negative dir avenumbenofflaméser ced a negat

Note also we could redraw the two axes arbitrarily oblique {omogonal), and rescale the axes
arbitrarily (Figure 19.6b), but keeping the intercept values of the planes with the axes unchanged (thus
stretching the arrows and planes). The numberof planes pierced would be the stigueesi®.6a and b
are equivalent. Hence, this geometric construction of the operation of a covector on a contimvector
completely general, and even appliesmetorivettopacea)c.es
you need for the construction is a set of arbitrary basis vectors (not necessarily orthonormal), and the values
D(e) on each, and you can draw the parallel planes that illustrate the covector.

The #fAdirp anaiogomsdo the direction of a vectomizsrmal to(perpendicular to) the planes
used to graphically represeint

What Goes Up Can Go Down: Duality of Contravariant and Covariant
Vectors

Recall thedot products given by
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dvGiw g(dv, dw) g dV dw.

If 1 fill only one slot ofg with v, and leave the™®slot empty, theg(v, ) is a linear function of one vector,

and can be directly contracted with that vector; heg(ee_ ) is a rankl covariant vector. For any given
contravariantvector, | can define t higé,_ 0 dvitich hadl ccoorwpaornieanntts vl edd tl o T,
Vi.

v =g(v,) =g V<.

So long as | have a metric, the contravariant and covariant formsaftain equivalent
information, and are thus two ways of expressing the same vector (geometric object).

The covariant representation can contract directly with a contravariant vector, and the contravariant
representation can contract directly with a covariant vector, to produamtiproduciof the two vectors.
Therefore, we can use the metric tensor to flowero t
covariant equivalents.

Note that the metric tensoritself has been written with two covariant (lower) indexes, because it contracts
directly with two contravariant vectors to produce their scpfaduct.

Why do | need two forms of the same vector? Consid
F=ma or F' =ma (naturally contravariant)
Since positionx' is naturally contravariant, so is its derivativeand 29 derivative,a’. Therefore, force is
finaturallyo contravariant. But force is also the gra
F=-® or K =Ei—U (naturally covariant)
Oops! Now A f aovarierd Butghysicadyti u rés!| Ityhe same force as above,
natural for Aforce?o0 Neit her. Use whichever one you
The inverse of the metric tensor matrix is the contravariant metric tegislt,contracts directly with
two covariant vectorsto produce theirscalar product. Hence,wecghtuse fir ai se0 t he index of
vector to geits contravariant components:
P « " _
Vi=g(v, ) gy d g 9.

Notice that raising and lowering works on the metric tensor itself. Note thatin general, even for symmetric
tensorsTi! | Tj',andTi! I T'.

For rank2 or higher tensors, each index is separately of the contravariant orcovarianttype. Each index
may be raised or lowered separately from the others. Each lowering requires a contraction with the fully
covariant metric tensor; each raising regsia contraction with the fully contravariant metric tensor.

In Euclidean space with orthonormal coordinates, the metric tensor is the identity matrix. Hence, the
covariant and contravariant components of any vectorare identical. This is why thereis no distinction made
in elementary treatments of vector mathepsadisplacements, gradients, everything, are simply called
fvectors. o

The space of covectors is a vectorspace, i.e. it satisfies the properties of a vector space. However, it is

called Adual o to the vector sgperateson aofitraveaonstompdueect or s,
scalarinvariants. A thing is dual to anotherthind if acan actorb to produce a scalar, and vice versa.
E.g., in QM, bras are dual to ket s. AVectors in the

Just like basis contravectors, basis covectors always ¢@aponents (in their own basis):

v1=(1,00.), ¥ =(010.), ¥ =(0,0,1..), e
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and we can write an arbitrary covectorfas fprl +f2x2 # ¥ o4

TBS: construction and units of a dual covector from its contravector.

The Real Summation Convention

The summation convention says repeated indexes in an arithmetic expression are implicitly summed
(contracted). We now understand that only a contravariant/covariant pair can be meaningfully summed. Two
covariantor two contravariantindexes require caating with the metric tensor to be meaningful. Hence,
therealEi nst ein summation convention is that any two mat
Afidowno (covariant), are implicitly summed (contracted
are meaningless, and not allowed.

Now we can see why basis contravectors are writieep, ... (with subscripts), and basis covectors are
written wl, w2, ... (with superscripts). Itis purely a trick to comply with thal summation convention that

requires summations be performed over one fAupod index
as a linear combination of the basis vectors, using the summation convention:
v=Ve +’e V¥eg V= "a gF avr a¥+ ah

Notewellt her e i s not hi regevehthoughathdsa subsearipta theseustothing
ficontravamw,amv@nabbough it has a supergcript. |t

Transformation of Covariant Indexes

Itturns out that the components of a covariant vector transform with the same matrix as used to express
the new (primed) basis vectors in the old basis:

fu&fis ik [Tal 2.4.11].
Again, somewhat bogusly, eq. 2.4.11 is said to fAtrans
s ofj66 i s comaridnevectona
For a rank2 tensor such &E;j , eachindex ofijt ransf orms fAliked the basis ve:
with the basis vectors). Hence,eachindeXijpf s sai d t o be a fAcovarianto inde:
covariantTjii s sometimes called Afully covariant.o

Indefinite Metrics: Relativity

In short, a covariantindex of a tensoris one which can be contracted with (summed over) a contravariant
index of an inputensor (aka Mathematical Vector ElemevME)) to produce a meaningfulresultant MVE.

In relativity, the metric tensor has some negative signs. The gualduct is a framénvarant
fiinterval.o No probl em. Al | t he mat h, raising, and
metric ends up simply putting minus signs whgou need them to get SR intervals. The covariant fomm of
a vector has t-headcéedpysd sogns dpneéeracts directly with
scalar.

Letd6s wuse t he sidgsn diadgid,nlyle h).t When comsluerimgeticevariant vector
representationgd(al :-forms) for Minkowski space, the only unusual aspect is that tfierth for time
fi p o i imdresaserin(theoppositadirection astheontravarianvectorfortime. For the space components,
the dual ¥forms increase in theamedirection as theontravarianvectors. This means that

rle= 4, ¥.ex Yy ar z ¥l

which agrees with the diagonaldf ;as it should for the Minkowski metric.
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Is a Basis Transformation Matrix a Tensor?

Sort of. When applied to a vector, it converts comj
clearly a linear function of its argument. However, a tensor usually has allits inputs and outputainehe
basis. Buta transformation matrix is specifically constructed to take inputs in one basis, and produce outputs
in adifferentbasis. Essentially, the columns are indexed by the old basis, and the rows are indexed by the
new basis. Itbasically works like a tensor, but the transformation rule is thatto transform the columns, you
use a transformation matrix for the old badis;transform the rows, you use the transformation matrix for
the new basis.

Consider a vector:

v=\Vle W%, Ve

This is a vector equation, and despite its appearance, it is targylpasis, not just thee(, ez, e3) basis. If
we write e1, €2, €3 as vectors in some new( ey, &;) basis, the vector equation above still holds:

_ X y z
e=(a)"s {6’ ¢ (t9" ¢

- X y z
e=(8)" & {8)" ¢ (+¢)° £

— X y z
a=(a) & {e) ¢ (+9 £
v=Vle #%, Vg

= X z A) X z = X z
=vige)e {a) g (+9" e EVE( D £ (2" (2" .0 Y+de e Jb+, q Je?

(]
e & €3

The vectowvis just a weighted sum of basis vectors, and therefore the columns of the transformation
matrix are the old basis vectors expressed in the new basis. E.g., to transform the components of a vector
from the &1, e, 3) to the &, gy, &) basis, the transformation matrix is

X
e(el) (e)" (o) ueelOEX g © ¢ ¢eC
y
g(el) ()" (a) ug%@ e P £ e
z
)" (e)" (o) &% o © ¢ o
You can see directly that the first columreiswritten in thex-y-zbasis; the 2 column isez in thex-y-z basis;
and the 8! column ises in thex-y-zbasis.
How About the Pauli Vector?

In quantum mechanics, the Pauli vector is a vector of three 2x2 matrices: the Pauli matrices. Each 2x2
complexvalued matrix corresponds to a s{if? operator in some y, orz direction. Itis a 3 rank object
in the tensor product spaceRTA C2 A C2, i.e.xyz A spinorA spinor. Theyzrankis clearly in a different
basis than the complex spinor ranks, singeis a completely different vector space than spi@ spinor
space. However, it is a linear operator on various objects, so each rank transforms according to the
transformation matrix for its basis.

X y z
§_éé0 lg Og I
= Ui¢€0"
B oodifo B -4

I'tds interest i ntgnsor moduttproduces, m general hreobjéceof mrixed bases, and

often, mixed vector spaces. Nonet hel ess, the term At

objects whose ranks are allin the same basis.
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Cartesian Tensors

Cartesian tensorsar en 6t quite tensors, b e c-Gauesian cooldieates d on 6t t r
properly. (Note that despite their name, Cartesiantensorméae s pecial kind of tensor;
tensors. T h e-p 6.P Gartdsiantensonrs havatworadlings that prevent them from being true
tensors: they donot distinguish bet ween contravarian

displacements in space as vectors. In-nghogonal coordinates, you must diguish contravariant and
covariantcomponents. In naBartesian coordinates, only infinitesimal displacements are vectors. Details:

Recall that in Cartesian coordinates, there is no distinction between contravariantand covariant
components of a tensor. This allows a certain sloppiness that one can only get away with if one sticks to
Cartesian coordinatesten3daisomemlnys ttrharns fCarmrm ersalaina Ml y
of Cartesian coordinates to a new, rotated set of Cartesian coordinates. Since both the new and old basesare
Cartesian, there is no need to distinguish contravariant and covariant componéhts ibasis, and the
transformation (to a rotated coordinate system) dwork

For example, the moment of inertia Atensorodo is a Ca
to compute the angular momentum of a blob of mass given its angular velocity:

(¥, )=L Y W% \%
e g’ 1Y, 1%, gR  geXx g OF, T X
¢ ué ue wowe “o0 €U0 ¢g°*
éy uely Iyy 1Y, Wé =auéd’y, ‘Wyelyy UpfélY,u
¢, ue ., e ué )t uo e Y ute
B Mg 1Y 15 Wer el g0 6
But notice thatil acceptsa contravariantvector,tiéns component s for that input ve

However,| produces a contravariant output, so its output components are contravariant. So far, so good.

But now we want to find the kinetic energy. We%F,IWZ:—;L © %I( 'Y_) 0 . The dot product

is adot productbf two contravariant vectors. To evaluate tuatproducx in a general coordinate system,
we have to use the metric:

— i i [
However, in Cartesian coordinates, the metric matrix is the identity matrix, the contravariant components
equal the covariant cemqmpaheatahbhoaedbébemkesnah fiequals
the distinction between contravariantcompontes and covariant components, and

components of on the components of, even though both are contravariant in tRgsim.

In general coordinates, the direct sum for do¢ producd o e s n 6t wor k, and you must
tensor for the finadlot product

Example of failure of finite displacements: TBS: The electric quadrupole tensor acts on two copies of
the finite displacement vector to produce the electric potential at that displacement. Even in something as
simple as polar coordinates, this methodsfail

Tensor Appendices

The Real Reason Why the Kronecker Delta Is Symmetric

TBS: Itis a mixed tensori%, but gmmetry can only be assessed by comparing interchange of two
indices of-0the dedmwdiUpontravariance o rU ic Whwith r i ance).
the metric:

4p=9 28
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The resultis the metricgu » which is always symmetric. Hend#h is a symmetric tensor, babtbecause
its matrix looks symmetric. In general, a mixed reghgymmetric tensor doemthave a symmetric matrix
representation. Only when both indices are up or both down is its matrix symmetric.

I The Kronecker delta is a special case that does not generalize.

Things are not always what they seem.

Pythagorean Relation for 1 -forms

Demonstration that-forms satisfy the Pythagorean relation for magnitude:

. 4 s
a~ \
a~ \ a~
a- AR
] . T \ bt \
: unit \
unit \
vector \ \ \
vector \
| - h 1a
0dX+ldy 1dX+ldy de+1dy adX"‘bdy
la~| =1 |a~| = 42 |a~| = a5 la~| = a(a2+b?)

Examples othreel-forms, and a generic-tbrm. Here,dx is thex basis ¥form, anddy is they
basis Horm.

From the diagram above, a marossing vector (perpendicular to the planes of a~)kag components
(1/b, 1/a). Dividing by its magnitude, we get a unit vector:

1= 1 =
“k+~yE 5 5
max crossing unit vectar=2—2_  Note that dxk( ¥ and (yE =
1,1
b?> a?
The magnitude of a-lorm isthe scalarresulting fromthé€lo r m6é s a c t-drossingunihvector: ma X
4l= 1 6 adb &
(adx+ bdy)&gE CyE ot (3_(a2 + b2) (a2 +b2)
|é.|=é.(u) _ C a -+ _ b(; a < _
1,1 11b11Ja2+b2
e B e N &

= p? .

a

Hereds anot her dfermsosatsfy tha Pythagoreah relatibn far magnitude. The
magnitude of a Zorm is the inverse of the plane spacing:
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Figure 19.7 Demonstration that-forms satisfy the Pythagorean relation for magnitude.

Geometric Construction Of The SumOfTwo 1l -Forms:

Example of a~ + b~ Construction of a~ + b~
a~() =2 a~(/,) = 1 a~(,) = 0

b~(x) =1 b~(,) =0 b~(v,) =1
(a~+b~)() =3 (a~+b)(vy) =1 (a~+b)(vy) =1

Figure 19.8 Geometric construction of the sum of twddrms.

To construct the sum of twofbrms,a~ +b~:
1. Choose an origin at the intersection of a plane of a~and a plane of b~.

2. Draw vectorva from the origin along the planes of b~, so \gy(= 0, and of length such that
a~(a) = 1. [This is the dualvector of a~.]

3. Similarly, drawvpfrom the origin along the planes of a~, soa)}€ 0, and b~({y) = 1. [This is the
dual vector of b~.]

4. Draw a plane through the heads/edndvs (black above). This defines the orientation of fab—~).
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5. Draw a parallel plane through the common point (the origin). This defines the spacing of planes of
(@a~+b~).

6. Draw all other planes parallel, and with the same spacing. This is the geometric representation of
(@a~+b~).

Now we can easily draw the test vectgsuch that~(x) = 2, andb~(x) = 1.

AFul | ysyAmmeitri co Symbols Expanded

Everyone hears aboutthem, but few ever see them. They are quite sparde:fiilly &ntisymmetric
symbol has 6 nonzero values out of 27; tH2 dne has 24 nonzero values out of 256.

3-D, from the 6 permutationgk: 123+, 132, 312+, 321, 231+, 213
k=1 k =2 k 8
€0 0 0g 060 -1 g d
g =0 0 100 0,919
0 -1 0y 1g0 0 P @ O
4-D, from the 24 permutationt, b 2 U
0123+ 0132 0312+ 0321} 0231+ 0213

o O

1023 1032+ 1302 1320+ 1230 1203+
2013+ 2031 2301+ 2310 2130+ 2103
3012 3021+ 3201 3210+ 3120 3102+

b=0 b b2 6=

@0 000g 060 0 0 H/ @0 0 050&0 C

g5 0 0009 08000 b go-1 oloft

a=0 é0 0 0 OU 060 0O 1" 0 6 0 O Ou- 160 (

© o000y 080-10 p £E0 0 o0gogo ¢

@0 00 0g 02000 @0 00 1g 080-10

. goooogogooo,goooogogooo

€ 0 0-1U 060 00 B0 0 0 OL 160 0 0

© 01 0005000 &1 0004 080 0 O

0 0 00pg 060 0-1 H@O0O0 @ 180 C

- 900106000 P Ggoo -Y% ofoc

€@ 0 00UODSO O 0O' 0 80O © 060 (

© -10031800 0 pE&oo P 0go ¢

@0 0 0 0p 0010 H-800 0g0 @& 0
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Metric? We Dondot Need No Stinking Metric!

Examples of Useful, Noametric Spaces

Non-metric spacesare everywhere. Armoret ri ¢ space has no concept of Adi
points, or even between arbitrary inearbyo points (
However:

Non-metric spaces have no concept]of f#Adista
but many stilhaveawedl e f i ned concept of farea, o |in the ser

For example, consider a plot of velocity (of a particle in 1D) vs. time (below, left).

velocity pressure momentum

displacement
time volume position

Some useful nometric spaces: (left) velocity vs. time; (middle) pressure vs. volume;
(right) momentum vs. position. In each case, there is no distance, buistaeza.

The area underthe velocity curve is the total displacement covered. The area uRdécthee is the work

done by an expandingfluid. The area under the momeptsition curve-q) is the action of the motion

in classical mechanics. Though the points in each of these plots exist on 2D manifolds, the two coordinates
are incomparable (they have different units). It is meaningless to ask what is the distance between two
arbitrary pants on the plane. For example, points A and B orvtheurve differ in both velocity and time,

so how could we define a distance between them (how can we add m/s and seconds)?

Inthe above cases, we have one coordinate value as a function of the other, e.g. velocity as a function of
time. We now consider another case: ratherthan considerthe function as one of the coordinates in a manifold,
we consider the manifold as comprigionly the independent variables. Then, the function is definduht
manifold. As usual, keeping track of the units of allthe quantities will help in understanding both the physical
and mathematical principles.

For example, the speed of light in airis a function of 3 independent variables: temperature, pressure, and
humidity. At 633 nm, the effectsamountto speed changes of about +1 ppm perik@&kippm per mm
Hg pressure, and +0.01 ppm per 1% change lative humidity (RH) (seehttp://patapsco.nist.gov/
mel/div821/Wavelength/Documentation.asp#CommentsRegardinglnputstotheEquations

S(T, P,H) =so+aTi bP+cH.

wheread 300 bdn/ 189 0 k(,-Md,anjcAmB (m/ s)/ % are positive const
s is the speed of light at the given conditions, in m/s. Our manifold is the set of TPH triples,isaad
function on that manifold. We can consider the TPH triple as a (contravariant, column) vEcR 1)
These vectors constitute a 3D vector space over the field of i€glss a real function on that vector space.

Note thatthe 3 components of a vector each have different units: the temperature is measured in kelvins
(K), the pressure in m#hlg, and the relative humidity in %. Note also that there is no metri@,dp, H)
space (which is bigger, 1 K or 1 mhig?). However, the gradient efs still well defined:
ps =247 +Bidp +HH adT biP  odH+
uT R Hu
What are the units of the gradient? As with the vectors, each component has different units: the first is in
(m/s) per kelvin; the second in (m/s) per aHg; the third in (m/s) per %. The gradient has different units
than the vectors, andis not a pafrttee original vector space. The gradields, operates on a vectdr, (P,

H)T to give the changein speed from one set of conditions;Tsalpd, Ho) to conditions incremented by the
vector o+ T, Po + P, Ho + H).
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One often thinks of the gradient as having a secon:
increase of the functios, But:

Wit hout a metric, fAsteepesto i|s not def.i

Which is steeper, moving one unit in the temperature direction, or one unit in the humidity direction? In
desperation, we might ignore our units of measure, and choose the Euclidean metric (thus equating one unit

of temperature with one unit of pressured one unit of humidity); then the g
of steepest increase. However, with no justification for such a choice of metric, the result is probably
meaningless.

What about basis vectors? The obvious choice is, including units, (1 K,-8igy@ %J, (0 K, 1 mm
Hg, 0 %Y, and (0 K, 0 mreHg, 1 %Y, or omitting units: (1, 0, 0), (0, 1, 0), and (0, 0, 1). Note thatthese are
notunit vectors, because there is no such thing as a
measure one fiunit.o Al so, i f tomposeatefiabagbitraryviedtos t o t h e
in that basis are dimensionless.

Now | etds change the basis: suppose now | measure t
Rankine scale). Now all my t RewHR2&on.drtotheraords,gaks@ r e ment s
0)" is a different basis than (1 K, 0,70)As expected fora covariant component, the temperature component
of the gradientl)s)ri s cu't in half if the ba ssizegradientdomponefthal ves. 0
operateson the doub#ize temperature vector component, the product remains invariant, i.e., the speed of
light is a function of temperature, not of the units in Whjou measure temperature.

The above basis change was a simple change of scale of one componentinisolation. The other common
basis change is a Arotationd of the axes, fAmixingd th

Can we rotate axes when the units are different for each component? Surprisingly, we clan.

H
5 &
T &

We simply define new basis vectors aslinear combinations of old ones, which is all that a rotation does.
For example, suppose we measured the speed of light on 3 different days, and the environmentalconditions
were different on those 3 days. We chotisese measurements as our basis,esay(300 K, 750 mmHg,
20%),e2 = (290 K, 760 mmHg, 30 %), ands = (290 K, 770 mmHg, 10 %). These basis vectors are not
orthogonal, but are (of course) linearly independent. Suppose | wantto know the speed of light at (296 K,
752 mmHg, 18 %). | decompose this into my new basis and get (0.67 0.8). | computehe speed of
light function in the new basis, and then compute its gradient, talgét+ d,& +d;€. |then operate on

the vector with the gr ads=0g0t6, 6690.2j=0bd + 0.6 0.2dh.ange in sp

We could extend this to a more complex function, and then the gradient is not constant. For example, a
more accurate e@ution for the speed of light is:

_ P 2
STRH=g - = gH((T 279° 164,

wheref& 7 . 8'8anfig&1 @ . 3!lalre cdn§tants. Now the gradient is a function of position (in TPH
space), and there is still no metric.

Comment on the metric: I n desperation, yows might de
the change in the speed of light due to the environmentalchanges defined by thatvector. However, such a
metric is in general ne&uclidean (not a Pythagorean relationship), indefinite {p@m vectors can have
zero or negativeodidredtgthesfoi)ne aan dmed m i-acguichtelequdtiont pr od u c
for the speed of light provides examples of these failures.
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20 Di fferenti al Geometry

Manifolds
A manifoldi s a fispaceodo: a set of points with coordinate |
ways, but a manifold must be able to have coordinates
manifoldsod, where t her evel, theremareenany gsefp mandolds vehichshivee moc e . Ho
metric, e. g. phase space (see fiwWe Dondt Need No Stink
Even when a spaceisnome t ri c, it stil/l has conceptls of fl oce

Such locality and continuity are defined in terms of the coordinates, which are real numbers. It may ako

have a fAvolumeada}fioenedp fipd asdelt ume. 0 I't may seem odd t
of fAdistance, 0 b ubdVotuhednrttes cassis simplg definked ifiternoslofitha eoordinates,

dV=dxi dx dxs ..., and has no absolute meaning.

Coordinate Bases

Coordinate bases are basis vectors derived from coordinates on the manifold. They are extremely useful,
and built directly on basic multivariate calculus. Coordinate bases can be defined a few different ways.
Perhaps the simplest comes from consideargmall displacement vector on a manifold. We use 2D polar
coordinatesinr( d) as ourexample. Aoordinate basiscan be defined as the basis in which the components
of an infinitesimal displacement vector are just the differentials of the coordinates:

(Left) Coordinate bases: the components of the displacement vector are the differentials of the
coordinates. (Right) Coordinate basis vectors around the manifold.

Note thatky (thed basis vector) farfrom the origin must be bigger than near, because a small change in
angle,d dcausesa bigger displacementvector farfrom the origin than near. The advantage of a coordinate
basis is that it makes dot products, such as a gradient dotted into a displacement, appearin the simplest
possible form:

Given  f(r,q), df= Ef(r, § @ % _S+gdr,d'))q _::jdp_fqﬁ )
g -

The last equality is assured from elementary multivariate calculus.

The basis vectors are defined by differentials, but are themselves finite vectors. Any physical vector,
finite or infinitesimal, can be expressed in the coordinate basis, e.g., velocity, which is finite.

ivectorsd adhekerei vatiavbdsge confusion about writing I
our study of tensors (earlier), we know that a vector can be considered an operatorsasm avithich
produces a scalar. We now describe how vectorfields can be consigeradors on scalarfunctions, which
produce scalar fields. I dondét Iike this view, since
tensor view, and is easily replaced with tensor notation.

We wi || see that in fact, the deri vamsi(duagbasisbasi s vec
components), not traditionalbasis vectors. The vector basis isntpénitly defined as the dual of the dual
basis, which is always the coordinate basis. In detail:
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We know from the ATensorso c¢ ha pformwithpartalterivatives gr adi ent
as its components. For example:

bf (%, Y, 2) _aif —ﬁ—f“8=f—# L —fl-f’“ where * % 3ware basis1-form
o w m xp yn oz oh

Many textddefinevectors in terms of their action on scalarfunctions (aka scalar fields), e.g. [Wald p15].
Given a pointX,y, 2, and a functiori(x, y, 2), the definition of a vector amounts to

vi (vx,vy,vz) such that vg { xyggv OB LA A (a scalar field
X Mz

Roughly, the action of onf produces a scaled directional derivative:o0fGiven some small displacement
dt, as a fraction of/ and in the direction of, v tells you how mucli will change when moving fromx(y, 2)
to (x + vdt, y + Wwdt, z+ vZdt):

df
df =v| f|d — fl.
v[ f]dt or pn v f]

If tis time, and/is a velocity, therwv(f] is the time rate of change &f While this notation i
rather write it simply as théot productof v andbf, which is more explicit, and consistent with tensors:
df =v OfRit  or ar v= f.
dt

The definition ofv above requires an auxiliary functiéywhich is messy. We remo¥ey redefiningv
as an operator:

u w18
L Mo o=
Given this form, itlooks likeO/x,0 YO/ Ganzdar@® Gome kind of fAbasis vector :

terminology ixs Yo& neafs®rtOhteo /oo rdinate basiso for vec
operators for creatintrforms! Then

(an operator.

= o B T g ynp (a scalar field,
T oo

The vector contracts directly with the-form Bf (without need of any metric), heneds a vectoimplicitly
defined in the basis dual to thedrm bf.

Note that ifv =v(x, y, 2) is a vector field, then:
vgf(xy,2 gvixyd OPxy2 (a scalar field.

These derivative operators can be drawn as basis vectors in the usual manner, as arrows on the manifold.
They are just the coordinate basis vectors shown earlier. For example, consider polar coordiates (
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Figure 20.1 Examples of coordinate basis vectors around the manifelthappens to be unit
magnitude everywhere, bagis not.

The manifold in this case is simply the flat plagé, Ther-coordinate basis vectors are all the same size,

but have different directions at different places. Trmordinate basis vectors get larger withand also
vary in direction around the manifold.
Covariant Derivatives
Notation: Due to worgprocessor limitations, the following two notations are equivalent:
h()* h(), P
The following description is similar to one in [Salj.

We start with the familiar concepts of derivatives, and see how that evolvesinto the covariant derivative.
Given a realalued function of one variablfx), we wantto know howvaries withx neara valuea. The
answer is the derivative é¢x), where

df=f'(a) dx and therefore f(a+dx) f@) +df="f(a)+f'(a)dx.
Extending to two variableg(x, y) , we 6d | i kgvarieson tikerfDoneighhosheod around a
point @, b), given a displacement vectdr = (dx, dy). We can compute its gradient:
Bg =M dx +%6Iy and therefore g(a dxb d}f gtb)  ofdh
X
The gradient is also called a directional derivative, because the rate atgviclthnges depends on the
direction in which you move away from the poiat §).

The gradient extends to a vector valued function (a védihl) h(x, y) =h*(x, y)i + h¥(x, y)j:

~ ~ X y X y
bh :&dx +Edy, _hu —Q—% —h+ and h —m—q( “—hﬁ/ K
X M woox g x y Uy “TH Yy
e g o s o e o]
an' B b 8o ome
é &% o e, U 2 u
= m) Do Loy e ¥ § Lged gV Bty by,
X M e u € u é IXu M
e’ p’ogy o W o e u
xoop 8 H - TR B - u

We see thatthe columns®Bh are vectors which are weighted dyanddy, and then summed to produce a
vector result. Therefor@®h is linear in the displacement vecdir= (dx, dy). This linearity insures that it
transformslike a duck. . . I mean, like a tensor. Thiuss a rank2 (1) tensor: it takes a single vector input,
and produces a vector result.
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So far, all this hasbeen in rectangular coordinates. Now we must consider what happensin curvilinear
coordinates, such as polar. Note that wedre still in
Our goalis still to find the change the vectorvalue df( ), given an infinitesimal vector change of position,

dx = (dx, dx2). We use the same approach as above, where a vector valued function comprisesfwo (or

realvalued component functionsh(x}, x?) = h'(X, X)g, +H( X, ¥)e,. However, in this general case, the

basis vectors are themselves functions of position (previously the basis vectors were constant everywhere).
Soh( ) is really.

h(x',x%) = h(x, X)e (X, X) +H( % X)e,( % X).

Hence, partial derivatives of ttemponent functions alorege no longer sufficient to define the change in
the vector value offi(); we must also account for the change in the basis vectors.

1 32

\h\“(x ) X°)

7 e(+dxXL, x2+dx)

L h(x+dx, x2+dx?)

04,0 |

’é;(x1+dx1, X2+dx2)
dx 2 (d, ) ox = (dx, dx)
(a) Components constant, (b) Vector constant, but
but vector changes components change

Figure 20.2 The distinction between a component of a derivative, and a derivative of a component.

Note that a component of the derivative is distinctytthe same as the derivative of the component (see
Figure 20.2). Therefore, théth component of the derivative dependsalhthe components of the vector
field.

We compute partial derivatives of the vector fib(d?, x2) using the product rule:

= B aice A Moz a ok 5%

.7 uh! . . 0
=a e, (X', x%) (X, ><2)—J 8
6 K2
This is avectorequation: all terms are vectors, each with components in bdlsis directions. This is
equivalent ton numerical component equations. Note that/|(x;) has components in both (or al
directions. Of course, we can write similar equations for the components of the derivative in any basis
direction, ex:

o “iq<x1x>+hl<x1x2>“el “ﬁezulxz) L)
i i X

He;
é%x—e](xl X)) (X, ><2)—k

1-aD: O

Because we must frequently work with components and component equations, ratherthan whole vector
equations, let us now consider only itlecomponent of the above:

&uh ‘s p % XlXZa“eJ if
mo T 8 MO0z

The first term moves out of the summation because each of the first terms in the summation of eq. (1) are
vectors, and each points exactly in gdirection. Only thg =i term contributes to thigh component; the
purely g directed vector contributes nothing to title component whep, i.

9/12/202612:59 PM  Copyright 2002202 Eric L. Michelsen. All rights reserved. 3510f 373


https://elmichelsen.physics.ucsd.edu/

elmichelsen.physics.ucsd.edu/ Funky Mathematical Physics Concepts emichels at physics.ucsd.edu

Recall thatthese equations are truedoy arbitrarycoordinate system; we have made no assumptions
about unit length or orthogonal basis vectors. Note that

ﬂ=( B), =hekth (covariant) component oht.

HX

Sincebh is a rank2 tensor, thé&th covariant component dh is thekth column ofbh:

é 1, 1
éph o B
Ph :éguxl - ?
é
&uh 5 A °
0
g 2 @

Since the change in( ) is linear with small changes in position,
dh= B(dx), where o €dk d%).
Going back to Equations (1) and (2), we can now write the full covariant derivatie)afi 3 ways:

vector, verbose component, and compact component:

(Bh), * fn Eh? a+h(><1 xz)“' _pr anot ¥ ' 6
¢ ! i E

&

o |

() M § v R S

j=1 (}P‘-
. i o aue if) o
(B¢h)' == W LG where JkGaeHJlk 6 Y ke ¢
I ¢ - K
Asi de: Some mathematicians compl ain that you canot
vector s, because you canbdt compare vectors from two

di

def
ff

Christoffel symbonoy. (alPhaytshei 8¢ eul]rsaydthatiplysicdefingsho®tohut z [ Sch

compare vectors at different points of a manifold, and thus yooalanlate the Christoffel symbols. In the end, it
doesndét really matter. Either way, by physics or by
basis vectors.

Christoffel Symbols

Christoffel symbols are the covariant derivatives of the basis vector figllsuse ordinary plane polar
coordinatesr( d) as an example.

r& d+dorer o —d &
@) r+dr e 96=0 ) \er: & =9
a ——
dey
d+ dofs € €f te .
& de= 0 e, ® * de,= dgE
r+dri€s Y d
(c) (d)

Figure 20.3 (a) Derivative ofer in ther direction is the zero vector. (b) Derivative ®fin thed

direction is . (c) Derivative ofgin ther direction is the zero vectord) Derivative ofegin thed
direction is - E.

Figure 20.3 shows the derivatives of thiebasis vector in thedirection, and in thel direction. From
this, we can fill in four components of the Christoffel symbols:
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B, g 00 B g 030 m 3 %

ur r \ E%(_) g rq 186 9 rn eo 1é
Similarly, the derivatives of thébasis vector are

ey, @ 006 p 0B 0 n 0. @

6, 5 —9 E = -, 5 G
gr v g%‘ % g% ’g\? Ry 7€y 4

These are the 8 components of the Christoffel symbols. In genenadiimensionalspace, each basis vector
has a derivative in each direction, witttomponents, foratotalogfc o mpone®ss s i n

Visualization of n -Forms
TBS: 1-forms as oriented planes
2-forms (in 3 or more space) as oriented parallelograms
3-forms (in 3 or more space) as oriented parallelepipeds

4-forms (in 4space): how are they oriented??

Review of Wedge Products and Exterior Derivative

This is a quick insert that needs properwork Th® section requires understanding otgerducts, and
antisymmetrization of matrices.
Wedge Products

We can get an overview of the meaning of a wedge productfrom a simple example: the wedge product
of two vectorsin 3D space. We first review two preliminaries:-ayrtimetrization of a matrix, and the outer
product of two vectors.

Recall thatany matrix can by written as a sum of a symmetric and asyamtietric matrix (much like
any function can be written as a sum of an even and an odd function):

B=Bs B8, where B, B'yB, B', (20.1)
For example:

el 2 3g 13 5 @# -é& -2
e456“357+31§-1.
€ 8 9y 567 9 B & O

We can derive explicit expressions for the symmetric andsymimetric parts of a matrix froig20.1):

B+B" B, B, BL B% 2Bs B . %(B:BT)
(20.2)
R 1 T
Similarly: B, E(B BT).
Also recall that the outer product of two vectors is a matrix (in this case, a&2rearisor):
xbx ashy axbz‘Z’ lg 46 4 & o 4 5¢6
T e, U 3@ U e
aAb 1[a]&b ﬂeaybx ah, aybzu Eg g2y g LI£s1§ 8 10 12
@azx azby azbzg @ H 6@ @ g H 12 15@18

Finally, thewedge productof two vectors is the anlymmetric part of the outer product:
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1 ~
adb laga A (a bﬂ

To simplify our notation, we can define a linear operator on a matrix which takes tksyamietric part.
This is theanti-symmetrization operator:

E(B)l%(s B87) - a @ Al Db)
Commutation: A crucial property of the wedge product is that it is ametnmutative:
agb =b a.

This follows directly from the fact that the outer product is not commutativA:a =(a /fb)T . Then the
antisymmetric part of a transposed matrix is the negative of thesgmtmetric part of the original matrix:

bga k(b &) Afa of § A& b Aa s

Tensor Notation

In tensor notation, the symmetric and asygimmetric parts of a matrix are written:
a b_l ab a aét( b
B2 _2(5 w8 f? B, A8 8 ).

Note thatbotitUandb are free indexes, so (in a 3 dimensional space) each of these is 9 separate equations.
They are fully equivalent to the matrix equatiq@®.2).

1D

I dono6ét know of a4prgduchie BDn iwmigef @ra afiwediger o0Thes just a
Adirectiond of 4d. Ase the dbDrexterier dexrivative i8 a degenerate case, because the
fexterioro of a |line segment is just the 2 endpoints

di mensions, the fiext er i cdosedpath/surfdoce/ vourded hypeplarfeeta Inr egi on i s
1D the boundary of a line segment cannotbe closed. So instead of integrating around a closed exterior (aka
boundary), we simply take the difference in the function value at the endpoints, divided by a differential
displacement. This is simply tleedinary derivative of a functiori 6.

2D

The exterior derivative of a scalarfunctiffr, y) follows the 1D case, and is similarly degenerate, where
the Aexterioro is simply the two endpoints of a diff el
displacements are vectors, and there afpattial) derivatives, one for displacementsm and one for
displacements ig. Hence the exterior derivative is justthedn®@ r m figr adi ent 0 of t he f unc

df (x, y) =" gradient M Gy AEGy
™ M

In 2D, thewedge productof the basis ¥orms, dx @dy , is a twoform, which acceptstwo vectors to

produce the signed area of the parallelogram defined by thersigfedarea can be + dr; a counter
clockwise direction is positive, and clockwise is negative.
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dx @dy(V, W) =signed area defined by (W, )=dx dy@Ww(V,
= dx(v)dy() -dy(V)dx(W
. e X
G0) B0l
dy(v) dy(w) voow
The exterior derivative of a-florm is the ratio of the closed path integral of thfodm to the area of the

parallelogram of two vectors, for infinitesimal vectors. This is very similar to the definition of curl, only
applied to a #form field instead of a vector field.

¥ (xy+dy)
——t—— e
side 3 T + 1
dy dy-+sige 4 Tside 2
| Sldle 11 » ¥ (XY) T F 7, (x+x,y) ‘
¥ XY) dx dx (c) Path integrals from 2
() (b) adjacent areas add

Figure 20.4 (a) 2D closedpath integral: contributions from displacements. bj Contributions
from y displacements.cj Path integrals from adjacent areas of any shape add.

Consider the horizontal and vertical contributions to the path integral separately:

T(XY) = (x, ) d x+y(x,y dy T EXY dr (=ix dy
A+ YD) wdx w(r dydc =% dy dx

1 3 Hy

FFEN+ {7 w0 ody w(ndy “—uxwidxdy

2 4

The horizontal integralssidesl & 3) are linear indx, because thatis the length of the path. They are linear
in dy, becausdyis proportional to the difference mx. Hence, the contributionis linear in batkanddy,
and therefore proportional to the arex)(dy).

A similar argument holds for the vertical contributipsides2 & 4. Therefore, the path integral varies
proportionately to the area enclosed by two orthogonal vectors.

Itis easy to show this is true for any two vectors, and any shaped area bounded by an infinitesimalpath.
For example, when you butt up two rectangles, the path integral around the combined boundary equals the
sum of the individual path integrals, becatise contributions from the common segment cancelfrom each
rectangle, and hence omitting them does not change the path integral. The area integrals add.

3D
In 3D, the wedge producif the basis forms is a 3form, that can either:

1. Accept2 vectorsto producearientedar ea; it does n ddirectioa Vmlogoussi gn,
to the crosgproduct. Or,

2. Accept 3 vectordu, v, w below)to produce sighedvolume.
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dx @dy @iz(u,v, W) signed volume defined byu(v, W )
dx(d) dx(v) dx(W) ueove W
=detdy @) dy (@) dy (W) =defey VvV w|.
dz(u) dz(v) dzZ(W) u?z v:ow?

X

Being a 3form (all wedge products apeforms), the wedg@roduct is antsymmetric in its arguments:
dx @dy @iz(d,v, W) =dx dy? dz(@ w1), etc

The exterior derivative of a scalar offdrm field is essentially the same as in the 2D case, except that

now the areas defined by vectors are oriented instead

surf ace; the @interioro is a volum
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21 MatThhat 6s Fun and I nterest|ing

iThe first time we use a particular mathematical pr
6devicebd. The t hiirlthknown(oeme). it 6s a 6émet hodd. o
Here are emetods ntahtaht fiei t her come up a |l ot and are wol

and interesting.
Math Tricks That Come Up A Lot
The Gaussian Integral

You can look this up anywhere, but here goes: we evaluate the basic inﬁgeréll‘,2 dx, and throwin

an@odwith x2atthe end by a simple change of variable. First, we square the integral, then rewrite the second
factor calling the dummy integration varialyiinstead ofx:

2,

°~D - %2 &N X2 6:°~ D6 J - 2 2
%ﬂndxeX 8_-: gnjxex QZ@]&Z = Q_dfn Qyn(sx ﬁ)

This is just a double integral over the entirg plane, so we can switch to polar coordinates. Note thatthe
exponential integrand is constant at constasb we can replace the differential acbadywith 2" r dr:

d(areg =2"r dr
dr

2 5 o e, _(XZ_,yZ) o 2 N
Let r? x2 ¢ + ﬁ_ndx five , dipp r e’ ,Lgef

o fol 2~ ol o
%ﬁ_ dxe* 8:,0 Y _ﬁjxe‘xz =/ p and _d"'axz Qﬂa'

Math Tricks That Are Fun and Interesting

Continuous Infinite Crossings

The following function has an infinite number of zero crossings near the origin, but is everywhere
continuous (even a¢=0). That seems bizarre to me. Recall the definition:

f(x) is continuous ataiff lim f(x) = f(a).
X- a

Then let
Téxsing11 g x, 0
fg=1  ox °
?Q x=0
)I(i_mof(x)zo =f(0) f (0) is continuous
Picture
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Technique for Integration

~ dx
—— TBS.
n sinx

Phasors

Phasors are complex numbers that represent sinusoids. The phasordefines the magnitude and phase of
the sinusoid, but not its frequency. $amky Electromagnetic Concedts a full description.

Miserables Coset

Groups are¢hefundamental structures of symmetries, and are crucial to advanced pl@rsiaps also
underlie discrete algebra, needed forencryption and-eomtrol coding.One of the most astounding results
of finite group theoryis thatthe size of any subgroup divides evenly into the size of the parentgroup. The
shortproof illustrates important and useful concepts in group theory, is accessible-toatbhematicians,
and proceeds roughly as follows:

1T Define a fAcoseto

1 Show that cosets afa) the same size asthe subgrdyygb)d on 6t o v(e)cdverfhe and
whole parent groufs.

1 Therefore, the size of the subgro8gdivides the size of.

Though the concept of a coset is straightforward, in my experience discussions of cosets are severely
lacking (and sometimes incorrect). We here attemptto close thatgap, and prove the above theorem, called
Lagrangebés Theorem

Briefreviewof groups:Agr oup is a set of elements, and an opera
with 4 defining properties (see our detailed definitions elsewhere):

T Closure: the Aproducto of any two group el ement
T An identity el easbentf,orwheivgehyeyeedipaneln tf

1 Every elemeng has an inverse such thag' ! = e (= g'1g).

1 The group operator is associatiegbc) = (ab)c.

These simple properties produce an enormously rich structure and theory. Note thatthe group operatorneed
notbe commutative, and often is not. Nonethelesgn for noncommutative groupzpk = ed, andgg' 1=

g'1g. (Commutative groups often write the operator as
An example of a group is the set {1, 2} under mul ti
operation table is below left:
1 2 Lucy Fred
1 11 |2 Lucy | Lucy | Fred
2 12 [1 Fred | Fred | Lucy

I A group is fully defined by its operation table.

The group elements are abstract entities, not really numbers, though it is sometimes convenient to represent
the elements asumbers By simple renaming, the two tables above are equivalent, and defisarnie

group. Some goups haveelementghat can be thought of aperators e.g., rotations or reflections, with

the groupoperation being the composition of the element operators.)

Subgroups: Sometimes a group is structured so that a subset of the elements, withntiegroup
operator,forms a smaller group. For example, the numbelrd @orm a group undedditionmod 12, with
identity 0. Thenthe s&= {0, 4, 8} forms a subgroup of the parent group. A subgroup inherits the identity
and associativity from the parent. Notice that the p
has order 3. Three divides 12, and thisis an exampleohlagge 6 s Theor em.
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[Mathematicians call the size ofgaoupthe order, but the size of aetis its cardinality, thus defining two
new anddifferentwor ds f or the same idea as the existing word fAsize
the size (order) of a group is written (5|, and the size (cardinality) of a €&is written {|.

Another nit: strictly speaking, a group is a subgroup of
the group.]

Cosets:Given a groufs, a subgroufs, and a group elemegt t h eosdiof Sawithtrespectt@d i s :
9S*{g g5 0s .} where ; s the non-identity elements of.

In our subgroup example above, the cosedwith respect to 0 is just {0, 4, 8}. The coset with respect to 1
is {1, 5,9} wrt 2is{2,6,10}; andw.rt. 3is {3, 7, 11}. You might think there are 8 more cosets, butthe
other elements o6& (4 through 11) each reproduce one of these 4 cos@tsexample, the coset w.rt. 5 =

{5, 9, 1}, which is the same as the coset w.r.tThus a subgrouf of a groupG defines aset of cosets

We now prove three properties of the set of cosets of a subgfagphe size of a coset is the size of
the subgroup. By definition, a coset consists of one element from each of the elengnkEuidchermore,
the coset elements are distinct, because the group operation is invertilsle: s, then premultiplying by
g'lproves thati =s. Therefore, il s, thengs | ge. Hence, the size of the coset is the siz&.of

(b) No cosets overlap, i.e. they are all disjoiM/e show that by showing that given any element of a
coset, we can generate all the other elements of the c@s®misider an elemeat= g in the coset w.r.tg.
Then for any subgroup elemegsis also in the coset with:

as=(gs) s=q sk and S sl

Now, let stake on all valuesis, thena& produces a distinct list of coset members (again from invertibility).
In fact,aAproducesll of the coset members, one for each valug ofhus, if two cosets contain the same
memberm, they are identical. So different cosets must be disjoint.

(c) Every element of the groupG appears in some coset. To be in a coset, we musthhags, for
someg in G, andsomesin S. To prove thata givehappearsin some coset, we pick an arbitsamyS, and
solve forg: g=hs'l. Thuseveryelement@a ppears in some coset, and since c
element ofG appears in exactly one coset.

[In fact, we can choosgto be the identity, theg= h: every elemeni appearsin the coset with respect
to itself.]

Lagr ang e 0 sPufiirg the Ipmperties together, we find that allthe eleme@sod distributed
into equadsized cosets, so the size of the cosets divides the size @d the size oSis the size of the
cosets, ergo the size 8fdivides the size 0o6. QED.

Public Key Cryptography on a Hand Calculator

Public key cryptography is increasingly important in our digital world. The theory is clever, but
understandable with only high school math. We present here the theory, along with simple numerical
examples. We describe the RSA algorithm in detail, awal gpsight into the number theory behind it.
(However, we do not prove the w&lhown numbertheorems.) Finally, get your name in lights by being the
first to decrypt the message at the end, and send me an encrypted reply.

This section assumes some familiarity with modular arétic.

Public Key Cryptography Overview

Figure 21.1 shows oldfashioned cryptography, where the receiver must share a secret key with the
sender. This requires a secure channel be temporarily established ahead of time to share the secret, which
can be inconvenient.
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plaintext— EfTJ%rgt?gr?”—;-:’» cyphertext—\\}—» Df%%ré%'r? T— plaintext
1\ | public|

; shared ' lchannell / shared

; secretkey | /1 secret key :

sender b T ] receiver
secure channe

Figure 21.1 Old-fashioned, secret key cryptography

Figure 21.2 shows public key cryptography, where the encryption and decryption keys are different. The
receiver generates a matchedlr of keys: one private and one public. She publishes the public key widely.
Itallows anyone to encrypta message to her, basgiho useful information on howto decryptthe message.

The receiver keeps the secret key private; it allows decryption. The sender uses the public key to encrypta
message, and sends over public (insecure) channelsto the receiver. The receives tihecnypssage with
the private key.

| . - . : receiver
plaintext—= Efr&%ré?gr?”—% cyphertext-j—j—» Dﬁﬂéﬁ’gg—» plaintext
| public T ‘
| channel secret key— key
isender ———publlckey generauori

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 21.2 Public key cryptography

The mostwidely used public key cryptography method is the RSA algorithm (Rivest, Shamir, Adleman).
Itwas patented in 1983, but was released to the public domain in 2000, just before the patent expired [Wik01].

RSA Overview

The RSA public key comprises tvimtegers(e, n): an exponeng, and a modulus. For a message <
n, we encrypt it into cyphertextas:

c=nf modn.

The private key is anothertegerexponend such that:
d
cd :(me) = = (mod 1). (21.12)
Many equations arn owraitt tt ehn@lW)niich(dareresitiat both sides of all

equals signs are taken mod

RSA is secure because there exist keya) for which it is computationalinfeasible to fimdgiven c,
e, andn. RSA is practicalbecause it is computationally feasible to find such setsnoflj, and to perform
the encryption and decryption operations. In practideas around 600 digits (2048 bitg);- 5 digits, and
d ~ 600 digits.

Examples of Relevant Modular Arithmetic

Modular arithmetic is used in lots of cryptographic algorithms. Itis easy to compute, and simple to
understand. Al l numbers are integers, and for RSA,
are:
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T xmodn! remainderox h , eg .16 modi15
1 (abmodn) =(amodn)( bmodr) mod.

1 (ae)d modn:(ae modn)d modn.

I n other words, when doing anbigt ctahe udrad,i oynod haan ws &
time by taking i nnboerameodnigatteh er ewsauyl.t s fmod

Note that the notation Amod nod has two sjubtly diff
with two opx@mwanaodsandsiinié also (Ald). equation modi

The RSA algorithm is based on the difficulty of (a) modular roots of large numbers, and (b) factoring
large numbers.

multiples of 5

|mnﬂyﬂmgﬂwwmmgﬂw

multiples of 3

@) (b)

Figure 21.3 (a) Arithmetic mod 15The 8 numbers with no common factorwith 15 are highlighted.
(b) Striking out numbers with common factors with 15.

Letds look at some simple examples of mo=db)l ar power
2°mod 15=1, 2mod 15=2, 2mod 15=4, 2mod 15=8, 2mod 15 =1.

At this point, the powers of two simply repeat, becasae@d 15 = 2= 1. The period of repetition i§ =
4.

Heredéds another (from now on, the Amod 150 is unders
70=1, A=7,7=4,F=13, #=1.T=4.

And another:

110=1, 12=11, 1$=1.T=2.

From group theory, it can be shown thatfor integarthat have no common factorwith 15 (i.e., 1, 2, 4,7,
8,11, 13,14), the period & most 8, but might bé&or2 (more later).Forn= 15,it turns outthatthe longest
period is 4.This means for all suctm, P = m. But so does® = m, andm4*1 = mfor any integek > 0.

What about thenwitha common factorwitm= 15 ? Let s see:
30=1, 3=3,2=9,F=12, 3=6, $=3.T=4.

The sequence repeats, but never returns to 1. Any power of 3 is a multiple of 3, and any multiple of 15 is a
multiple of 3, so 8can never have a remainder of 1, i.€.m®d 15 can never be 1. In this case, the period

is 4,and 3=3, much like thenwith no common factor. The same argument applies tavamith a common
factorwithn. It might seem like a coincidence theft= m even formwith a common factor witm, but it

can be provedthatthisis alwaystrue [WikO1]. Thisis of theoreticalinterest, butin practice, it neverhappens.
With n~ 600 digits, it has about 3@ factors, out of 168°P%possible messages Your chance of hitting a

factor with your message is about 1 in34Qwhich may explain why this special case of RSA is rarely
discussed in the literature. {tmentioned in the original paper [RSA77 p7].)

The big result is this: foranm<n = 15,m4*1=m, kanyinteger > 0.
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Application to RSA Cryptosystem

RSA applies the results of the previous section to a public key cryptosystem. For a nmessagee
encrypt it by choosing a fixed exponemfand defining the encrypted cyphertext to be:

c=nf modn.

For example, we might choose= 3, and ther = m® modn. Continuing our example af = 15, if our
message is 7, our encrypted codewoitlis7® = 13. To decrypt it, we find the exponeahsuch that:

d .
cd = (me) =m®? m Y for n 15,==ed k4 %.
Fore= 3,d= 3 givesed=9, so our decryption exponentlis 3 (thatd=eis an artifact of our unrealistically

smallintegers, and never happens in practice). The

If our message >n, we break it into smaller chunks, such that each chunland encrypt each chunk
separately.

As anotherexample,take= 35. One can show that the largést12, and all periods divide 12. Thus
m<12+1=m forallm< 35. We might again chooee= 3, and then must find such thaed=k-12+ 1. But
this is impossible, because allmultiples of 12 are also multiples of 3, and so cannot be one less than a multiple
of 3. We must choose< 12 with no common factorwith 12, say 5. Now findd such thaed=k-12 +
1. Trying multiples of 12 in order, we find that 24+1 = 5-5dso5. (This is anotherannoyingcoincidence
that does not happen in practice, lgohappens witm = 35 for the other possible valuesef7 and 11.)

Another example: fon = 77, the maximum period i§ = 30. Then we might choose an encryption

) . 7\13 1
exponene=7. The decryption exponentis 13: formak 77, (m ) =nr =m(mod 77).

In general, a decode exponetdatisfiesed=kt (n) + 1, or equivalently
edmodf (n)=1, written as d =¢* ( modf ) where & integ.

In principle, this allyou need to implement the RSA algorithm. The details are niasiblyfinding
a set of numberg(n, d) for which the exponentiation is feasible, and modularrootsdieasible Finding
the set§, n, d) is calledkey generation and fom ~2048 bits, can be done in a few seconds on an ordinary
computer (c. 2020).

Raising to Large Powers

Raising a numberto a large power, such as 65537%8P4€ems like a dauntingtask. But raising to a
power moch is feasible. Arbitrary size arithmetic packages are widely available forcomputers (e.g., Python
includes arbitrary sized integers in the language). ThusdiiO multiplies and remainder (modulus)
operations are readily attainable.

One tool for evaluatinglarge exponentsis that aftereach multiply, we cantake the resojtwhah
keeps the size of the results within the sizév.ofFurthermore, squaring a number doubles its exponent:

2
(mx) = nf*.

We can achieve any exponent by intermixing multipliese¥ith the squarings. E.g.:
(mz On)2 =rr? ( I'T% fﬁ m |'¥:F ﬁ"i_’537 ( )%qaurecgﬁ times

Thus it takes only 17 multiplies to raise a numberto the 6%95®&Wer. For decodingl~n or ~2,000 binary
bits. Therefore, squaring a number 2,000 times raises it tc?tA&tPpower. Totally feasible.

Binary bittwiddlers will recognize thata general algorithm to raisto thexth power starts by writing
xin binary, e.gx =1011 1101. Then:
r=1. /I running accumulated product
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For each hit of x from left to right:
r=r
if current bit==1: r=r*m

The computation time is only O(leg).

Finding the Maximum Period

For decoding, we need to knoly the maximum period of a powsequencenodn. In our trivial
examples, we found@iby trial and error. With 18°possibilities, thatis notfeasible. Number theory comes
to the rescue. The Eultient function t (n) gives eithefT, or a multiple ofT, forany powesequencenod
n. Either way! (n) is alwaysa period:(n) i s t he numbeQniathathavembemmonl O
factor with n. Figure 21.2b shows this fon = 15, wheret (15) = 8. Forn which are the product of two
primes, the totient function is easy to calculéRigure21.2b):

1. We start with all the naturalnumbers <15 =3-5. There are 14 of them.

2. Then cross out all the multiples of 3; there are 1513= 4 of them.

3. Then cross out all the multiples of 5; there are 1515= 2 of them.

4. There are 14 47 2 = 8 numbers left, which have no common factor with 15.

Generalizing, fon =pq, with p, q both prime:

a a
f(n)=(n 1) &/ p 1-0 1 -
(m=(n 4) p 1-0 n¥q

¢ d e
Then thedecode exponemtsatisfiesed=k- (n) + 1, or equivalently:

O: O

p ¢l - + [RSA776 pt.

Je
- O:D: On

edmodf (n)= 1, written as d =¢ ( modf ) where & integ.

For any two integers, b, the extended Euclid algorithm efficiently finés! modb, and so can find the
requiredd = € 1. We do not describe the extended Euclid algorithm here.

In practice! (n) might be larger than needed, since it may be a multiple dfhend above is slightly
inefficient. Instead, the slightly more complicated Carmichael funcaongives the maximum period
exactly [Wik02]. The optimund =€'! (modafn)).

Finding Large Primes: |1toés a Gambl e

The previous section shows that, to be able to compywte must choose anwhich is the product of
two large primesp andg. How do we find such primes? Guess and check: guess a numberat random, and
test it for being prime. The density of prime numbers decreases approximately likp,ldlod for 1000
digit numbers, about 1 in 2,000 is prime.

For each guess, number theory is essential to test
statisticalpr i mal ity tests. To get a feel for plsprrmesuch test
then forany integas, bP = b(mod p) . (This is related to the totient function theorem.) For a random guess
r, we can choose any basend compute’ modr. | f tbhtheenris @ct priflné, anid we guess again.
Ifrpasses the test, it may or may not be prime, i . e. o]

putupperbounds on the fraction of testsl yielding false positive. If we perforgiindependent tests, then
the probability of a false positive @il of them is <f9. Thus we can make our probability of error as small
as we wish, by choosimgas large as we wish. It is easily feasible to make our chance of errbtx 10

Thus we canngirovet h a t o u mparfdgareiinte=d mime, butwe can make the chance of error
so small as to be negligible.
RSA By the Numbers

Putting all the above together, an RSA matched key pair can be generated as follows:

1. Thereceiver finds two large primgsandq, and defines =paq.
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2. eistypically chosen as 65 537, which is prime, and has no common factors with anything.
3. d=¢€1(modafn)).

The receiver publisheg,(n) in a public directory for allto see. She keépp, andqsecret. Infact, she can
destroyp andq forever, since onlygl is needed going forward.
Practical Note on Efficiency

RSA is slow to compute: large exponentsare costly. In practice, to save compute time, a sender with a
large message usually encrypts it with a standard, fastalgorithm (e.g2%%gSising a randomly generated
onetime key. The sender then RSA encryptssthey, and sends both the message cyphertext and the
publicly-encryptedonetimekey to the receiver.

Digital Signatures

d
Since (me) = ( md)e, RSA can be used for a digital signature: a numberthat provesthe message came

from the claimed sender. Suppose Bob sends Alice a message. Since it is rather personal, he wants Alice to
know the message came from him, and no one is impersonatingSuanie actually encrypts his message

first with his secretlecodee x ponent . Then encrypts it with Aliceds p
with her private decode Kkey publcendoddekpenent.donlgBodesld it agai
knowthesecretneeded to make this last decoding worKk. Ther

cannot be forged.

However, since Bob is ratherwordy when expressing his feelings, his missive is too long to be efficiently
encoded with RSA. For a more efficient signature, he computes a short cryptographic hash of his message
(e.g., MD5 is a standard 128t hash). Hehen encrypts this hash with his secret decode key, and then with
Alicebds public key. Alice can verify that the signed
have come from Bob. Furthermore, Alice is freptlicly r e v e a IRSBsighatusof the hashso she
can prove in court that Bob sent the message. Bob can never again deny his feelings.

Some experts recommend using a differentgey for digital signing than for your received message
public-key encryption, to minimize the exposure of encrypted messages to-bwalttackers.

Vulnerabilities

Cryptographic security is very intricate and difficult. We can only touch on a few issues here, and we
arenotcryptographic experts. To protect your dadarefullyfollow the advice of cryptographic experts.

The biggest vulnerability is always hubris: people without extensive education and experience who
invent their own, or modify, cryptosystems. (See | EI
example of this.)

A mathematical breakthrough in quickly finding either modular roots of large numbers, or factors of
large numbers, would break RSA. RSA has been known since 1977 [RSA77], and many people have tried
to break it, but it remains secure as of 2020. Note dmather public key method of the same era, the
knapsack algorithm, has been broken [ref??].

Replay attack: An intruder can see an encrypted message. They may be able to inject a copy of this
message at a later time, and thus fool the receiver.
$100-Bob 6, an intr ud e ratectime, trickingAéce ihta sendindhaadtherss100. Replays
are usually prevented by having the sender puta sequence number (such agtanip)én each message.

The genuine sender alwaysincrements the sequence number, so the receiver wikeegogrd replayed
message as invalid. However, requiring a sequence nur
the receiver must keep track of a separate sequence numbeacfmender.

RSA has many vulnerabilities for poorly chosen valugsafidg, which are beyond ourscope [Wik01].
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Secret Message

To get your name in lights, be the first to decryptthis secret message, and send me an encrypted reply
(show your work for several decryptions and encryptions). Encrypt each character separately. The
flal phabet 0 -iZs=3s28,&0)e (77772, A

391069211147 21514823422821
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section ADifferences Among | EEE 754 | mplement ¢
Glossary
Definitions of common mathematical physics ter ms.
fi(math)o. These are technical mathematical terms t ha

math books a lot easier because they are very comiloese definitions try to be conceptualand accurate,
butalsoc o mprehensible to Anormal o people (including physi

1-1 function A mappingfunction)from a set A to a set B is-1Lif every value of B under the map has
only one value of A that mapsto it. In other words, given the value of B under the map,
we can uniquely find the value of A which maps toltquivalentlyMa = Mb impliesa=
b. However -1 sceocer rifels p8Synodyennici en.j e cA 1-b mapping is
invertible.

1-1 correspondence A mapping, between two sets A and B, is 4 torrespondence if it uniquely
associates each value of A with a value of B, and each value of B with a value of A.
Synonym: bijection.

accumulation point syn. for limit point.

adjointt The adjoint of an operator produces a bra from a bra in the same way the original operator

produces a ket from a ke(ﬁy>=| oY | j@”éré |# [|'). The adjoint of an

operatoris the operatorwhich preserves the inner product of two vectars(@jw>) =
(OAv>)A|lw>. The adjoint of an operator matrix is the conjugtitnspose.This has
nothing to do with matrix adjoints (below).

adjoin® In matrices, the transpose of the cofactor matrix is called the adjoint of a matrix. This has
nothing to do with linear operator adjoints (above).

adjugate the transpose of the cofactor matrix: @gj(= Cji = (i 1)M;i, whereM;i is the transpose
of the minor matrixMj; = det@ deleting rowi and columrj).

analytic A function is analytic in some domaliRF it has continuous derivatives to all orders, i.e. is
infinitely differentiable. For complex functions of complex variables, if a function has a
continuous first derivative in some region, then it has continuous derivatives to all orders,
and is thereforanalytic.

analytic geometry the use of coordinate systems along with algebra and calculus to study geometry.
Aka fAcoordinate geometryo

attempt syn. a componehtd a single instance of a binomial random variable: thersare
attempts at some event, where each attempt is

of successeis then a instance of &inomial random variablef n attemgs.

bijection Both an fAinjectiond amd & offd wr.joectAi ona,pPp iin.ge .bel
B is a bijection iff it uniquely associates a value of A with every value of B. Synonym: 1
1 correspondence.
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BLUE In statistics, Best Linear Unbiased Estimator.

branch point A branch pointis a point in the domain of a complex funcfi@n z also complex, with
this property: wherztraverssa closed path around the branch point, following continuous
values off(2), f(z) has a different value at the endtb€é path than at the beginnjreyven
though the beginning and end point are the same point in the domain. Example TBS:
square root around the origin.

boundary point ( mat h) see Alimit point. o

by definition in the very nature of the definition itself, without requiring any logical steps. To be
distinguished from Aby implication. 0

by implication By combining the definitionwith other true statements, a conclusion can be shown by
implication.

CorC the set of complex numbers.

channel noise is included with the signal, and originates before our-alies lowpass fiter (LPF) and
measurement analdg-digital converter (ADC).

closed (math) contains any limit points. For finite regions, a closed region includes its boundary.
Note thatin math talk, a set can be both open and closed! The surface of a sphere is open
(every point has a neighborhood in the surface), and closed (nedexkclimit points; in
fact, no limit points).

cofactor Theij-th minor of ann3n matrix is the determinant of thai(1)? (ni 1) matrix formed by
crossing outthéth row and-th column. Acofactoris just a minor with a plus or minus
sign affixed, accordingto whether|) is an even or odd number of steps away from (1,1):

G =( 1)) M;

compact (math) for our purposes, closed and bounded [Tay #&hgB6]. A compact region may
comprise multiple (infinite number??) disjoint closed and bounded regions.

congruence a set of 1D nofintersecting curves that cover every point of a manifold. Equivalently, a
foliation of a manifold with 1D curves. Comp a

contrapositve The contrapositive of the statement il f A th
contrapositive is equivalent to the statement: if the statementis true (or false), the
contrapositive is true (or false). Ifthe contrapositive is true (or false), therstatés true

(or false).
convergent approaches a definite limit For functions, this wusually mean
convergent in the mean a functionf(x) is convergent in the mean to a limit functibgx) IFF the mean

squared error approaches zero. Cf Auniformly
converse The converse of the statement Alf A then BO is

true, its converse may be either true or false. The converse is the contrapositive of the
inverse, and hence the converse and inverse are equivalent statements.

connected There exists a continuous path between any two pointsin the set (region). See also: simply
connected. [One p178].

coordinate geometry  the use of coordinate systems along with algebra and calculus to study geometry.
Aka fAanalytic geometryo

decreasing norrincreasing: a function is decreasing IFF for hll> a, f(b) Of(a). Note that
Aimonotonically decreasingd is the same as fdde
interval,egf(x) i s decreasing on [0, 17]. Compare fist

device a procedure thatoés only wused twice. See fAtric
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diffeomorphism a C° (1-1) map, with a € inverse, from one manifoldntoa not her . AOnt oo i mpl
mapping covers the whole range manifold. Two diffeomorphic manifolds are topologicaly
identical, but may have different geometries.

divergent not convergent: a sequence is divergéiitit is not convergent.
domain of a function: the set of numbers (usually realor complex) on which the function is defined.

elliptic operator A secondorder differential operator in multiple dimensions, whose seeamdér
coefficient matrix has eigenvalues all of the same algebraic sign (none zero).

entire A complex function is entiréFF it is analytic over the entire complex plane. An entire
function is also called an fiintegral function.

error [1] Statistics: residual, the difference between a measurement and the model[2&lue.
Uncertainty: the Aerroro in a measurement

essential singularity a Apoleodo of infinite order, i . e. a singu
unbounded, and cannot be made finite by multiplication by any power iofz{) [De
p165].

expectedvaluea mi snomer f or fiaverage. 0

fact A small piece of information backed by solid evidence (in hard science, usually repeatable
evidence) . I f someone disputes a fact, it i s
thing, it is still a f ool itshte otrtyi.mg. o See also

factor a number (or more general object) thamisltipliedwi t h ot herasb(xx+y o9 . , in A

there are awh of amnyw 0 Specififally not something you add or

subtract (thatodés a fitermo).

finite a nonzero number. In other words, not zero, and not infinity.
foliation a set of norntersecting submanifolds that cover every point of a manifold. E.g., 3D real
space can be foliated into 2D fisheets stacked
around each ot her. Compare to ficongruence. 0
FOM Figure of merit.
functional a mapping from a function to a number E. g. , the ARMS operatoro t

returns a number.
functionality a pompous word for Afunctiond or Aoperationo.

heteroskedasticof varying uncertainty. Many data sets have an uncertaintggohmeasurement; such
data are heteroskedastic.

holomorphic syn. for analytic. Ot her synonyms are regul ail
mapo is just an analytic function.

homeomorphisna continuous (4L) map, with a continuous inverse, from one manifotdo another.
AOnt oo implies the mapping covers the whole r.
preserves distance is &ometry.

homomorphic Describing a mappingbetween two algabentities(e.g., group, vector space, ring) that
preserves all the structure (operators) of thve entities. Not to be confused with
homeomorphism.

homoskedastic of a single uncertainty. Many data sets have the same uncertaiegdianeasurement;
such data are homoskedastic.

hyperbolic operator A secondorder differentialoperatorin multiple dimensions, whose seaodér
coefficient matrix has nomero eigenvalues, with one of opposite algebraic sign to all the
others.
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identify to establish a<l andontorelationship. If we identify two mathematicalthings, they are
essentially the same thing.

IFF (or iff) if, and only if.

injection A mapping from a set A to a set B is aninjection if it i4,lthatis, if a value of B in the

mapping uniqueldetermineshe value of A which mapsto it. Note thatevery value of A
is included by the de fihbutthe mappingadesofhavatp pi ngo [ CF
cover all the elements of B.

instance (ortrial) isonevalue of a random variale ¢ f Asampl eo
integral functonSy n. f or fAentire function: o060 a function that s
inverse The inverse of the statement Alf A then Bo is f

is true, its inverse may be either true or false. The inverse is the contrapositive of the
converse, and hence the converse and inverse are equivalentestegem

invertible A map (orfunction) from a set A to a set B is invertiblefdff every value in B, there exists
a unique value in Awhich mapstoit. In otherwords, a map isinvertible iff it is a bijection.
isolated singularity a singularity ata point, which has a surrounding neighborhood of analyticity [Det
p165].
isometry a homeomorphism thatpreserves distance, i.e. a continuous, invertilen@p from one
manifoldontoa not her t hat preserves distance (Aontood
isomorphic ifisame structure. o A widely wused general term,
limit point of adomainis a boundary of a region of the domain: for example, the open interval (0, 1)

on the numberline and the closed interval [0, 1] both have limit points of 0 and 1. In this

case, the open interval excludes its limit points; the closed intemedldes them
(definition of fclosedo). Some definitions d
points. Formally, a poimp is a limit point of domai iff every open subset containimpg

also contains a point D other tharp.

LPF low pass filter.

mantissa the number part of scientific notation: e.g., 3.147 has a mantissa of 3.14. In binary,
1.01 2'5has a mantissa of 1.01.

mapping syn. Afunction. o A mapping froevergwalseeft A t o a
A [CRC 30"].

measurement noise originates in the anale-digital converter (ADC, or measurement device), after
the antialias lowpass filter (LPF).

meromorphic A functionis meromorphic on a domdlfF it is analytic except ata set of isolatedles
of finite order (i.e., noressential poles). Note that branch poats nonanalytic points,
butsome are not poles (such@sat zero), so a function including such a branch point is
notmeromorphic.

method a procedure thatos used 3 or more times. See

minor Theij-th minor of am3n matrix is the determinant of thai(1)3 (ni 1) matrix formed by
crossing out theth row and-th column i.e., the minor matrixMi; = det@ deleting rowi
and columnj). See also Acofactor. o

monotonic all the same: a monotonic function is either increasing or decreasing (on a given interval).
Note that Amonotonically increasingod6 is the se
and fidecreasingo.

N the set of natural numbers (positive integers)
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noise unpredictablevariations in a quantitySee also: channel noise, measurement noise.
oblique non-orthogonal and not parallel

oneto-one seeldl

onto covering every possible value. A mappingfrom a seb#the set B covers every possible

value of B, i.e. the mapping is a surjection.

open (math) An region is open iff every point in the region hasa finite neighborhood of points
around it that are also all in the region. In other words, every point is an interior point.
Note thatopenisotinot cl osed; 06 a region can be both op

(O] operating system, e.g. Unix, OS X, Windows.

parabolic operator A secondorder differentialoperatorin multiple dimensions, whose seaudér
coefficient matrix has at least one zero eigenvalue.

PDM phase dispersion minimization: an algorithm for finding arbitrarily shaped periodic signals
in a ¢ vy, u), ie. time, value, uncertaintgata set.l (Eric L. Michelsen)developed the
uncertainty vesion around 2021.

pole a singularity near which a function is unbounded, but which becomes finite by
multiplication by ¢i zo) for some finitek [Det p165]. The valuekis called theorder of
the pole.
positive definite a matrix or operator which is > 0 for albn-zerooperands. It may be 0 when acting ona
ifzerodo operand, such as the zero vector. Thi s
positive semidefinite a matrix or oper anooszeroopbrandsh Itmasybe® whenf or al |
actihgonanoz er o operands. This implies that all e
predictor in regression: a variable putinto a modelto predict anothervalugnesxs, x2) is a model
(function) of the predictors: andxe.
PT perturbation theory
QorQ the set of rationalnumberQ*l t he set of positive rationals.
RorR the set of real numbers.
refactor programming: a pompous word fdrr e o r g afinriezsetor uocrt ur e o .
RMS root-meansquare.
RV random variable.

removable singularity an isolated singularity that can be made analytic by simply defining a value for
the function atthat point. For examdlg) = sin(x)/x has a singularity at= 0. You can
remove it by defining(0) = 1. Therfis everywhere analytic. [Det p165]

residue The residue of a complex function at a complex pmiisithea; 1 coefficient of the Laurent

expansion about the poiai
sample asetohrandom values (instances) taken from a po|]
significand | EEE word for fimantissa.o

simply connected There are no holes in the set (region), not even pointholes. I.e., you can shrink any closed
curve in the region down to a point, the curve staying always within the region (including
at the point).

singularity of a function: a point on a boundary (i.e. a limit point) of the domain of analyticity, but
where the function is not analytic. [Det def 4.5.2 p156]. Note that the function may be

defined at the singularity, but it is not analytic there. El.js continuous at 0, but not
differentiable.
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smooth formostreferencesismootldomeans function that imfinitely differentiable,i.e. €. For
some though,fismootlb means at least one continuous derivative, il n@aningfirst
derivative continuouskor thislatter definition the functod o oks fismoot hd t o our
kinks, or sharp points).

speculation A guess, possibly hinted at by evidence, but notwell supported. Every scientific factand

theory started as a speculation. See also Afa
STL Standard Template Library, a set of libraries in the C++ language.
strictly decreasing a function is strictly decreasing IFF for bl a,f(b) < f(a). This may be restricted

toanintervalled(x) is strictly decreasing on [0, 1].
strictly increasing function is strictly increasing IFF for al< b, f(a) < f(b). This may be restricted to an

interval,egf(x) is strictly increasing on [0, 1]. Cor
surjection A mapping from a set A fiontoodo the set B, i.e

that every value of A is includ®@)dcowevwer the def.
multiple values of A may map to the same value of B.

technical debt software developmenthe maintenance burden incurred framessy code. It often results
from hasty changes made in ordemeet a deadlineThe code works, butis difficult to
maintain, and will likely need to be cleaned up in the future.

term anumber (or more general object)thaddeledt o ot herax+by+d@ ,g.t,heéeme fiar e
t hr e e axoebydfis : &ah Bpedificallynots o met hing you multiply or
a Afactoro).
theory the highest level of scientific achievement: a quantitative, predictive, testable model
which unifies and relates a body of facts. A theory becomes accepted science only after
being supported by overwhelming evidence. At
electromagnetic theory. See also Afact, o and
trace the trace of a square matrix is the sum of its diagonal elements.
trial syn. fi a tampomentif & single instance of a binomial random variable: there are
ntrials at some event, where each trial is | at
successes is then an instance of a binomial random variableials.
trick a procedure thatoés only used once. See Adevic
unbiased averages to the true value. An unbiased statistic, averaged over many experiments,
approaches the true value.
uniform convergence a seuencef functionsfn(2) is uniformly convergent in an open (or partly open)
region|FFits errorUafter theNthfunction can be made arbitrarily smallwith a single value
of N (dependenonlyon () for every point in the region. |.e. givdia singleN works for
all pointszin the region [Chu p156].
voila Frenchcontractonofisee t here! o
WLOG or WOLOG without loss of generality
ZorZ the set of integersZ*orNI t he set of positive integers (nat
Formulas
A b o 1P
completing the square: ax® + bx =agX ;h 0 ( xshift H2-3
c a < 4a
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Definite Integrals

Ll [P 2 a2 1 p o a? 1
nﬂdxe “\a _mxfe 2\ 33 o drﬁe o~

Statistical distributions

c?: avg= n 52

n -

exponential:  avg=t¢ é =7
error function [A&S]: erf (X) * 2 "'Xe'tz dt

gaussian included probability betwekenand 4z

37 1 72
Poaussiar 2)* £}, PAf gaussiabl) du = T Ia 2 du Let W2 % duvR

:iﬁrﬂﬁe'tz J2dt :erf( z/«/E)

Special Functions
on {n 1 (@ I’f dx&le*  (aG6( a3y (alG -2 B

The functions below use the Cond8hortley phase:

€ m [(2+D (I m)! dm )
%(-1) > (e O s M 20

b : @+ (- ), (cosq)ﬂ m< 0
i m ) ,
r 2 (ifm) T

Rm(X) is the associated Legendre function,
1=0,12..., m=1I- - 14 1- [ Wyl3.6.5p9

Index
Theindexis notyetdeveloped, so go to the web page on the front cover, aseiektin this document.
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